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Preface

Regularization methods aimed at finding stable approximate solutions are a necessary
tool to tackle inverse and ill-posed problems. Inverse problems arise in a large va-
riety of applications ranging from medical imaging and non-destructive testing, via
finance to systems biology. Many of these problems belong to the class of parameter
identification problems in partial differential equations (PDEs) and thus are compu-
tationally demanding and mathematically challenging. Hence there is a substantial
need for stable and efficient solvers for this class of problems, as well as for a rig-
orous convergence analysis of these methods. Usually the mathematical model of an
inverse problem is expressed by a linear or nonlinear operator equation of the first
kind and often the associated forward operator acts between Hilbert spaces. As com-
pared to general Banach spaces, Hilbert spaces have a nicer structure, thus enabling
convergence analysis, a fact which has led to a rigorous and comprehensive study of
regularization methods in Hilbert spaces during the last three decades.

However, for numerous problems such as X-ray diffractometry, certain inverse scat-
tering problems, and a number of parameter identification problems in PDEs, the rea-
sons for using a Hilbert space setting seem to be based rather on conventions than
on an appropriate and realistic model choice, and often a Banach space setting would
be closer to reality. Furthermore, sparsity constraints, using general Lp-norms or
the BV-norm, have recently become very popular. It is therefore a consequent and
quite natural step to extend well-established regularization techniques for linear and
nonlinear operator equations from a Hilbert to a Banach space setting and to ana-
lyze their convergence behavior. Meanwhile the most well-known methods such as
Tikhonov-type methods, requiring the solution of extremal problems, iterative reg-
ularization methods like the Landweber and the Gauß - Newton method, as well as
the method of approximate inverse, have been investigated for linear and nonlinear
operator equations in Banach spaces. Convergence has been proved, the rates of con-
vergence determined, and conditions on the solution smoothness on the structure of
nonlinearity have been formulated.

Over the last decade research on regularization methods in Banach spaces has be-
come a very lively and fast growing field. The expansion of standard methods like
Landweber’s method or the Gauß - Newton method to Banach spaces on the one hand
and the establishment of Tikhonov methods with sparsity constraints on the other hand
have been the starting point of a fruitful development which could have hardly been
foreseen, which provided the motivation for the authors to write a monograph which
comprehensively discusses the main progress in the field of Banach space driven reg-
ularization theory.
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The book consists of five parts. Part I motivates the importance of developing and
analyzing regularization methods in Banach spaces by presenting four applications
which intrinsically require a Banach space setting and giving a brief glimpse of spar-
sity constraints (Chapter 1). Part II summarizes all mathematical tools necessary to
carry out an analysis in Banach spaces, such as some facts on convex analysis, duality
mappings and Bregman distances (Chapter 2). Part II furthermore includes a chapter
on ill-posed operator equations and regularization theory in Banach spaces (Chap-
ter 3), which also introduces the reader to modern ingredients of smoothness analysis
for ill-posed problems like approximate source conditions and variational inequalities.
In view of solution methods for inverse problems we distinguish between Tikhonov-
type or variational regularization methods (Part III), iterative techniques (Part IV) and
the method of approximate inverse (Part V). Part III represents the current state-of-
the-art concerning Tikhonov regularization in Banach spaces. After stating the theory,
including error estimates and convergence rates for general convex penalties and non-
linear problems (Chapter 4), we specifically address linear problems and power-type
penalty terms, propose parameter choice rules, and present methods for solving the
resulting minimization problems in Chapter 5. Part IV, dealing with iterative regular-
ization methods, is divided into two chapters: the first one is concerned with linear
operator equations and contains the Landweber method, as well as the numerically
accelerated sequential subspace methods and the general framework of split feasi-
bility problems (Chapter 6), and the second one deals with the iterative solution of
nonlinear operator equations by gradient type methods and the iteratively regularized
Gauß–Newton method (Chapter 7). Finally, part V outlines the method of approx-
imate inverse, which is based on the efficient evaluation of the measured data with
reconstruction kernels. After a brief introduction to the method (Chapter 8), we inves-
tigate its regularization property and convergence rates in Lp-spaces, as well as in the
space of continuous functions on a compact set (Chapter 9). The application of these
results to the problem of X-ray diffractometry concludes the work (Chapter 10).

The authors wish to thank several people, whose research has strongly contributed to
this book. Thomas Schuster and Barbara Kaltenbacher are deeply indebted to Dr. Frank
Schöpfer for the many fruitful discussions. His scientific work was essential to the con-
tent of Chapters 6 and parts of Chapter 7. Thomas Schuster furthermore thanks Prof. Dr.
Alfred K. Louis for introducing him to the method of approximate inverse a long time
ago; he owes him so much. Barbara Kaltenbacher and Bernd Hofmann wish to thank
Prof. Dr. Otmar Scherzer and Dr. Christiane Pöschl for initiating their involvement in
the exciting field of regularization in Banach spaces, as well as Dr. Elena Resmerita
for instructive communication. Bernd Hofmann expresses his gratitude to Dr. Jens
Flemming and PD Dr. Radu I. Boţ for many helpful suggestions and discussions.

February 2012 Thomas Schuster, Oldenburg
Barbara Kaltenbacher, Klagenfurt
Bernd Hofmann, Chemnitz
Kamil S. Kazimierski, Bremen



Contents

Preface vii

I Why to use Banach spaces in regularization theory?

1 Applications with a Banach space setting 4

1.1 X-ray diffractometry . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Two phase retrieval problems . . . . . . . . . . . . . . . . . . . . . 6

1.3 A parameter identification problem for an elliptic partial differential
equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4 An inverse problem from finance . . . . . . . . . . . . . . . . . . . 13

1.5 Sparsity constraints . . . . . . . . . . . . . . . . . . . . . . . . . . 18

II Geometry and mathematical tools of Banach spaces

2 Preliminaries and basic definitions 28

2.1 Basic mathematical tools . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Convex analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.2.1 The subgradient of convex functionals . . . . . . . . . . . . 31
2.2.2 Duality mappings . . . . . . . . . . . . . . . . . . . . . . . 34

2.3 Geometry of Banach space norms . . . . . . . . . . . . . . . . . . 36
2.3.1 Convexity and smoothness . . . . . . . . . . . . . . . . . . 37
2.3.2 Bregman distance . . . . . . . . . . . . . . . . . . . . . . . 44

3 Ill-posed operator equations and regularization 49

3.1 Operator equations and the ill-posedness phenomenon . . . . . . . . 49
3.1.1 Linear problems . . . . . . . . . . . . . . . . . . . . . . . 50
3.1.2 Nonlinear problems . . . . . . . . . . . . . . . . . . . . . . 52
3.1.3 Conditional well-posedness . . . . . . . . . . . . . . . . . 55

3.2 Mathematical tools in regularization theory . . . . . . . . . . . . . 56
3.2.1 Regularization approaches . . . . . . . . . . . . . . . . . . 57
3.2.2 Source conditions and distance functions . . . . . . . . . . 63
3.2.3 Variational inequalities . . . . . . . . . . . . . . . . . . . . 67
3.2.4 Differences between the linear and the nonlinear case . . . . 69



x Contents

III Tikhonov-type regularization

4 Tikhonov regularization in Banach spaces with general convex penalties 81

4.1 Basic properties of regularized solutions . . . . . . . . . . . . . . . 81
4.1.1 Existence and stability of regularized solutions . . . . . . . 81
4.1.2 Convergence of regularized solutions . . . . . . . . . . . . 84

4.2 Error estimates and convergence rates . . . . . . . . . . . . . . . . 89
4.2.1 Error estimates under variational inequalities . . . . . . . . 90
4.2.2 Convergence rates for the Bregman distance . . . . . . . . . 95
4.2.3 Tikhonov regularization under convex constraints . . . . . . 99
4.2.4 Higher rates briefly visited . . . . . . . . . . . . . . . . . . 101
4.2.5 Rate results under conditional stability estimates . . . . . . 103
4.2.6 A glimpse of rate results under sparsity constraints . . . . . 105

5 Tikhonov regularization of linear operators with power-type penalties 108

5.1 Source conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2 Choice of the regularization parameter . . . . . . . . . . . . . . . . 113
5.2.1 A priori parameter choice . . . . . . . . . . . . . . . . . . 113
5.2.2 Morozov’s discrepancy principle . . . . . . . . . . . . . . . 115
5.2.3 Modified discrepancy principle . . . . . . . . . . . . . . . . 116

5.3 Minimization of the Tikhonov functionals . . . . . . . . . . . . . . 122
5.3.1 Primal method . . . . . . . . . . . . . . . . . . . . . . . . 123
5.3.2 Dual method . . . . . . . . . . . . . . . . . . . . . . . . . 135

IV Iterative regularization

6 Linear operator equations 144

6.1 The Landweber iteration . . . . . . . . . . . . . . . . . . . . . . . 146
6.1.1 Noise-free case . . . . . . . . . . . . . . . . . . . . . . . . 146
6.1.2 Regularization properties . . . . . . . . . . . . . . . . . . . 152

6.2 Sequential subspace optimization methods . . . . . . . . . . . . . . 157
6.2.1 Bregman projections . . . . . . . . . . . . . . . . . . . . . 158
6.2.2 The method for exact data (SESOP) . . . . . . . . . . . . . 163
6.2.3 The regularization method for noisy data (RESESOP) . . . . 165

6.3 Iterative solution of split feasibility problems (SFP) . . . . . . . . . 177
6.3.1 Continuity of Bregman and metric projections . . . . . . . . 179
6.3.2 A regularization method for the solution of SFPs . . . . . . 183



Contents xi

7 Nonlinear operator equations 193

7.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
7.1.1 Conditions on the spaces . . . . . . . . . . . . . . . . . . . 193
7.1.2 Variational inequalities . . . . . . . . . . . . . . . . . . . . 194
7.1.3 Conditions on the forward operator . . . . . . . . . . . . . 195

7.2 Gradient type methods . . . . . . . . . . . . . . . . . . . . . . . . 199
7.2.1 Convergence of the Landweber iteration with the discrepancy

principle . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
7.2.2 Convergence rates for the iteratively regularized Landweber

iteration with a priori stopping rule . . . . . . . . . . . . . . 203

7.3 The iteratively regularized Gauss–Newton method . . . . . . . . . . 212
7.3.1 Convergence with a priori parameter choice . . . . . . . . . 215
7.3.2 Convergence with a posteriori parameter choice . . . . . . . 225
7.3.3 Numerical illustration . . . . . . . . . . . . . . . . . . . . 230

V The method of approximate inverse

8 Setting of the method 236

9 Convergence analysis in Lp.�/ and C.K/ 239

9.1 The case X D Lp.�/ . . . . . . . . . . . . . . . . . . . . . . . . . 239

9.2 The case X D C.K/ . . . . . . . . . . . . . . . . . . . . . . . . . 244

9.3 An application to X-ray diffractometry . . . . . . . . . . . . . . . . 248

10 A glimpse of semi-discrete operator equations 253

Bibliography 265

Index 280





Part I

Why to use Banach spaces in regularization
theory?
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The purpose of this first part of the book is to give reasons why Banach space
settings play such an important role in the past decade of research in the area of
regularization theory for inverse and ill-posed problems, and serve as an appropriate
framework for such applied problems. The research on regularization methods in Ba-
nach spaces was driven by different mathematical viewpoints: on the one hand, there
are indeed numerous practical applications where models that use Hilbert spaces, for
example by formulating the problem as an operator equation in L2-spaces, are not
realistic or appropriate. The nature of such applications requires Banach space mod-
els working in Lp-spaces, non-Hilbertian–Sobolev spaces, or spaces of continuous
functions. In this context, sparse solutions of linear and nonlinear ill-posed operator
equations are often to be determined. On the other hand, mathematical tools and tech-
niques typical of Banach spaces can help to overcome the limitations of Hilbert space
models.
One reason why Banach spaces became popular in regularization theory, is the fact
that they represent a framework that allows us to formulate a model for a specific ap-
plication in a more general setting than can be done based on Hilbert spaces alone.
To demonstrate this, we present a series of different applications ranging from non-
destructive testing, such as X-ray diffractometry (Section 1.1), via phase retrieval
(Section 1.2) and parameter identification for partial differential equations (Sec-
tion 1.3) to an inverse problem in finance (Section 1.4). All these applications are
characterized by operator equations

F.x/ D y ;
where the so-called forward operator F W D.F / � X ! Y denotes a continuous
linear or nonlinear mapping between Banach spaces X and Y . Since F is in general
‘smoothing’, i.e. it has a non-closed range in the linear case, these equations are ill-
posed in the sense that even small perturbations in y severely corrupt the solution x.
Stable approximate solutions are accomplished only by using regularization methods,
which attenuate the discontinuity or unboundedness of the inverse mapping F�1.

Sparsity means that the searched-for solution has only a few non-zero coefficients
with respect to a specific, given basis. To take this into account, we aim to mini-
mize a Tikhonov functional whose penalty term promotes sparsity. In their seminal
article [55] Defrise, Daubechies and De Mol use `p-norms of the coefficients, but
other penalty terms like BV- or Besov norms are also possible. We present a short
introduction to this field in Section 1.5.

Hence this first part serves as a teaser, motivating the subsequent analysis. The basic
material of Banach space and regularization theory is then provided in
Part II, Tikhonov functionals with general convex and specific power type penalties
� are the subject of Part III, in Part IV iterative regularization methods are presented,
and Part V concludes the book with the method of approximate inverse.



Chapter 1

Applications with a Banach space setting

1.1 X-ray diffractometry

We summarize some results on X-ray diffractometry as outlined in the articles [219,
221]. X-ray diffractometry is a type of non-destructive testing and aims to recover
the stress tensor � D .�ij / of a specimen by measuring the Bragg angle of reflected
X-rays. Mechanical stresses and the elastic strain tensor " D "ij in isotropic media
are connected by Hooke’s law

"ij D � C 1
E

�ij � ıij �
E

3
X

kD1
�kk ; (1.1)

where � is the Poisson number andE denotes the modulus of elasticity. In a laboratory
system the probe under investigation is rotated by an angle ' about the x3-axis and
tilted by an angle  about the x2-axis, transforming the strain tensor to

"L D U t' "U' ; (1.2)

whereU' 2 SO.3/ is the orthogonal matrix that models the tilting and rotating by  
and ', respectively. In X-ray diffractometry only near-surface strains can be detected,
that is

"' WD "L33 :
Introducing (1.2) into Hooke’s law (1.1), we obtain an explicit expression for the
relation between "' and the stress tensor � ,

"' D
3
X

i;jD1
˛ij .'; /�ij (1.3)

for particular ˛ij .'; /. Using Bragg’s reflection model for a crystal lattice, an X-ray
is reflected only if the beam hits the object under the so-called Bragg angle � , which
is determined by Bragg’s condition

2d sin � D n� ;
where n is an integer, d is the distance between the lattice planes and � is the wave-
length of the applied X-rays. Bragg’s reflection model is shown in Figure 1.1. Bragg’s
condition implies dd D �d cot � d� and thus

"' D dd
d
� � cot �0.�' � �0/ ; (1.4)
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where �' denotes the maximum peak position of the reflected X-ray and �0 is the
Bragg angle of the unstressed specimen. Stresses cause a shift of the maximum peak
position �' away from �0 and by (1.4) we can relate this shift �' � �0 to the strain
"' and thus to � by (1.3). Taking into account that the intensity I.z/ of the X-ray

x3

d

� � � � � � �������

� � � � � �������

� � � � � ������

�

�

�

Figure 1.1. Bragg’s reflection model on a crystal lattice. The x3-axis is the axis of rotation.

beam is attenuated within the specimen according to Lambert-Beer’s law

I.z/ D I0e��z ;

where z denotes the penetration depth, I0 is the initial intensity of the emitted X-rays
and � is the material’s specific attenuation coefficient, we finally find the fundamental
relation

� cot �0.�' � �0/ D
3
X

i;jD1
˛ij .'; / L�ij .� / ; (1.5)

where � D cos sin �0=.2�/ is the maximum penetration depth of the X-ray, de-
pending on the tilt angle  and

L�ij .�/ D 1

�

1
Z

0

�ij .z/e�z=� dz

denotes the reciprocal Laplace transform of the stress �ij . The problem of X-ray
diffractometry now consists of reconstructing the stress tensor � from measurements
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of the Bragg angle shifts �' ��0 for different rotation and tilt angles ' and  . Thus,
X-ray diffractometry involves the problem of inverting the Laplace transform

Lf .�/ D
1
Z

0

f .z/e��z dz

where the penetration depth � is only given for finitely many - say m - discrete points
� D �j , j D 1; : : : ;m. The stresses �ij can be assumed to be smooth, or at least con-
tinuous, to have compact support, and to be close to the surface, meaning that we may
considerL as a mapping between the Banach spaces C.Œ!1; !2	/ and C.Œ�min; �max	/,
where

�min WD min¹�j W j D 1; : : : ;mº ; �max WD max¹�j W j D 1; : : : ;mº
and !2 > !1 > 0.

1.2 Two phase retrieval problems

Many applications in optics, such as electron microscopy, analysis of neutron re-
flective data, and astronomy lead to the inverse problem of identifying the phase of
a function from measurements of the amplitude of its Fourier transform, see, e.g.,
[18, 19, 44, 58, 70, 104, 116, 117, 134, 135].

Here, we will consider two different versions of the problem of phase retrieval:

(1) Given the intensity r W R ! RC of the Fourier transform F of a real-valued
function f , reconstruct f W R! R, i.e., find f such that jF f j D r .

(2) Given the magnitude f W Rm ! RC (m 2 N) of a complex valued function and
the intensity r W Rm ! RC of its Fourier transform, reconstruct its phase, i.e.,
find 
 W Rm ! R such that jF .f � e{�/j D r .

Both versions lead to ill-posed problems, cf. [18, 58], hence regularization has to be
applied. While in previous publications (except for [104, 116]) these problems have
been considered in Hilbert spaces, we will here study possible formulations in Banach
space settings.

Reconstruction of f W R ! R from jF f j W R ! RC

Formulation as a nonlinear operator equation

F.f / D r
leads to the definition

F.f /.s/ WD jF f j.s/ s 2 R
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of the forward operator F W X ! Y . In view of the Hausdorff–Young Theorem,
which states that F W LQ.Rn/ ! LQ

�
.Rn/ is a linear and bounded operator for

all Q 2 Œ1; 2	 and conjugate exponents Q� D Q=.Q � 1/, a natural choice of the
preimage and image space of F is

X D LQR .R/ ; Y D LQ�

R .R/ withQ 2 Œ1; 2	 ; Q� D Q

Q � 1 ;

so that F is a bounded operator. Here, the subscript R indicates values in R. The
a priori knowledge of f being real valued implies a certain symmetry of its Fourier
transform

f 2 LQR .R/ ) .F f /.�s/ D .F f /.s/ ; s 2 R :

The one-sided directional derivative, according to the definition

lim
t!0C

1

t
.F.f C th/� F.f // D F 0.f Ih/ 2 Y (1.6)

is given by

F 0.f Ih/.s/ D
8

<

:

<..F f /.s/.F h/.s//
j.F f /.s/j if s 2 R n† ;

j.F h/.s/j if s 2 † ;
where

† D ¹s 2 R W .F f /.s/ D 0º :
Note that F 0.f I �/ does not necessarily need to be a linear operator. In both cases
we have jF 0.f Ih/.s/j � j.F h/.s/j, hence F 0.f Ih/ 2 Y D L

Q�

R .R/ follows from

h 2 X D LQR .R/. However, due to jF f j appearing in the denominator, F cannot be
expected to be Lipschitz continuously differentiable. By the Hausdorff-Young Theo-
rem and the second triangle inequality, F obviously is continuous with respect to the
norms in X , Y . However, it is not continuous with respect to the weak topologies in
X , Y , as the counterexample given by .F fn/.s/ D

p
2 cos..2�nC�=2/s/�Œ�1;1�.s/

(cf. [104]) shows. This fact also illustrates the nonlinearity of the forward operator.

Reconstruction of � W Rm ! R from jF .f � e{�/j W Rm ! RC

With the forward operator F W X ! Y defined as

F.
/.
/ D jF .f � e{�/j.
/
this problem can be written as a nonlinear operator equation

F.
/ D r :
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The one-sided directional derivative according to (1.6) is given by

F 0.
Ih/.
/ D
8

<

:

<..F .f � e{�//.
/.F .f � e{� {h//.
/
j.F .f � e{�//.
/j if 
 2 Rm n† ;

j.F .f � e{� {h//.
/j if 
 2 † ;
(1.7)

where
† D ¹
 2 R W .F .f � e{�//.
/ D 0º :

Here, we will also consider F as a mapping between Lebesgue spaces

X D LQ.Rm/ ; Y D LP .Rm/ ;
and explore possible choices of the exponents Q;P .

Proposition 1.1. Let X D LQR .Rm/, Y D LPR.Rm/.
(a) For any

Q 2 Œ1;1	 ; P 2 Œ2;1	 ; f 2 LP �

.Rm/ ;

the operator F W X ! Y , F.
/.
/ D jF .f � e{�/j, is well-defined and continu-
ous.

(b) For any

(i) Q 2 .1;1/ ; P 2 Œmax¹2;Q�º;1/ ; f 2 L
QP

QP �Q�P

R .Rm/ ; or

(ii) Q D 1 ; P D 1 ; f 2 L1
R .R

m/ ; or

(iii) Q D P D1 ; f 2 L1R.Rm/ ; or

(iv) Q 2 .1;1/ ; P D 1 ; f 2 LQ�

R .Rm/ ; or

(v) Q D 1 ; P 2 Œ2;1/ ; f 2 LP�

R .Rm/ ;

and 
 2 X , the operator F 0.
I �/ W X ! Y , defined in (1.7), is well-defined and
bounded.

Proof. Considering the Nemytskii operator N exp W 
 7! e{� D cos.
/C { sin.
/, we
can invoke standard results, e.g., Theorem 2.2 in [6]. A general Nemytskii operator
N W v 7! k.�; v.�//, defined by a kernel function k W � � R ! Rj , is a continuous
mapping from Lp.�/ to Lq.�/ if k satisfies a Caratheodory condition, i.e. measur-
ability with respect to the first and continuity with respect to the second argument,
as well as a growth condition jk.
; �/j � a.
/ C b� q

p with a 2 Lq , a; b � 0. Ap-
plying this with q D 1, � D Rm, a 	 1, b D 0, we can conclude that N exp is a
continuous mapping from L

Q
R .R

m/ (with Q 2 Œ1;1	 arbitrary) to L1
C .R

m/. Hence
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F W LQR .Rm/ ! LPR.R
m/ is continuous, being the concatenation of continuous op-

erators
F W L

Q
R .R

m/ ! L1
C .R

m/ ! LP
�

C .Rm/
N exp multf

! LPC .R
m/ ! LPR.R

m/ ;

F abs

where abs denotes the pointwise absolute value and multf the pointwise multiplica-
tion with the function f .

Boundedness of F 0.
; �/ W LQR .Rm/ ! LPR.R
m/ follows by using the Hausdorff-

Young Theorem together with Hölder’s Inequality and Q � P �
�

�F 0.
; h/
�

�

LP
R.R

m/

D
0

@

Z

Rmn†

ˇ

ˇ

ˇ

ˇ

ˇ

<.F .f � e{�/F .f � e{� {h/
jF .f � e{�/j

ˇ

ˇ

ˇ

ˇ

ˇ

P

d
 C
Z

†

jF .f � e{�{h/jP d

1

A

1
P

�
�

Z

Rm

jF .f � e{� {h/jP d

�

1
P �

�

�

�

f � e{� {h
�

�

�

LP �

� kf k
L

QP
QP �Q�P

khkLQ

and inspection of the single cases listed as (i)-(v) in (b).

1.3 A parameter identification problem for an elliptic
partial differential equation

The problem of identifying coefficients or source terms in partial differential equations
(PDEs) from data obtained from the PDE solutions arises in a variety of applications
ranging from medical imaging, via nondestructive testing, to material characterization
as well as model calibration.

Here, we consider a model problem that has been studied repeatedly in the literature
(see, e.g., [50,68,87,88,127,198]) to illustrate theoretical conditions and numerically
test for convergence of regularization methods.

In doing so, we will especially point out the crucial enhancement of freedom in the
formulation of the problem when moving from a Hilbert space setting, as has been
used in the papers mentioned above, to a general Banach space framework.

Consider the identification of the space-dependent coefficient c in the elliptic
boundary value problem

��uC cu D f in � (1.8)

u D 0 on @� (1.9)
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from measurements of u in �. Here � � Rm, m 2 N is assumed to be a smooth,
bounded domain. The forward operator

F W D.F / � X ! Y ; (1.10)

where the spaces X and Y are to be specified below, and its derivative can formally
be written as

F.c/ D A.c/�1f ; F 0.c/h D �A.c/�1.h � F.c// ;
with

A.c/ W H2.�/ \H 1
0 .�/ ! L2.�/

u ! ��uC cu :
In order to preserve ellipticity, a straightforward choice of the domain D.F / is

D.F / D ¹c 2 X j c � 0 a.e. kckX � �º (1.11)

for some sufficiently small � > 0. For those situations in which the theory requires a
nonempty interior of D.F / in X , the choice

D.F / D ¹c 2 X j 9 Oc 2 L1.�/; Oc � 0 a.e. W kc � OckX � �º ; (1.12)

for some sufficiently small � > 0, has been devised in [88].
So far, the preimage and image spaces X and Y have both been set to L2.�/, in

order to fit into the Hilbert space theory described in the existing literature. However,
the natural topology for measured data is typically Y D L1.�/ or a weighted version
thereof. By extending to Y D L2.�/ information is lost, more precisely the problem
is made more ill-posed than strictly necessary. On the other hand, Y D L1.�/ can
also be of interest, since in the practically relevant situation of impulsive noise, L1-
data fitting provides a more robust option than the choice Y D L2.�/, cf. [49]. Also
in preimage space, one often aims at actually reconstructing a uniformly bounded co-
efficient, corresponding to X D L1.�/, or of a coefficient that is sparse in some
sense, suggesting the use of the L1.�/-norm in preimage space, cf. [120]. This moti-
vates us to study the possible use of

X D LQ.�/ ; Y D LP .�/ ;
with general exponents Q;P 2 Œ1;1	, within the context of this example. To ad-
equately limit the exposition, we will only consider the choice (1.11) of the domain
here.

Proposition 1.2. Let X D LQ.�/, Y D LP .�/.
(a) For any

Q;P 2 Œ1;1	 ; f 2 Lmax¹1;m
2

º.�/ ;
the operator F W D.F / � X ! Y , F.c/ D A.c/�1f , is well defined and
bounded on D.F / as in (1.11) with sufficiently small � > 0.
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(b) For any

(i) Q;P 2 Œ1;1	 ; f 2 L1.�/ ; m 2 ¹1; 2º or

(ii) Q 2 .m2 ;1	 ; Q � 1 ; P 2 Œ1;1	 ; f 2 L
m
2

C�.�/ ; � > 0

and c 2 D.F /, the operator F 0.c/ W X ! Y , F.c/ D �A.c/�1.h � F.c//, is
well-defined and bounded.

We will not dwell on the question whether, and if so in which sense the operator
formally denoted by F 0.c/ is indeed a derivative of F here but only mention that this
point can be treated analogously to the Hilbert space case, cf. [50].

The proof of Proposition 1.2 is based on the following Lemma, whose last item
is an enhanced version of Lemma 2 in [126]. Here, with a slight abuse of notation
we denote for S 2 Œ1;1	 by .W 2;S \ H1

0 /.�/ the closure of the space C1
0 .�/ of

infinitely differentiable functions with compact support, with respect to the norm

kvkW 2;S \H1
0
WD k�vkLS C krvkL2

invoking Friedrichs’ Inequality.

Lemma 1.3. Let Q;S;P 2 Œ1;1	.
(a) Let

(i) S � m
2

and
®

S D 1 or S > max
®

1; m
2

¯

or P <1¯ or

(ii) S < m
2

and P � mS
m�2S

Then .W 2;S \H1
0 /.�/ � LP .�/ and there exists CP

.a/
> 0 such that

8v 2 .W 2;S \H1
0 /.�/ W kvkLP � CP.a/ kvkW 2;S \H1

0
:

(b) Let Q � S and

(i) S � m
2

and
®

S D 1 or S > max
®

1; m
2

¯

or Q > S
¯

or

(ii) S < m
2

and Q � m
2

Then ¹u � v W u 2 LQ.�/; v 2 .W 2;S \H1
0 /.�/º � LS .�/ and there exists

C S
.b/
> 0 such that

8u 2 LQ.�/ ; v 2 .W 2;S \H1
0 /.�/ W

ku � vkLS � CS.b/ kvkLQ kvkW 2;S \H1
0
:
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(c) Let

(i) S � m
2

or

(ii) 2m
mC2 � S < m

2
and m > 2.

Then .W 2;S \H1
0 /.�/ � LS

�
.�/ and there exists CS

.c/
> 0 such that

8v 2 .W 2;S \H1
0 /.�/ W kvkLS� � C S.c/ kvkW 2;S \H1

0
:

(d) Let c 2 D.F / with sufficiently small � > 0, and let

1 D S � m

2
or S > max

°

1;
m

2

±

(1.13)

be satisfied. Then A.c/�1 W LS.�/ ! .W 2;S \ H1
0 /.�/ is well-defined and

bounded by some constant C S
.d/

.

Proof. Assertions (a)–(c) directly follow from the Sobolev Imbedding Theorem (see,
e.g., Theorem 4.12 in [2]) with the use of Hölder’s inequality for (b):

ku � vkLS � kukLQ kvk
L

QS
Q�S

� C
QS

Q�S

.a/
kukLQ kvkW 2;S \H1

0

Assumption (1.13) implies that the conditions of (a) with P D 1 and of (c) are
satisfied. Multiplying (1.8) with u, integrating by parts, and using c � 0, as well as
Hölder’s inequality, we obtain

kruk2L2.�/ � kf kLS kukLS� � CS.c/ kf kLS

�

k�ukLS C krukL2

�

;

hence,

krukL2.�/ �
CS
.c/

2
kf kLS C

v

u

u

t

�

C S
.c/

�2

4
kf k2LS C C S.c/ kf kLS k�vkLS

� CS.c/ kf kLS C k�ukLS ; (1.14)

where we used a
2
C
q

a2

4
C ab � a C b for a; b;� 0. We easily obtain an estimate

of k�ukLS by using the triangle inequality in (1.8), as well as inserting (1.14):

k�ukLS .�/ � kf kLS C kckLS kukL1

� kf kLS C C1
.a/ kckLS

�

k�ukLS C krukL2

�

� kf kLS C C1
.a/ kckLS

�

2 k�ukLS C CS.c/ kf kLS

�

:
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Hence for kckLS � � < 1
2C1

.a/

k�ukLS .�/ �
1

1 � 2C1
.a/
�

�

1C C1
.a/ kckLS C S.c/

�

kf kLS

�

:

Re-inserting this into (1.14) gives the desired overall .W 2;S \H1
0 /.�/ of u.

Now we are in the position to show the proof of Proposition 1.2.

Proof. (Proposition 1.2) To see (a), readily note that, under the assumptions we made,
we can set S > max¹1; m

2
º in (a), (c), (d) of Lemma 1.3 to obtain for

�

�A.c/�1f
�

�

LP � CP.a/
�

�A.c/�1f
�

�

W 2;S \H1
0

� CP.a/C S.d/ kf kLS :

Similarly, in order to prove (b) we set S D 1 in (i), S D min¹Q ; m
2
C �º in (ii),

and estimate, using Lemma 1.3 (a)–(d):
�

�A.c/�1.h � F.c/��
LP � CP.a/CS.d/ kh � F.c/kLS

� CP.a/CS.b/CS.d/ khkLQ kF.c/kW 2;S \H1
0

� CP.a/CS.b/
�

CS.d/

�2 khkLQ kf kLS :

1.4 An inverse problem from finance

Inverse problems arising in financial markets, preferably aimed at finding volatility
functions from option prices, have found increasing interest in the years around the
change of the millennium, see, e.g., [25,53,56,62,140]. Our focus here is on a specific
nonlinear inverse problem from this field mentioned in [104, Section 6], namely, the
problem of calibrating purely time-dependent volatility functions based on maturity-
dependent prices of European vanilla call options with fixed strike. See [96, 105]
for details. It certainly is only a toy problem in mathematical finance, but due to
its simple and explicit structure it serves as a benchmark problem for case studies in
mathematical finance. However, following the decoupling approach suggested in [63],
variants of this problem also occur as serious subproblems for the recovery of local
volatility surfaces. Such surfaces are of considerable practical importance in finance.

More precisely, we consider a family of European vanilla call options written on an
asset with actual asset price S > 0 for varying maturities t 2 Œ0; 1	, but fixed strike
price K > 0, and a fixed risk-free interest rate r � 0. We denote the associated
function of option prices, observed at an arbitrage-free financial market, by y.t/ .0 �
t � 1/. From that function we will determine the unknown volatility term-structure.
Furthermore, we denote the square of the volatilities at time t by x.t/ .0 � t � 1/ and
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neglect a possible dependence of the volatilities on the asset price. Using a generalized
Black–Scholes formula we obtain as the fair price function for the family of options

ŒF .x/	.t/ D UBS.S;K; r; t; ŒJ x	.t// .0 � t � 1/ (1.15)

exploiting the simple integration operator

ŒJ h	 .s/ D
s
Z

0

h.t/ dt .0 � s � 1/ ;

the Black–Scholes function UBS defined as

UBS.S;K; r; �; s/ WD
²

Sˆ.d1/�Ke�r�ˆ.d2/ .s > 0/

max .S �Ke�r� ; 0/ .s D 0/
with

d1 D
ln S
K
C r� C s

2p
s

; d2 D d1 �
p
s ;

and the cumulative density function of the standard normal distribution

ˆ.�/ D 1p
2�

Z �

�1
e� �2

2 d
:

Hence, the inverse problem appears as a nonlinear operator equation (see Sec-
tion 3.1.2 below). More precisely, the solution x 2 L2.0; 1/ to equation

ŒF .x/	.t/ D y.t/ .0 � t � 1/
is to be determined from a given data function y 2 L2.0; 1/, where the mapping
F W x 7! y from (1.15) acts as the nonlinear forward operator

F W D.F / � X ! Y

with Hilbert spaces
X D Y D L2.0; 1/

and a convex domain

D.F / D ¹x 2 X W x.t/ � c0 > 0 a.e. on Œ0; 1	º :
This seems to be an appropriate model for the kind of inverse option pricing problem
under investigation.

Obviously, the forward operator F is a composition

F D N ı J
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of the linear integral operator J with the nonlinear Nemytskii operator

ŒN.z/	.t/ D k.t; z.t// D UBS.S;K; r; t; z.t// .0 � t � 1/
possessing a smooth generator function k. Furthermore, for all x 2 D.F / the
Gâteaux derivative F 0.x/ of the forward operator exists and attains the form

F 0.x/ D G.x/ ı J
with the linear multiplication operator

ŒG.x/ h	.t/ D m.x; t/ h.t/ .0 � t � 1; h 2 L2.0; 1//
determined by a nonnegative multiplier function

m.x; 0/ D 0; m.x; t/ D @UBS.S;K; r; t; ŒJ x	.t//

@s
> 0 .0 < t � 1/

cf. [96, Lemma 2.1], for which, for every 0 < t � 1, we can derive the formula

m.x; t/ D X

2
p

2�ŒJ x	.t/
exp

�

� .� C rt/
2

2ŒJ x	.t/
� .� C rt/

2
� ŒJ x	.t/

8

�

> 0 :

This formula contains the logmoneyness

� D ln
�

S

K

�

:

Note that due to c0 > 0 we have

c t � ŒJ x	.t/ � cpt .0 � t � 1/
with c D c0 > 0 and c D kxkL2.0;1/. Hence, we may estimate for all x 2 D.F /

C
exp

�

� 	2

2 c t

�

4
p
t

� m.x; t/ � C
exp

�

� 	2

2 c
p
t

�

p
t

.0 < t � 1/ (1.16)

with some positive constants C and C .
For in-the-money options and out-of-the-money options, i.e. for S 6D K or equiv-

alently � 6D 0, the functions m.x; t/ are continuous at t and have an essential zero
at t D 0. In the neighborhood of this zero the multiplier function goes to zero expo-
nentially, i.e. faster than any power of t , whenever the moneyness � does not vanish,
see formula (1.16). From [96] we can make the following assertions: The multiplier
functions m.x; �/ all belong to L1.0; 1/ and hence G.x/ is a bounded multiplication
operator in L2.0; 1/: Then F 0.x/ is a compact linear operator mapping in L2.0; 1/.
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The nonlinear operator F , however, is injective, continuous, compact, weakly contin-
uous and hence weakly closed. Moreover, for all x 2 D.F /, F 0.x/ is even a Fréchet
derivative, since it satisfies the condition

kF.x2/ � F.x1/ � F 0.x1/ .x2 � x1/kY � � kx2 � x1k2X
for all x1; x2 2 D.F /

(1.17)

with

� D 1

2
sup

.t;s/2Œ0;1�2 W 0�ct�s

ˇ

ˇ

ˇ

ˇ

@2UBS.S;K; r; t; s/

@s2

ˇ

ˇ

ˇ

ˇ

<1 :

Note that � , which can be interpreted as a Lipschitz constant for F 0.x/ for varying x,
follows from the uniform boundedness of the second partial derivative of the Black–
Scholes function UBS with respect to the last variable, whereas the multiplier function
m.x; �/ defining G.x/ is due to the corresponding first partial derivative of UBS:

As a consequence of the structure of F mentioned above, the inverse operator
F �1 W Range.F / 
 Y ! X exists, but cannot be continuous, and the correspond-
ing operator equation is ill-posed and requires regularization methods (see Chapter 3)
for its stable approximate solution when instead of y only noisy option data yı with
kyı � ykY � ı and noise level ı > 0 are available. For the nonlinear Tikhonov
regularization as the most prominent method (for a general approach see Chapter 4),
where the regularized solutions xı˛ in the Hilbert space setting are minimizers of the
penalized least squares problem

T˛.x/ WD 1

2
kAx � yık2Y C ˛ kx � xk2X ! min; subject to x 2 X ;

with reference element x 2 L2.0; 1/ and regularization parameter ˛ > 0, the well-
known theory from [67, Chap. 10] is applicable for � 6D 0 because of (1.17) and yields
for the convergence rates to the true volatility function x
 (see [96, Section 5])

kxı˛ � x
kL2.0;1/ D O.
p
ı/ as ı ! 0: (1.18)

Proposition 1.4. Provided that � 6D 0 we have a convergence rate (1.18), whenever
the regularization parameter is chosen as ˛.ı/ � ı and the true volatility x
 2 D.F /

fulfils a source condition
x
 � x D F 0.x
/�w (1.19)

for some w 2 L2.0; 1/ satisfying the smallness condition

� kwkL2.0;1/ < 1 :

Note that the condition (1.19) in Proposition 1.4 implies x
.1/ D x.1/ and x
�x 2
W 1;2.0; 1/. Vice versa, for measurable .x
 � x/0 the function

w.t/ D .x
.t/ � x.t//0=m.x
; t /;
0 < t � 1, is in L2.0; 1/ and satisfies (1.19).
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However for at-the-money options, i.e. for S D K or equivalently � D 0, the
classical Hilbert space approach fails, because the corresponding Fréchet derivative
of F becomes degenerate. Nevertheless based on the Banach space theory from [104]
one can find the same rate result (1.18) by exploiting the well-known explicit structure
of the forward operator when working with auxiliary Banach spaces L2�".0; 1/; 0 <
" < 1; complementing the Hilbert space L2.0; 1/.

For S D K one can also write F 0.x/ D G.u/ ı J for the Gâteaux derivative of the
forward operator, but now for the first partial derivative of the Black–Scholes function
the explicit expression is

@UBS.S;K; r; t; s/

@s
D S

2
p
2� s

exp
�

�r
2 t2

2 s
� r t
2
� s
8

�

> 0;

and for the second partial derivative

@2UBS.S;K; r; t; s/

@s2

D � S

4
p
2� s

�

�r
2 t2

s2
C 1

4
C 1

s

�

exp
�

�r
2 t2

2 s
� r t
2
� s
8

�

;

(1.20)

see ( [105]). However, on inspection of formula (1.20) we see that

sup
.t;s/2Œ0;1�2W0�ct�s

ˇ

ˇ

ˇ

ˇ

@2UBS.X;K; r; t; s/

@s2

ˇ

ˇ

ˇ

ˇ

D1:

Hence, for vanishing logmoneyness � D 0 an inequality (1.17) cannot be shown in
this way, since the constant � explodes. But (1.17) was required to prove Proposi-
tion 1.4 in [96]. On the other hand, for � D 0 the forward operator F from (1.15) is
less smoothing than for � 6D 0, because the multiplier function m.x
; t / has a pole
at t D 0 for at-the-money options instead of a zero in all other cases. Hence, the
ill-posedness of the problem is less severe in the singular case � D 0 than in all other
cases � 6D 0. However, to obtain rates, a more sophisticated approach is necessary,
that allows us to compensate the degeneration of essential properties of the derivative
F 0.x
/:

More precisely, we consider in addition to the Hilbert spaces X D Y D L2.0; 1/

the Banach space
QY D L2�".0; 1/ � Y .0 < " < 1/

with dual space
QY � isometrically isomorph to L

2�"
1�" .0; 1/ :

We assign " > 0 a small value � WD "
1�" > 0, where evidently we have 2 � " D 2C�

1C�
and 2�"

1�" D 2C �. Then it can be shown that for � D 0 inequalities of the form

kF.x2/� F.x1/ � F 0.x1/ .x2 � x1/k QY � Q� kx2 � x1k2X
for all x1; x2 2 D.F /

(1.21)
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hold taking the place of (1.17) (see the discussion in Section 3.2.4), where Q� is of the

form Q� D C kt @2UBS.S;K;r;t;Qs/
@s2 kL2�".0;1/. Note that the norm of the Taylor remainder

on the left-hand side of (1.21) is a norm in a Banach space QY , whereas in (1.17) the
corresponding Taylor remainder is measured in the norm of a Hilbert space Y . In
order to establish the consequences of this use of auxiliary Banach spaces we refer
to [104, Section 6] for the following proposition.

Proposition 1.5. Provided that � D 0 we have a convergence rate (1.18), whenever
the regularization parameter is chosen as ˛.ı/ � ı and the true volatility x
 2 D.F /

fulfils the conditions that .x
 � x/0 is measurable with x
.1/ D x.1/ and that there is
an arbitrarily small � > 0 such that the function

Qw.t/ D x
 � x
m.x
; t /

; 0 < t < 1;

satisfies the condition
Qw 2 L2C�.0; 1/ (1.22)

and the smallness condition

Q� k QwkL2C� .0;1/ < 1 :

Note that condition (1.22) implies that x
 � x 2 W 1;1.0; 1/ and that the occurring
conditions now refer to Banach spaces. The result of Proposition 1.5 for the conver-
gence rate could only be obtained by leaving the Hilbert space setting. It is a nice
example for the advantage of extending components of the regularization theory from
Hilbert spaces to Banach spaces.

1.5 Sparsity constraints

In many applications one can assume that the solution of the underlying ill-posed
problem is a linear combination of only a few elements of a specific, given system
of functions. For example in image processing (e.g. deblurring) such a system may
be given by a (bi-)orthogonal wavelet basis (cf. e.g. [190]). In signal processing it is
often the peak system or the bell functions system (cf. e.g. [146]). In parameter iden-
tification problems for PDEs it may be a spline basis, like the basis of hat-functions
or the basis of box-functions (cf. [120]). Such a priori knowledge is called a sparsity
constraint of the solution. In particular, a function x is called sparse with respect to
the system ¹ nº, if only finitely many expansion coefficients hx; ni are non-zero.

There are several ways to incorporate sparsity constrains into a regularization
scheme. Here, we focus on the so called Tikhonov-type regularization. To this end let
A be a linear operator with non-closed range and yı a noisy version of the true data
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y D Ax. Then, as was shown by Daubechies, M. Defrise and C. De Mol in [55], the
minimizers of the Tikhonov functional

1
2
kAx � yık2 C ˛ 1

q

X

n

wnjhx; nijq; 1 � q � 2 (1.23)

can be used to regularize the inverse of A.
To see this, consider first the minimization with respect to the first summand, the

so called fidelity term, only. Due to ill-posedness, the range of the operator A is not
closed and therefore, in all practical cases, the minimizers will tend to be unbounded.
If, on the other hand, we consider the minimizer with respect to the second summand,
the so called penalty term, we get only the trivial solution. The minimization with
respect to the Tikhonov functional balances the fidelity term and the penalty term,
where the weighting between these two terms is given by the regularization parameter
˛. We note that a thorough introduction to Tikhonov-type regularization will be given
later in Chapter 3.

One can easily see that for q D 2 the functional in (1.23) is just the classical
smooth Tikhonov functional, cf. [68]. However, here we are especially interested
in the case where q tends to one. Surprisingly, for q D 1, the minimizers of the
Tikhonov functional are sparse, even if the true solution is not, which can be seen in
several ways.

First, we justify the sparsity of the minimizers by a Lagrangian approach. In fact,
one might consider the Tikhonov functional

1
2kAx � yık2 C ˛

X

n

wnjhx; nij

as the Lagrangian functional of a restricted minimization problem, either

1
2
kAx � yık2 ! min; subject to

X

n

wnjhx; nij � c

or
X

n

wnjhx; nij ! min; subject to 1
2
kAx � yık2 � c:

Hence, in the optimal point the level sets of the fidelity functional 1
2
kAx � yık2 and

the penalty
P

nwnjhx; nij are tangential. Therefore, as can be seen in Figure 1.2,
for small ˛ the reconstructions are large with respect to the `1-penalty. However,
as ˛ grows, the reconstructions will approach one of the vertices of the `1-ball, i.e.
they will become sparse. Therefore, for appropriately chosen ˛ we might hope to
get a sparse reconstruction of the original data. Finally, if ˛ is chosen too large, the
reconstructions will be sparse but no longer meaningful as approximate solutions to
Ax D y.

One can also justify the sparsity of the minimizers purely by regarding the penalty
for q D 1 and q D 2, i.e. ˛

P

nwnjhx; nij and ˛ 1
2

P

nwnjhx; nij2. As can be
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(a) Small ˛ (b) Medium-sized ˛ (c) Large ˛

Figure 1.2. Lagrangian view of sparsity promoting Tikhonov reconstruction in two dimen-
sions. Let the black dot be the noisy data yı and the function system be given by the canonical
basis of R2. As ˛ grows, the reconstruction point, i.e. the tangent point of the `1-ball around
the origin and the `2-ball around the noisy data, will approach one of the vertices of the `1-
ball, i.e. it will become sparse (cf. [29]).

Figure 1.3. Penalty based view of sparsity promoting Tikhonov reconstruction. For small
values a quadratic function is smaller than the absolute value function. Therefore, for q D 2

the penalty of the Tikhonov functional (1.23) favors elements with many small expansion
coefficients, whereas for q D 1 elements with few relatively large coefficients are favored.

seen in Figure 1.3 the `1-functional penalizes small coefficients more severely than the
quadratic `2-penalty. Hence, the reconstructions will tend to have expansion vectors
with few large coefficients, rather than vectors with many small coefficients.

In order to arrive at a numerical realization of the Tikhonov-type regularization,
one needs a minimization scheme for the functional (1.23). Several such schemes are
available cf. [149] and the references therein.

The main drawback of a strict sparsity assumption, as introduced above, is that the
system ¹ nº has to be perfectly adapted to the original data x, in the sense that x
is only allowed to have finitely many non-zero expansion coefficients with respect to
¹ nº. While in some application the system ¹ nº arises naturally, in other applica-
tions this might not be the case. For example if x is a natural image e.g. of a human
face, which system ¹ nº should be chosen to ensure sparsity?

One remedy to this problem might be to choose a more general system than an or-
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thogonal basis, say a frame or a dictionary. However, the heart of the problem remains
unchanged, even in these cases: the function is still allowed to have only finitely many
non-zero expansion coefficients. Furthermore, one must be very cautious when deal-
ing with function systems which are non-orthonormal, since a badly chosen system
might worsen the stability of the reconstruction and hence render it meaningless.

Fortunately, in most cases one has an idea which system should be chosen, in order
to ensure almost sparsity. By this we mean that only a small number of expansion
coefficients hx; ni carry almost all information about x.

Returning to our example of face images, it is well-known that the Fourier-basis or
the Daubechies-basis are good choices, since images are almost sparse with respect
to these systems, cf. [55]. Image compression algorithms like the JPEG algorithm or
the JPEG2000 algorithm employ this idea in order to store images in an efficient way.

With the same arguments as in the case q D 1, one might deduce that for almost
sparse functions penalty terms with q slightly larger than 1might be better suited than
q D 1.

In the last part of this section we will illustrate the latter claim by means of a
simple numerical example, the retrieval of the velocity from GPS data, which can
be mathematically modeled as numerical differentiation. We start with the following
question: Given the GPS coordinates of a vehicle, is it possible to recover its velocity?
We know that for given velocity v the position of the vehicle may be computed via

s.T / D
Z T

0

v.t/ dt C s.0/:

We can choose the coordinates such that s.0/ D 0. Altogether we have the setting
Av D sı , ks � sık � ı, where A is the integral operator .Av/.T / D R T

0 v.t/ dt .
The system of functions with respect to which we expand the function is that of box-
splines.

First, we consider a smooth velocity, as depicted in Figure 1.4. The resulting exact
position and the simulated GPS position can also be found in Figure 1.4. We see that
the noise clutter is negligible compared to the value of the position. As expected, the
naïve approach, where v is reconstructed by vı , the minimizers of (1.23) for ˛ D 0,
does not result in a reasonable reconstruction, as can be seen in Figure 1.4 (d). On the
other hand, by choosing the classical case q D 2 and ˛ appropriately, we improve the
quality of the reconstruction significantly, as can be seen in Figure 1.4 (e).

However, the situation changes drastically if we consider the velocity profile de-
picted in Figure 1.5, which consists of three sharp peaks and is much more realistic
for a vehicle. We remark that the peaks have steep slopes but are not discontinuous
due to the physical setting of our problem. As we can see in Figure 1.5 (b) and (c),
the quadratic Tikhonov reconstructions, i.e. reconstructions for q D 2, are not able to
recover simultaneously the height and the support of the peaks.

Since the fact that the true signal consists of peaks can be considered as a sparsity
information, we next consider the minimizers of (1.23) for q D 1. As is demonstrated
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(c) GPS position
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(d) Naïve reconstruction
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(e) Tikhonov reconstruction

Figure 1.4. Naïve and Tikhonov reconstruction of the velocity from GPS coordinates (x-axis:
time in hours; y-axis: velocity in km=h respectively position in km).



Section 1.5 Sparsity constraints 23

0

20

40

60

80

100

120

140

0.10 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(a) True velocity

0

20

40

60

80

100

120

140

0.10 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b) Oversmoothed `2-reconstruction
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(c) `2-reconstruction with noise clutter
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(d) `1-reconstruction
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(e) `1:1-reconstruction

Figure 1.5. True velocity and Tikhonov-type reconstructions from GPS coordinates for dif-
ferent penalties based on Hilbert and Banach space norms (x-axis: time in hours; y-axis:
velocity in km=h).
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in Figure 1.5 (d), this improves the reconstruction. But as can be seen in Figure 1.5 (e),
the choice of a q slightly larger than 1 gives even better results than q D 1.

We conclude that the use of non-quadratic penalties and in particular penalties
based on Banach space norms in certain cases, like the sparsity constraint described
here, improves the quality of the reconstructions.



Part II

Geometry and mathematical tools of Banach
spaces
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The aim of the second part of this book is to introduce elementary results from
convex analysis and Banach space theory (cf., e.g., [15, 48, 69, 164]) in Chapter 2, as
well as from regularization theory in Chapter 3 and thereby to provide the basis for
the analysis of regularization methods in Banach spaces.

We begin Chapter 2 with an introduction to the basic mathematical notation. Then
we will introduce three important tools of convex analysis: the subgradient, the duality
mapping and the Bregman distance. On the one hand, the subgradient is a general-
ization of the derivative concept for convex functions. On the other hand, the duality
mapping is one of the most important tools in our analysis and it will turn out to be
the subgradient of a power of the norm. The Bregman distance is a common way of
measuring the deviation of elements in Banach spaces with respect to some convex
functional, thus complementing the norm concept. In the last part of Chapter 2 we
present the definitions and properties of several important classes of Banach spaces
like uniformly smooth spaces, uniformly convex spaces, spaces smooth of power type
(p-smooth spaces) and spaces convex of power type (p-convex spaces). We also dis-
cuss the connection between the properties of Banach spaces and the properties of the
related duality mappings, as well as Bregman distances.

Chapter 3 presents some fundamental elements of regularization theory applied
to finding the stable approximate solution of ill-posed linear and nonlinear opera-
tor equations formulated in Banach spaces. First, in Section 3.1 we explain the ill-
posedness phenomenon and its consequences. Then in Section 3.2 we introduce the
regularization approach in general and Tikhonov-type regularization in particular. In
order to obtain convergence rates for the regularized solutions, additional conditions
on the solution smoothness and, for nonlinear problems, on the structure of nonlinear-
ity have to be imposed. In this context, we outline the concepts of source conditions
and approximate source conditions, and emphasize the distinguished role of a specific
type of variational inequality, which expresses smoothness and nonlinearity condi-
tions in a unified and concise manner. The chapter will be completed by presenting a
comprehensive discussion of nonlinearity conditions and of the differences between
the linear and the nonlinear case.



Chapter 2

Preliminaries and basic definitions

The main aim in the first section of this chapter is to introduce the basic notations and
to provide some definitions of quintessential terms used in this book.

2.1 Basic mathematical tools

We start with some standard definitions, inequalities and nomenclature. A generic
constant

C > 0

can take a different value every time it is used. We exploit this notation in some proofs
to avoid unnecessary enumeration of constants.

Definition 2.1 (conjugate exponents). For p > 1 we denote by p� > 1 the conjugate
exponent of p, satisfying the equation

1

p
C 1

p� D 1:

Definition 2.2 (Banach space). A normed linear space .X; k � kX / is called a Banach
space if it is complete, i.e., if every Cauchy sequence is convergent with respect to the
norm k � kX . We recall that a sequence ¹xnº is a Cauchy sequence if, for every " > 0,
there exists an integer N."/ such that kxn � xmk < " for all n;m � N."/.

Definition 2.3 (dual space). We denote by X� the dual space of a Banach space X ,
which is the Banach space of all bounded (continuous) linear functionals x� W X ! R
equipped with the norm

kx�kX� WD sup
kxkD1

jx�.x/j:

Definition 2.4 (dual pairing). For x� 2 X� and x 2 X we denote by hx�; xiX��X
and hx; x�iX�X� the duality pairing (duality product or dual composition) defined as

hx�; xiX��X WD hx; x�iX�X� WD x�.x/:

In norms and dual pairings, when clear from the context, we will omit the indices
indicating the spaces. Let us mention that the duality pairing is not to be confused
with the duality mapping, which will be introduced in Definition 2.27.
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Definition 2.5 (annihilator). Let X be a Banach space and let M � X , N � X� be
subspaces of X , X�, respectively. The annihilators M? � X� and ?N � X are
defined as

M? D ¹x� 2 X� W hx�; xiX��X D 0 for all x 2M º
?N D ¹x 2 X W hx; x�iX�X� D 0 for all x� 2 N º:

Theorem 2.6 (adjoint operator). Let X;Y be Banach spaces and A W X ! Y be a
bounded (continuous) linear operator. Then the bounded (continuous) linear operator
A� W Y � ! X�, defined as

hA�y�; xiX��X D hy�; AxiY ��Y 8x 2 X;y� 2 Y �

is called the adjoint operator of A (for more details see [164, Section 3.1]).

Definition 2.7 (null-space). By N .A/, we denote the null-space

N .A/ W D ¹x W Ax D 0º
of the linear operator A W X ! Y and by R.A/ the range

R.A/ W D ¹y W 9x W y D Axº D A.X/
of A. The space consisting of all bounded (continuous) linear operators A W X ! Y

between two Banach spacesX and Y is denoted by L.X; Y /. We write L.X/ instead
of L.X; Y / if X and Y coincide.

Theorem 2.8 (Cauchy’s inequality). Let X denote a Banach space and let x 2 X
and x� 2 X�. Then we have

jhx�; xiX��X j � kx�kX� � kxkX :

Theorem 2.9 (Hölder’s inequality). For sequences ¹xkº 2 `p and ¹ykº 2 `p�
of real

numbers and conjugate exponents p;p� > 1 we have

X

k

xkyk �
 

X

k

jxkjp
!1=p

�
 

X

k

jykjp�

!1=p�

:

For functions f 2 Lp.�/, g 2 Lp�

.�/, Hölder’s inequality accordingly reads as

ˇ

ˇ

ˇ

ˇ

Z

�

f .x/g.x/ dx

ˇ

ˇ

ˇ

ˇ

�
�

Z

�

jf .x/jp dx
�1=p �Z

�

jg.x/jp�

dx

�1=p�

:
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Definition 2.10. For real numbers a; b 2 R we write

a _ b WD max¹a; bº; a ^ b WD min¹a; bº:
Later we will use the shortcut symbols of Definition 2.10 instead of max and min

whenever it renders the expressions more transparent.

Theorem 2.11 (Young’s inequality). Let a and b denote real numbers and p;p� > 1
conjugate exponents. Then we have

a � b � 1
p
jajp C 1

p� jbjp�

:

Definition 2.12 (equivalent quantities). We call two positive quantities a and b equiv-
alent if there exist constants 0 < c � C <1, such that

c � b � a � C � b
and write in shorthand

a � b:
In particular for two norms k � kA W X ! R and k � kB W X ! R we mean by

k � kA � k � kB
that

ckxkB � kxkA � CkxkB 8x 2 X
with some constants 0 < c � C <1 that do not depend on x. If ˛ > 0 is a function
of ı > 0 then we mean by

˛ � ı	
for � � 0 that

c � ı	 � ˛.ı/ � C � ı	
with some constants 0 < c � C <1 that do not depend on ı.

Definition 2.13 (Gâteaux differentiability). Let f W D.f / � X ! Y be a mapping
between normed spaces X and Y , on the domain D.f /. We call f Gâteaux differ-
entiable in x 2 D.f / if there exists a continuous linear mapping Ax W X ! Y such
that for all h 2 X we have

lim
t!0

f .x C th/ � f .x/
t

D Axh:

Definition 2.14 (Fréchet differentiability). Let f W D.f / � X ! Y be a mapping
between normed spaces X and Y with domain D.f /. We call f Fréchet differen-
tiable in x 2 D if there exists a continuous linear mapping Ax W X ! Y such that
for z 2 X we have

lim
kzk!0

kf .x C z/ � f .x/ � Axzk
kzk D 0:
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Remark 2.15. If f is Fréchet differentiable at x, then it is also Gâteaux differentiable
in x. This can be seen by setting z WD th for fixed h 2 X in Definition 2.14 where
kzk ! 0 can be written as t ! 0. Note that both definitions require the existence of
elements x C th for arbitrary directions h 2 X and sufficiently small t > 0, i.e., x
has to belong to the core of D.f / which mostly coincides with the interior of D.f /.
Consequently, f cannot be Gâteaux differentiable or Fréchet differentiable if x is a
boundary point of D.f /.

2.2 Convex analysis

2.2.1 The subgradient of convex functionals

Definition 2.16 (convex functional). A functional f W X ! R [ ¹1º, defined on a
linear space X , is convex if

f .�x C .1 � �/y/ � �f .x/C .1 � �/f .y/ 8x; y 2 X; 8� 2 Œ0; 1	:
Definition 2.17 (effective domain, proper functions). Let f W X ! R [ ¹1º be
convex. The effective domain D.f / of the functional f is defined as

D.f / WD ¹x 2 X W f .x/ <1º:
The functional f is called proper if

D.f / ¤ ;:
Example 2.18 (Tikhonov functional). Let A W X ! Y be a bounded (continuous)
linear operator mapping between Banach spaces X and Y , yı 2 Y , p � 1 and
� W X ! R [ ¹1º convex. Then for ˛ > 0 the functional T˛ W X ! Y , defined as

T˛.x/ WD 1
p
kAx � yıkpY C ˛ ��.x/ (2.1)

is called Tikhonov functional. Tikhonov functionals are convex. If D.�/ D X then
D.T˛/ D X . In particular, this is true if � is a monomial of the norm in X , i.e.
�.x/ WD 1

qkxkqX for some q � 1. In Chapter 3 we will extend the concept of
Tikhonov functionals to include the case of nonlinear operators.

Remark 2.19. Some authors use a symbol which emphasizes the dependence of the
Tikhonov functional on the noisy data yı , say T˛;yı or T˛y

ı

. To keep the notation
more concise we will preferrably use the notation introduced in Example 2.18.

Definition 2.20 (subgradient of convex functionals). Let f W X ! R [ ¹1º be a
convex functional. Then, x� 2 X� is a subgradient of f in x if

f .y/ � f .x/C hx�; y � xi 8y 2 X:
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f
f

Figure 2.1. The subgradient of a function at x as the slope of the hyperplane supporting the
function in x. For smooth functions the subgradient is single-valued, whereas for non-smooth
functions in general it is not.

The set @f .x/ of all subgradients of f in x is called the subdifferential. We will call
both the subgradient and the subdifferential as subgradient if it is clear from the con-
text which one is meant. Especially for single-valued subdifferentials we will identify
the whole set with its single element.

All affine linear functionals g W X ! R which are tangential to the functional f at
x, meaning that g.y/ � f .y/ for all y and g.x/ D f .x/, can be written in the form

g.y/ D hx�; y � xi C f .x/
with some element x� 2 X�. Notice that the graph of g is a hyperplane. Therefore,
geometrically, the subgradient is the slope (or set of slopes) of a hyperplane, which
supports f (cf. Figure 2.1).

Theorem 2.21 (optimality conditions). Let f W X ! R [ ¹1º be convex and z 2
D.f / then

f .z/ D min
x2X f .x/ , 0 � f .x/ � f .z/ 8x 2 X , 0 2 @f .z/

(cf. [211, 4.1.2]).

Therefore, 0 2 @f .z/ is the generalization of the classical optimality condition
f 0.z/ D 0. The subgradient also is the generalization of the gradient in the sense that
if f is Gâteaux-differentiable, then @f .x/ D ¹rf .x/º.

In general the subgradient of a function may also be the empty set. However, if the
functional is Lipschitz-continuous, its subgradient is not empty, cf. [226, Chap. II.7.5].
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Let f and g be two convex functionals. Then

@.f C g/.x/ 
 @f .x/C @g.x/;
since for any x� 2 @f .x/ and z� 2 @g.x/ we have

f .x/C hx�; y � xi C g.x/C hz�; y � xi � f .y/C g.y/:
The next theorem provides a sufficient condition for f and g to satisfy @.f Cg/.x/ �
@f .x/C @g.x/, too.

Theorem 2.22 (subgradient of sums). Let X be a Banach space and f; g W X !
R [ ¹1º be convex functionals. If there is a point in D.f / \ D.g/ such that f is
continuous, then for all x 2 X the equation

@.f C g/.x/ D @f .x/C @g.x/
holds (cf. [243, Theorem 47.B]).

Theorem 2.23 (subgradient of compositions). Let f W Y ! R [ ¹1º be a convex
functional andA W X ! Y a bounded (continuous) linear operator. If f is continuous
at some point of the range of A then for all x 2 X

@.f ıA/.x/ D A�.@f .Ax//

(cf. [226, II.7.8]).

Theorem 2.24 (subgradient of translation). Let f W X ! R[ ¹1º be convex. Then

@.f .� � y//.x/ D .@f /.x � y/:
Proof. Let x� 2 @.f .� � y//.x/, then

f .z � y/ � f .x � y/C hx�; z � xi 8z 2 X:
Hence with a D z � y

f .a/ � f .x � y/C hx�; a � .x � y/i 8a 2 X:
Therefore, we get @.f .� �y//.x/ 
 .@f /.x �y/. In the same way one can prove that
@.f .� � y//.x/ � .@f /.x � y/.

As a consequence of the last three theorems, we are now able to formulate the
optimality conditions for the Tikhonov functional (2.1).
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Corollary 2.25. We have

@. 1
p
kA � �yıkp

Y
/.x/ D .A�@ 1

p
k � �yıkp

Y
/.Ax/ D .A�@ 1

p
k � kp

Y
/.Ax � yı/:

Hence, if xı˛ minimizes the functional T˛, then

0 2 A�.@ 1
p
k � kpY /.Axı˛ � yı/C ˛ � @�.xı˛/:

In particular for �.x/ WD 1
q
kxkq , with q � 1, we get

0 2 A�.@ 1
p
k � kpY /.Axı˛ � yı/C ˛.@1qk � kqX /.xı˛/: (2.2)

As a final fact emerging from general convex analysis we mention that the notion
of the subgradient also generalizes the concept of monotonicity. We recall that, if
f W R! R is differentiable and convex, the derivative f 0 is monotone, i.e.

.f 0.x/ � f 0.y// � .x � y/ � 0 8x; y:
This is also true for all convex mappings if the derivative is replaced by the subgradi-
ent.

Theorem 2.26. The subgradient of a proper convex functional f W X ! R defined
on a Banach space X is monotone, i.e.

hx� � y�; x � yi � 0 8x� 2 @f .x/; y� 2 @f .y/; x; y 2 X
(cf. [203, Theorem 12.17]).

2.2.2 Duality mappings

In Corollary 2.25 we derived the optimality condition for the Tikhonov functional
(2.1). This condition uses the mappings

@. 1
pk � kpY / and @.1qk � kqX /:

To make effective use of the optimality condition, we need more information about
the structure of the above subgradients of powers of Banach space norms. We start by
introducing the so-called duality mapping JXp .

Definition 2.27 (duality mapping). The (set-valued) mapping JXp W X � X� with
p � 1 defined by

JXp .x/ WD ¹x� 2 X� W hx�; xi D kxkkx�k; kx�k D kxkp�1º (2.3)

is called the duality mapping of X with gauge function t 7! tp�1:
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By jXp we will denote a single-valued selection of JXp , i.e. jXp W X ! X� is a
mapping with jXp .x/ 2 JXp .x/ for all x 2 X . We will sometimes abbreviate this to
jXp 2 JXp .

However, for single-valued duality mappings JXp we will use the symbols JXp and
jXp interchangeably, i.e. formally jXp 	 JXp .

Again we will omit the index indicating the space, where it is clear from the context
which one is meant.

The duality mapping is the desired subgradient of powers of Banach norms.

Theorem 2.28 (Asplund Theorem). Let X be a normed space and p � 1. Then

JXp D @
�

1
p
k � kpX

�

(cf. [10], [211, Section 4.6]).

As a corollary of Theorem 2.26 we get

Theorem 2.29. The duality mapping JXp is monotone, i.e.

hx� � y�; x � yi � 0 for all x; y 2 X;x� 2 JXp .x/; y� 2 JXp .y/:
With the definition of the duality mapping JXp and its characterization by the The-

orem of Asplund (Theorem 2.28) we already have some tools to describe the subgra-
dients of powers of norms at our disposal. However, what we still lack is the exact
form of JXp . In the next example we provide JXp in an explicit form for the case of
Hilbert spaces and sequence spaces.

Example 2.30. In Hilbert spaces we have JX2 .x/ D x and therefore

JXp .x/ D kxkp�2 � x:
Next, we consider the family of `r -spaces with exponents 1 < r < 1 and infinite

sequences x D ¹xiº1iD1 of real numbers as elements. These are Banach spaces with
norms defined as

kxkr WD
 1
X

iD1
jxi jr

!1=r

equipped with the duality pairing hy; xi D P1
iD1 xiyi , where y D ¹yiº1iD1 2 `r

�
.

Here, we use r as the exponent of the sequence spaces, since we need the letter p
otherwise. We can easily compute

.J `
r

p .x//i WD ..r 1pk � kpr /.x//i D kxkp�r
r jxi jr�1 sign.xi /:

We can write r instead of @ since the functional is smooth, cf. [143, 213, 239].
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For r D 1 we have a dual space .`1/� D `1 and

.J `
1

p .x//i WD .@ 1pk � kp1 /i D kxkp�1
1 � Sign.xi /;

where Sign is the set-valued sign function, defined in the same way as the regular sign
function except that Sign.0/ D Œ�1; 1	 (cf. [144, Corollary 3.3]).

We do not consider the case r D 1 since it already becomes difficult to identify
the dual space of `1 and the subgradient of its norm in closed form. The situation
is, however, much simpler if we only consider the finite dimensional spaces RN of
N -dimensional vectors with real components, and equipped with the norm kxk1 WD
max1�i�N jxi j. Then, the dual space is the finite dimensional version of `1 with the
norm kxk1 WDPN

iD1 jxi j and

.Jp.x//i D kxkp�11 � yi ;
where yi D 0 for i such that jxi j ¤ kxk1 , sign.yi / D sign.xi / for all other i and
PN
iD1 jyi j D 1. One of the elements of the subgradient is given by yi D sign.xi /,

for exactly one i such that jxi j D kxk1 and yi D 0 for all other i . For more details
we refer to [213, 216].

Remark 2.31. The above example shows that at least for the finite dimensional case
the numerical complexity (i.e. the number of floating point operations) for the eval-
uation of the norm is comparable to the evaluation of the duality mapping and is of
order O.N /, where N is the dimension of the vector space under consideration. Fur-
thermore, the evaluation of the duality mapping is not slower than the evaluation of a
usual operator mapping from RN to RN , which we assume to be of order O.N / or
O.N � logN/ floating point operations for the so-called fast operators and O.N 2/ for
all other operators.

In all algorithms presented in this work we will make the silent assumption that the
evaluation of the norm and the duality mapping is computationally not more expensive
than the evaluation of the operator.

To present the most important properties of the duality mapping we need some
notions from the geometry of Banach spaces. Therefore, we will first introduce the
basic notions in the subsequent section and then state the properties of the duality
mapping in Theorem 2.53.

2.3 Geometry of Banach space norms

Is there any way to say that a Banach space has ‘good’ geometric properties? We
know that the norm of a Banach space is convex, hence also the monomials of norms
are convex supposed that the exponent is not smaller than one. So far, the only ge-
ometrical notion connected to convex functions is the subgradient. Therefore, it is
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natural to introduce ‘niceness’ of a Banach space by extending (or enhancing) the
subgradient definition. Further we keep in mind that the subgradient of a power of the
norm is the duality mapping.

From Definition 2.20 and Theorem 2.28 we know that for all x; z 2 X we have

1
p
kzkp � 1

p
kxkp � hJXp .x/; z � xi � 0;

and setting y D �.z � x/ yields

1
p
kx � ykp � 1

p
kxkp C hJXp .x/; yi � 0:

We are interested in the upper and lower bounds of the left-hand side of the above
inequality, in terms of the norm of y, say

1
p
kx � ykp � 1

p
kxkp C hJXp .x/; yi � cp

p
kykp

or
Gp

p
kykp � 1

p
ky � xkp � 1

p
kxkp C hJXp .x/; yi

for some Gp; cp > 0.

2.3.1 Convexity and smoothness

We start with the definitions of p-convexity and p-smoothness of a Banach space.

Definition 2.32 (p-convex). We call a Banach space X convex of power type p or
p-convex if there exists a constant cp > 0 such that

1
p
kx � ykp � 1

p
kxkp � hjXp .x/; yi C cp

p
kykp

for all x; y 2 X and all jXp 2 JXp .

Definition 2.33 (p-smooth). We call a Banach space X smooth of power type p or
p-smooth if there exists a constant Gp > 0 such that

1
p
kx � ykp � 1

p
kxkp � hjXp .x/; yi C Gp

p
kykp (2.4)

for all x; y 2 X and all jXp 2 JXp .

In some cases we will consider more general Banach spaces.

Definition 2.34 (strictly convex). We call X strictly convex if
�

�

1
2
.x C y/�� < 1 for

all x; y from the unit sphere of X satisfying the condition x ¤ y.
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Definition 2.35 (uniformly convex). We say X to be uniformly convex if, for the
modulus of convexity ıX W Œ0; 2	! Œ0; 1	, defined via

ıX ."/ WD inf
²

1�
�

�

�

�

1

2
.x C y/

�

�

�

�

W kxk D kyk D 1; kx � yk � ":
³

we have
ıX."/ > 0 8 0 < " � 2:

Definition 2.36 (smooth). We call X smooth if for every x 2 X with x ¤ 0 there is
a unique x� 2 X� such that kx�k D 1 and hx�; xi D kxk.

Definition 2.37 (uniformly smooth). We say X to be uniformly smooth if for the
modulus of smoothness �X W Œ0;1/! Œ0;1/ defined via

�X.�/ WD 1

2
sup ¹kx C yk C kx � yk � 2 W kxk D 1; kyk � �º

we have the limit condition

lim
�!0

�X .�/

�
D 0:

Remark 2.38. Notice that if a Banach space is p-smooth for some p > 1, then
the p-th power of norm is Fréchet differentiable, hence Gâteaux differentiable and
therefore JXp .x/ is single valued for all x. By Theorem 2.53, we will see that if
JXp .x/ is single-valued for all x and some p > 1 then JXp .x/ is single-valued for all
x and all p > 1.

Xu and Roach [239] have proved the following inequalities, which are very useful
in a series of proofs below.

Theorem 2.39 (Xu–Roach inequalities I). Let X be uniformly convex and 1 < p <

1. Then for every jXp 2 JXp and for every pair of elements x; y 2 X we have

kx � ykp � kxkp � phjXp .x/; yi C �p.x; y/ (2.5)

with

�p.x; y/ D pKp
Z 1

0

.kx � tyk _ kxk/p
t

ıX

�

tkyk
2.kx � tyk _ kxk/

�

dt ; (2.6)

where

Kp D 4.2C
p
3/min

°1

2
p.p � 1/ ^ 1 ;

�

1

2
p ^ 1

�

.p � 1/ ;

.p � 1/
�

1 � .p3 � 1/q
�

; 1�
�

1C .2 �p3/q
�1�p ±

: (2.7)
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In the special case thatX is convex of power type we can deduce interesting variants
of these inequalities.

Theorem 2.40 (Xu–Roach inequalities II). The following statements are equivalent:

(a) X is s-convex.

(b) For some p with 1 < p <1, some jXp 2 JXp and for every x; y 2 X we have

hjXp .x/ � jXp .y/; x � yi � C max¹kxk; kykºp�skx � yks :

(c) The statement (b) holds for all p with 1 < p < 1, all jXp 2 JXp and all
x; y 2 X .

(d) For some p with 1 < p < 1 and some jXp 2 JXp the inequality (2.5) holds for
all x; y 2 X . Moreover, for �p.x; y/ as defined in (2.6) we have

�p.x; y/ � C
Z 1

0

t s�1max¹kx � tyk; kxkºp�skyksdt:

(e) The statement (d) holds for all p such that 1 < p < 1, all jXp 2 JXp and all
x; y 2 X:

The generic constant C > 0 can be chosen independently of x and y.

For uniformly smooth Banach spaces we also have corresponding Xu–Roach in-
equalities.

Theorem 2.41 (Xu–Roach inequalities III). LetX be uniformly smooth, 1 < p <1,
and jXp 2 JXp . Then, for all x; y 2 X , we have

kx � ykp � kxkp � phjXp .x/; yi C Q�p.x; y/ (2.8)

with

Q�p.x; y/ D pGp
Z 1

0

.kx � tyk _ kxk/p
t

�X

�

tkyk
kx � tyk _ kxk

�

dt ; (2.9)

where Gp D 8 _ 64cK�1
p with Kp defined according to (2.7) and

c D 4 �0
q

1C �20 � 1

1
Y

jD1

�

1C 15

2jC2 �0
�

with �0 D
p
339 � 18
30

:

IfX is smooth of power type then the following characterizations of these estimates
hold.
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Theorem 2.42 (Xu–Roach inequalities IV). The following statements are equivalent:

(a) X is s-smooth.

(b) For some p with 1 < p < 1 the duality mapping JXp is single-valued and for
all x; y 2 X we have

kJXp .x/ � JXp .y/k � C max¹kxk; kykºp�skx � yks�1:

(c) The statement (b) holds for all p such that 1 < p <1.

(d) For some p with 1 < p < 1, some jXp 2 JXp , and for all x; y 2 X the
inequality (2.8) holds. Moreover, for Q�p.x; y/ as defined in (2.9) we have

Q�p.x; y/ � C
Z 1

0

t s�1max¹kx � tyk; kxkºp�skyksdt:

(e) The statement (d) holds for all p such that 1 < p <1 and all jXp 2 JXp .

The generic constant C > 0 can be chosen independently of x and y.

Corollary 2.43. Let X be p-smooth. Then for all q such that 1 < q < p the space
X is also q-smooth. If on the other hand X is p-convex then for all q such that
p < q <1 the space X is also q-convex.

Proof. By the Xu–Roach characterization of smoothness of power type in Theo-
rem 2.42 we have for a p-smooth space and q > 1 that

kJq.x/ � Jq.y/k � C max¹kxk; kykºq�pkx � ykp�1:

Due to q < p we get

max¹kxk; kykºq�pkx � ykp�1 � Ckx � ykq�1

and therefore
kJq.x/ � Jq.y/k � Ckx � ykq�1:

Hence, again by the Xu–Roach characterization of smoothness of power type, the
space X is q-smooth. The proof for convexity of power type is analogous.

Corollary 2.44. Let X be s-smooth and p > 1. Then the duality mapping JXp is
min¹p � 1; s � 1º-Hölder continuous on bounded sets and single-valued.

Proof. If p � s then, by Corollary 2.43, we know that X is p-smooth too. Therefore,
by Theorem 2.42 the duality mapping JXp is .p � 1/-Hölder continuous. If s � p,
then by Theorem 2.42 we have

kJXp .x/ � JXp .y/k � C max¹kxk; kykºp�skx � yks�1 � Ckx � yks�1

on bounded sets, which proves the claim.
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Remark 2.45. The definitions of convexity of power type in Definition 2.32 and
smoothness of power type in Definition 2.33 can be regarded as special cases of The-
orems 2.40 and 2.42 where the index p of the duality mapping has the same value as
the index s denoting the type of power of the space.

Next, we present prominent examples of spaces convex of power type and smooth
of power type.

Example 2.46. The polarization identity

1
2
kx � yk2 D 1

2
kxk2 � hx; yi C 1

2
kyk2

ensures that Hilbert spaces are 2-convex and 2-smooth.

Example 2.47. Let G 
 Rn be a domain. It is known [130, 143, 239] that

� the spaces `r of infinite real sequences,

� the Lebesgue spaces Lr .G /, and

� the Sobolev spacesW m;r .G /

equipped with the usual norms and 1 < r <1 are

max¹2; rº � convex

and
min¹2; rº � smooth:

The Besov spaces Bsp;q.R/ are

max¹2; p; qº � convex

and
min¹2; p; qº � smooth:

For `1 one can show with x D .1; 0; : : :/; J `
1

p .x/ D .1; 0; : : :/; y D .0; 0; : : :/; and

j `
1

p .y/ D .1; 0; : : :/, that the space cannot be p-convex or p-smooth for any p.

The examples above justify our view that convexity and smoothness of power type
is quite common. Moreover, we see that the powers in the convexity and smoothness
of power type interpolate between the space `2 which, as a Hilbert space, may be
regarded as a geometrically well-behaved space, and the spaces like `1 or `1, which
are regarded as geometrically ‘not so nice’, because no direct generalizations of the
polarization identity can be established in these spaces.

In Examples 2.46 and 2.47 we have seen that most of the usual spaces are smooth
and convex of some power type. Further, one can even show that spaces uniformly
convex or uniformly smooth are (up to some equivalent renorming) also smooth and
convex of power type.
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Theorem 2.48. Let X be uniformly convex or uniformly smooth. Then, there exists
an equivalent norm such that X equipped with this norm is smooth of power type
and convex of power type. Furthermore, every uniformly convex and every uniformly
smooth space is reflexive (cf. [57, Theorem 5.2]).

Remark 2.49. We note that although the proof of this theorem is constructive, it relies
heavily on Banach space geometry, especially notions of superreflexivity and Banach
spaces of Rademacher-type.

In the light of the above facts we will now go into more detail about spaces that
are smooth and convex of power type. These spaces share many very interesting
properties, which we summarize in the following theorems.

Theorem 2.50. If X is p-convex, then we have the following assertions:

(a) p � 2,

(b) X is uniformly convex and the modulus of convexity satisfies ıX ."/ � C"p ,

(c) X is strictly convex,

(d) X is reflexive

(cf. [239, p. 193], [48, Chapter II]).

Theorem 2.51. If X is p-smooth, then we have:

(a) p � 2,

(b) X is uniformly smooth and the modulus of smoothness of X satisfies �X .�/ �
C�p ,

(c) X is smooth,

(d) X is reflexive

(cf. [239, p. 193], [48, Chapter II]).

The next theorem allows us to connect properties of the primal space to the proper-
ties of the dual space.

Theorem 2.52 (duality of convexity and smoothness). We have the assertions:

(a) X is p-smooth if and only if X� is p�-convex.

(b) X is p-convex if and only if X� is p�-smooth.

(c) X is uniformly convex (respectively uniformly smooth) if and only if X� is uni-
formly smooth (respectively uniformly convex).

(d) X is uniformly smooth if and only if X is uniformly convex

(cf. [143, Vol II 1.e]).
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The following theorem represents a list of the most important properties of the
duality mapping.

Theorem 2.53. We have the following assertions:

(a) For every x 2 X the set JXp .x/ is non-empty and convex.

(b) JXp .�x/ D �JXp .x/ and JXp .�x/ D �p�1JXp .x/ for all x 2 X and all � > 0.

(c) If X is uniformly convex then X is reflexive and strictly convex.

(d) If X is uniformly smooth then X is reflexive and smooth.

(e) X is smooth if and only if every duality mapping JXp is single-valued.

(f) If X is uniformly smooth then JXp is single-valued and uniformly continuous on
bounded sets.

(g) Let X be reflexive. Then, X is strictly convex (respectively smooth) if and only if
X� is smooth (respectively strictly convex).

(h) X is strictly convex if and only if every duality mapping JXp is strictly monotone,

i.e. hx� � y�; x � yi > 0 for all x; y 2 X with x 6D y and x� 2 JXp .x/,
y� 2 JXp .y/.

(i) For p; q > 1 we have

kxkq�1JXp .x/ D kxkp�1JXq .x/:

(j) IfX is convex of power type and smooth, then JXp is single valued, norm-to-weak

continuous, bijective, and the duality mapping JX
�

p� is single-valued with

JX
�

p� .J
X
p .x// D x:

(k) LetM 6D ; be a closed convex subset of X . If X is uniformly convex, there exists
a unique x 2M such that

kxk D inf
z2M kzk :

If in addition X is smooth then hJXp .x/; xi � hJXp .x/; zi for all z 2M
(cf. [213, Lemma 2.3 and 2.5], [48, Proposition I.4.7.f and II.3.6] and [239]).

Remark 2.54. Statement (a) is a consequence of the Hahn–Banach theorem, asser-
tions (b) and (c) follow by a straightforward application of the definition of the duality
mapping. Property (j) holds even under the weaker condition thatX is smooth, strictly
convex and reflexive. The importance of (j) can hardly be overestimated, since it states
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that e.g. for spaces being smooth of power type and convex of power type the duality
mappings on the primal space and the dual space can be used to transport all elements
from the primal to dual space and vice versa. We have

JX
�

p� .J
X
p .x// D x and JXp .J

X�

p� .x
�// D x� 8x 2 X 8x� 2 X�:

Lemma 2.55. Suppose that X , Y are Banach spaces and A 2 L.X; Y /. Then

N .A�/ D R.A/? and N .A/ D ?R.A�/:

If additionally X is uniformly convex, then we have

?N .A�/ D R.A/ and N .A/? D R.A�/;

where the closures are always to be understood as the norm-closures in the corre-
sponding spaces.

Proof. The first part is Theorem 4.12 from [205]. Theorem 4.7 in [205] says that
?.M?/ is the norm-closure of M in X and .?N/? is the weak�-closure of N in X�.
Since X is uniformly convex and hence reflexive, the weak�-closure coincides with
the norm-closure in X�.

2.3.2 Bregman distance

Due to geometrical properties of Banach spaces it is often more appropriate to exploit
the Bregman distance instead of functionals like kx � ykp

X
or kjXp .x/ � jXp .y/kpX�

to prove the convergence of algorithms. The main idea of the Bregman distance is to
use the gap between a functional and its linearization instead of the functional itself
in order to measure distances.

Definition 2.56 (Bregman distance – special version). Let jp W X ! X� be a single-
valued selection of the duality mapping Jp. Then, the functional

Djp.x; y/ WD 1
p
kxkp � 1

p
kykp � hjp.y/; x � yi; x; y 2 X

is called the Bregman distance (with respect to the functional 1pk � kp).

If X is a smooth Banach space, then jp is single-valued according to Theorem 2.53
and the Bregman distance can also be calculated as

Djp .x; y/ D
1

p� kykp C
1

p
kxkp � hJp.y/; xi

D 1

p� .kykp � kxkp/C hJp.x/ � Jp.y/; xi: (2.10)
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Remark 2.57. To the best of the authors’ knowledge the concept of Bregman dis-
tances was introduced by Bregman in [28]. Moreover, we note that there are several
possible ways to define the Bregman distance of a convex functional. However, the
main idea is always to measure the gap between the functional and its linearization.
We visualize this concept in Figure 2.2.

The definition of the Bregman distance in this work is the same as in [32, 104]. We
point out that in some papers (cf., e.g., [213,216]) the Bregman distance is defined via

�p.x; y/ D 1
p
kykp � 1

p
kxkp � hjp.x/; y � xi;

which is slightly different from the Definition 2.56, because the arguments are inter-
changed.

For general convex penalty functionals we will also use the following, more general
version of the Bregman distance concept.

Definition 2.58 (Bregman distance – general version). Let the functional � W X !
R [ ¹1º be convex and let x; x
 2 X as well as 

 2 @�.x
/. Then the Bregman
distance in x
 and 

 with respect to � is defined as

D�
��.x; x


/ WD �.x/ ��.x
/� h

; x � x
i:

Setting �.x/ D kxkp=p and x
 D y we have D�
�� D Djp with Djp from Defini-

tion 2.56.

Remark 2.59. In all cases where we make use of D�
��.x; x


/ we will measure the

distance between a variable point x and a fixed point x
. In this context, our focus
is also on another fixed element 

 from @�.x
/. We mention that, in this case, the
Bregman distance at some point is only defined if the subdifferential at this point is
not empty, and we refer to the concept of Bregman domain, which will be introduced
in Assumption 3.26 (a). For �.x/ D 1

qkxkq the subdifferential is obviously never an
empty set (cf. Theorem 2.53).

Theorem 2.60. LetX be a Banach space and jp 2 Jp a fixed single-valued selection
of the duality mapping Jp . Then the following properties are valid:

(a) Djp .x; y/ � 0.

(b) Djp .x; y/ D 0 if and only if jp.y/ 2 Jp.x/.
(c) IfX is smooth and uniformly convex, then a sequence ¹xnº 
X remains bounded

in X if ¹Djp .y; xn/º is bounded in R. In particular, this assertion is true if X is
convex of power type.



46 Chapter 2 Preliminaries and basic definitions

1
p‖ · ‖p

Djp(x, y)

y x

1
p‖y‖p

1
p‖x‖p

Figure 2.2. Geometrical interpretation of the Bregman distance as the gap between the func-
tion and its linearization.

(d) Djp.x; y/ is continuous in its first argument. If X is smooth and uniformly con-
vex, then Jp is continuous on bounded subsets and Djp .x; y/ is continuous in its
second argument, too. In particular, this is true if X is convex of power type.

(e) If X is smooth and uniformly convex, then the following statements are equiva-
lent:

i. limn!1 kxn � xk D 0,

ii. limn!1 kxnk D kxk and limn!1hJp.xn/; xi D hJp.x/; xi,
iii. limn!1Djp.x; xn/ D 0.

In particular, this assertion is true if X is convex of power type.

(f) The sequence ¹xnº is a Cauchy sequence in X if it is bounded and for all " > 0

there is an N."/ 2 N, such that Djp.xk ; xl / < " for all k; l � N."/.
(g) X is p-convex if and only if Djp.x; y/ � Ckx � ykp ,

(h) X is p-smooth if and only if Djp.x; y/ � Ckx � ykp
(cf. [213, Theorem 2.12] and [239]).

Next, we formulate corollaries of the Xu–Roach inequalities (cf. Theorem 2.40)
regarding the Bregman distances.

Corollary 2.61. Let X be s-convex. Then, with the function �p from the Xu–Roach
characterization of the convexity of power type in Theorem 2.40 we have:
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(a) If 1 < p � s then

Djp .y; x/ � C � �p.x; x � y/ � C � .kxk C kyk/p�skx � yks :

(b) If s � p <1 then

Djp.y; x/ � C � �p.x; x � y/ � C � kx � ykp :

The generic constant C > 0 can always be chosen independently of x and y.

Proof. By the Xu–Roach characterization of convexity of power type in Theorem 2.40
we have

Djp.y; x/ D 1
p
kykp � 1

p
kxk � hjp.x/; y � xi

� �p.x; x � y/

� C
Z 1

0

t s�1.max¹kx � t .x � y/k; kxkºp�skx � yks dt :

Then the claims follow from the fact that

kxk C kyk � max¹kx � t .x � y/k; kxkº � t
2
kx � yk

for 0 � t � 1.

We again return to the properties of the Bregman distances. The following identity
for Bregman distances is known as the three-point identity.

Lemma 2.62. Let jp be a single-valued selection of the duality mapping JXp . Then
we have

Djp.x; y/ D Djp.x; z/CDjp.z; y/C hjp.z/ � jp.y/; x � zi:
Proof. We have

Dkp
.x; z/CDjp .z; y/C hjp.z/ � jp.y/; x � zi

D 1
p
kxkp � 1

p
kzkp � hjp.z/; x � zi

C 1
p
kzkp � 1

p
kykp � hjp.y/; z � yi

C hjp.z/; x � zi � hjp.y/; x � zi
D 1

p
kxkp � 1

p
kykp � hjp.y/; x � yi

D Djp.x; y/:
We note that there is a close connection between the primal Bregman distancesDXjp

and the related dual Bregman distances DX
�

jp�
.
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Lemma 2.63. Let jXp be a single-valued selection of the duality mapping JXp . If

there exists a single-valued selection jX
�

p� of JX
�

p� such that for some fixed y 2 X we

have jX
�

p� .j
X
p .y// D y, then

DXjp.y; x/ D DX
�

jp�
.jXp .x/; j

X
p .y//

for all x 2 X .

Proof. We omit the indices indicating the spaces. From straightforward computations
we obtain

Djp.y; x/ D 1
p
kykp � 1

p
kxkp � hjp.x/; y � xi

D 1
p�kxkp � 1

p�kykp � hy; jp.x/ � jp.y/i:

For all x 2 X we have kxkp D kxk.p�1/�p� D kjp.x/kp�
. Therefore, we have

Djp.y; x/ D 1
p�kjp.x/kp� � 1

p�kjp.y/kp� � hy; jp.x/ � jp.y/i:
The final right-hand side is equal to Djp� .jp.x/; jp.y//, since by assumption
y D jp�.jp.y//.

From the above lemmas follows an alternative form of the three-point identity.

Theorem 2.64. Let X be convex of power type and smooth of power type. Further-
more let y D jp�.y�/ and z D jp�.z�/, where jp� is the unique single-valued
selection of JX

�

p� . Then we have for the unique single-valued selection jp of JXp the
equation

Djp .x; y/ D Djp.x; z/CDjp� .y
�; z�/C hz� � y�; x � zi:

Proof. Since X is convex of power type and smooth of power type, by Theorem 2.52
the dual X� is convex of power type and smooth of power type, too. Therefore, by
Theorem 2.42, the mappings JXp and JX

�

p� have only one single-valued selection, say
jp and jp� and by Theorem 2.53 we have jp.jp�.x�// D x� for all x� 2 X� and
jp�.jp.x// D x for all x 2 X . Hence, jp.y/ D jp.jp�.y�// D y� and jp.z/ D
jp.jp�.z�// D z� as well as Djp.z; y/ D Djp� .jp.y/; jp.z// D Djp� .y

�; z�/,
due to Lemma 2.63. The claim is then a consequence of the three-point identity of
Lemma 2.62.
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Ill-posed operator equations and regularization

3.1 Operator equations and the ill-posedness phenomenon

In this chapter, we will introduce the mathematical expression of inverse problems in
terms of operator equations, i.e., abstract equations in Banach spaces. Depending on
whether the associated forward operator is linear or nonlinear we have to distinguish
between linear and nonlinear operator equations.

We should note that of course not all operator equations have an associated in-
verse problem. More precisely, it is an intrinsic property of inverse problems that the
forward operator is typically smoothing, since clearly distinct causes may be trans-
formed to nearby effects by the forward operator. Hence the inverse transformation
is typically roughening. This relationship is known as the so-called ill-posedness
phenomenon characterized by the disadvantage that smoothing mappings reduce in-
formation. In this context we refer to Hadamard’s classic concept (cf. [85]) of well-
posedness and ill-posedness, which we can reformulate as follows for an operator
equation in abstract spaces with an observable right-hand side and a non-observable
solution:

Definition 3.1 (Hadamard’s definition). An operator equation is called well-posed in
the sense of Hadamard if (a) it is solvable for all right-hand sides, if (b) the solutions
are uniquely determined and if (c) the solution is stable in the sense that small per-
turbations in the right-hand side only lead to small perturbations in the solution. If at
least one of requirements (a), (b) or (c) is violated, then the operator equation is called
ill-posed in the sense of Hadamard.

The most serious difficulty is the violation of the stability requirement (c) nearly
always occurring in the context of inverse problems. In applied mathematics one tries
to solve inverse problems approximately, which in mathematical terms corresponds
to the approximate solution of operator equations, and the main goal is to do so in a
stable manner. Also non-uniqueness, violating (b), is a serious difficulty of ill-posed
operator equations if the solution represents a well-defined quantity from natural sci-
ences, engineering or finance to be recovered, whereas non-existence, violating (a),
often can be overcome by appropriate modeling concepts.
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3.1.1 Linear problems

Let X and Y be two Banach spaces with generic norms for which we will use the uni-
form symbol k � k with respect to both spaces. Only if we use norms of elements from
a third Banach space or if we temporarily need some alternative norm in X or Y we
characterize this by indices, as for example k � kZ . The typical mathematical expres-
sion of linear inverse problems consists in the solution of linear operator equations

Ax D y; x 2 X; y 2 R.A/ 
 Y; (3.1)

where A W X ! Y is a bounded (continuous) linear operator and R.A/ its range. If
A fails to be injective, i.e., the null-space N .A/ of A is non-trivial, then the problem
(3.1) has more than one solution and is ill-posed in the sense of Definition 3.1 since
requirement (b) is violated. In such case one is usually interested in the solution which
has the smallest norm. To overcome the possible non-uniqueness we define:

Definition 3.2 (minimum norm solution). We call x
 2 X a minimum norm solution
of the operator equation (3.1) if

Ax
 D y and kx
k D inf¹k Qxk W Qx 2 X; A Qx D yº:
The following lemma (cf. [213, Lemma 2.10]) gives us an important characteriza-

tion of the minimum norm solution:

Lemma 3.3. LetX be a smooth and uniformly convex Banach space. Moreover, let Y
be an arbitrary Banach space. Then the minimum norm solution x
 of (3.1) exists and
is unique. Furthermore, it satisfies the condition JXp .x


/ 2 R.A�/ for 1 < p < 1.

If additionally there is some x 2 X such that JXp .x/ 2 R.A�/ and x � x
 2 N .A/

then we have x D x
.

Proof. The set M WD ¹z 2 X W Az D yº is a nonempty closed convex subset
of X since y 2 R.A/ and A is a continuous linear operator. Item (k) of Theo-
rem 2.53 guarantees the existence and uniqueness of the minimum-norm solution
x
 of (3.1). Now let z be an arbitrary element of N .A/. Then x
 ˙ z 2 M and
again by Theorem 2.53 (k) we have hJXp .x
/; x
iX��X � hJXp .x
/; x
 ˙ ziX��X D
hJXp .x
/; x
iX��X ˙ hJXp .x
/; ziX��X . It follows that hJXp .x
/; ziX��X D 0 and

hence JXp .x

/ 2 .N .A//?. This, however, implies that JXp .x


/ 2 R.A�/ because

we have .N .A//? D R.A�/ for uniformly convex Banach spaces, see Lemma 2.55.
If JXp .x/ 2 R.A�/ for x 2 X , then we can find a sequence un 2 Y � such that
JXp .x


/ � JXp .x/ D limn!1A�un. This shows

hJXp .x
/� JXp .x/; x
 � xiX��X D lim
n!1hA

�un; x
 � xiX��X

D lim
n!1hun; A.x


 � x/iY ��Y D 0
since x
 � x 2 N .A/. Using Theorem 2.53 (h) we conclude that x D x
.
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Remark 3.4. Even if the mapping y 2 R.A/ 7! x
 2 X to the minimum norm
solution is uniquely determined, this mapping needs not be linear in general Banach
spaces. It is homogeneous but not necessarily additive. If, however, A is injective
then A�1 W R.A/ 
 Y ! X is linear and we have x
 D A�1y. For non-injective A
but Hilbert spaces X and Y we have x
 D A
y with a linear operator A
 W R.A/˚
R.A/? 
 Y ! X called the Moore-Penrose inverse. Notice that the term minimum
norm solution for Hilbert spaces is sometimes used to describe the solution of the
normal equations A�Ax D A�y with minimum norm. However, this is not the sense
in which we use this term here.

The stability requirement (c) in Definition 3.1 translates to a range condition for
linear operator equations, and we here refer to the concept of Nashed (cf. [171]):

Definition 3.5 (Nashed’s definition). A linear operator equation (3.1) is called well-
posed in the sense of Nashed if the range of A is closed, i.e., R.A/ D R.A/, and
ill-posed in the sense of Nashed if the range of A is not closed, i.e., R.A/ 6D R.A/.
Moreover, for nonclosed range R.A/ we call the equation ill-posed of type I if R.A/

contains a closed infinite dimensional subspace QY and the nullspace N .A/ is topolog-
ically complemented in the subspace A�1. QY / WD ¹x 2 X W Ax 2 QY º. If not, then
ill-posed of type II.

Remark 3.6. Note that R.A/ 6D R.A/ cannot occur if dim.R.A// <1; because all
finite dimensional subspaces are closed. Hence for dim.X/ <1 and for degenerating
A such that dim.X/ D 1, but dim.R.A// < 1, the equation (3.1) is always well-
posed in the sense of Nashed. Thus any finite dimensional discretization

QA Qx D Qy; QA 2 Rm�n; Qx 2 Rn; Qy 2 Rm (3.2)

of the operator equation (3.1) is well-posed. Such discretizations occur in all numeri-
cal approaches as approximations of (3.1). However, if QA approximates A sufficiently
well, the system of linear equations (3.2) is in general ill-conditioned. This means
that for sufficiently fine discretization the condition number cond. QA/ of the matrix QA
is large and tends to infinity as n!1.

Remark 3.7. Provided that X and Y are infinite dimensional Hilbert spaces, ill-
posedness of type II occurs if and only if A is compact with dim.R.A// D 1.
Otherwise, in the case of Hilbert spaces, we have ill-posedness of type I if and only if
the range R.A/ is not closed, but contains a closed infinite dimensional subspace.

Based on Lemma 3.8 the subsequent proposition explains the essential connection
between the ill-posedness concepts by Hadamard and Nashed for injective linear op-
erators A (cf. also [170]).

Lemma 3.8. [171, Proposition 2.1]. If the range R.A/ of a bounded linear operator
A W X ! Y mapping between two Banach spaces X and Y is not closed, then A
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has no bounded inner inverse, i.e., no bounded linear operator B W R.A/ 
 Y ! X

satisfying the equation ABA D A.

Proposition 3.9. If the bounded linear operator A W X ! Y mapping between Ba-
nach spaces X and Y is injective, then the operator equation (3.1) is ill-posed in
the sense of Nashed if and only if the inverse operator A�1 W R.A/ 
 Y ! X is
unbounded, i.e., A�1 fails to be continuous and the stability requirement (c) of Defi-
nition 3.1 is violated.

Proof. If equation (3.1) is ill-posed in the sense of Nashed, then A�1 is an inner
inverse of A and, by Lemma 3.8, cannot be bounded. Vice versa if (3.1) is well-posed
in the sense of Nashed we have R.A/ D R.A/ and the closed subspace R.A/ of Y
endowed with the same norm as Y is a Banach space. In this case Banach’s bounded
inverse theorem applies and ensures that A�1 is a bounded and hence continuous
operator.

3.1.2 Nonlinear problems

The typical mathematical expression of nonlinear inverse problems consists in the
solution of nonlinear operator equations

F.x/ D y; x 2 D.F / � X; y 2 F.D.F // � Y; (3.3)

where F W D.F / � X ! Y is a nonlinear operator with domain D.F / and range
F.D.F // D ¹ Qy 2 Y W F. Qx/ D Qy for some Qx 2 D.F /º.

Unfortunately, the majority of inverse problems cannot be treated by means of the
mathematically simpler linear operator equations (3.1) since either the forward oper-
ator F is frequently far from being a linear mapping, or additional constraints coming
from a priori information about the sought solution require the handling of a domain
D.F /, which also destroys the simple structure of the unconstrained linear equation
(3.1). For some inverse problems in partial differential equations, aimed at finding
unknown parameter functions in the differential equation, or in boundary conditions,
e.g., in the context of heat transfer or wave propagation, the forward operator F is
even nonlinear if the differential equation is linear.

According to the local character of solutions in nonlinear equations we have to fo-
cus on some neighborhood of a reference element x 2 X which can be interpreted as
an initial guess for the solution to be determined. Consequently, we shift our coordi-
nate system from zero to x and search for x-minimum norm solutions:

Definition 3.10 (x-minimum norm solution). We say that x
 2 D.F / � X is an
x-minimum norm solution of the operator equation (3.3) if

F.x
/ D y and kx
 � xk D inf¹k Qx � xk W Qx 2 D.F /; F. Qx/ D yº:
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In order to ensure that x-minimum norm solutions to the nonlinear equation (3.3)
exist, we make some assumptions about the Banach spacesX and Y , as well as about
the operator F and its domain D.F /, which are of later importance. In this context,
for the Banach spaces X and Y we distinguish between norm convergence, abbre-
viated by ! and weak convergence abbreviated by *, respectively. We note that
uniqueness of x-minimum norm solutions, in general, cannot be guaranteed in the
case of nonlinear operator equations.

Assumption 3.11.

(a) X and Y are infinite dimensional reflexive Banach spaces.

(b) D.F / is a convex and closed subset of X .

(c) F W D.F / � X ! Y is weak-to-weak sequentially continuous, i.e., xn * x0 in
X with xn 2 D.F /; n 2 N; and x0 2 D.F / implies F.xn/ * F.x0/ in Y .

We mention the following lemma (cf., e.g., [164, p.251]) and its corollary to clarify
the consequences of Assumption 3.11.

Lemma 3.12. The closed unit ball of a Banach space X is weakly sequentially com-
pact if and only if X is reflexive. Moreover, in reflexive Banach spaces a convex and
closed subset is also weakly sequentially closed.

Corollary 3.13. Any closed ball in a reflexive Banach space X is weakly sequentially
compact. Hence, for all c > 0 an infinite sequence ¹xnº1nD1 belonging to the sublevel
set

Mx.c/ WD ¹x 2 X W kx � xk � cº
has a weakly convergent subsequence xnk

* x0 2Mx.c/ as k !1.

Under Assumption 3.11, by Lemma 3.12 D.F / is weakly sequentially closed and
xn * x0 in X with xn 2 D.F /; n 2 N implies x0 2 D.F /. Furthermore, by
Corollary 3.13 the intersection of D.F /with a closed ball inX is weakly sequentially
compact.

Proposition 3.14. Under Assumption 3.11 the nonlinear operator equation (3.3) pos-
sesses an x-minimum norm solution.

Proof. By definition there exists a sequence ¹xnº1nD1 of elements from D.F / such
that F.xn/Dy for all n2N and limn!1 kxn�xkD inf Qx2D.F / W F. Qx/Dy k Qx�xk�0.
Since any such sequence belongs to a closed ball in X by Corollary 3.13, there is a
subsequence xnk

* x0 2 D.F /. Since the norm is weakly lower semicontinuous
this yields kx0�xk D inf Qx2D.F / W F. Qx/Dy k Qx�xk and by item (c) of Assumption 3.11
we have F.x0/ D y. Hence x0 is an x-minimum norm solution.



54 Chapter 3 Ill-posed operator equations and regularization

The violation of the stability requirement (c) in Definition 3.1 translates to a local
condition at a solution point x0 2 D.F / of (3.3) for nonlinear operator equations.
Here, we refer to the concept of local ill-posedness (cf. [110, 111] and [101]) acting
in closed balls Br.x0/ with center x0 and radius r > 0:

Definition 3.15 (local ill-posedness). A nonlinear operator equation (3.3) is called
locally ill-posed at the point x0 2 D.F / satisfying F.x0/ D y if for arbitrarily small
radii r > 0 there is a sequence ¹xnº1nD1 
 Br.x0/ \D.F / such that

F.xn/! F.x0/ in Y ; but xn 6! x0 in X; as n!1:
Otherwise the equation is called locally well-posed at x0.

If an equation (3.3) is locally ill-posed, then a solution x0 cannot be recovered
sufficiently well, even if the perturbations on the right-hand side y D F.x0/ are arbi-
trarily small. This means that the error norm kxn � x0k of a sequence of approximate
solutions ¹xnº1nD1 
 D.F / satisfying limn!1 kF.xn/�F.x0/k D 0 need not con-
verge to zero. Local ill-posedness includes the case of local non-identifiability which
occurs when x0 is an accumulation point with respect to the norm topology of ele-
ments xn, such that F.xn/ D F.x0/. Analogous to the fact that compact operators
A are responsible for an essential class of ill-posed linear operator equations in the
sense of Nashed (cf. Remark 3.7), wide classes of locally ill-posed nonlinear operator
equations are associated with compact nonlinear forward operators F where, as in
the linear case, we call F compact if it transforms every subset of D.F /, which is
bounded in X , to a sequentially pre-compact subset of Y .

Proposition 3.16. Under Assumption 3.11 the nonlinear operator equation (3.3) is
locally ill-posed at a point x0 2 D.F / satisfying F.x0/ D y if the operator F
is compact and for arbitrarily small radii r > 0 there is a sequence ¹xnº1nD1 

Br .x0/ \D.F /, such that F.xn/ * F.x0/ in Y , but xn 6! x0 in X as n!1:
Proof. Since F is compact and, by Assumption 3.11 (c), also weak-to-weak contin-
uous, weakly convergent sequences xn * x0 in X will be transformed to strongly
convergent sequences F.xn/! F.x0/ in Y . This yields the local ill-posedness at the
solution point x0.

In the context of Hilbert spaces , the main ideas of Proposition 3.16 can already
be found in Proposition A.3 of [68]. If, for an infinite dimensional separable Hilbert
space X , the domain D.F / contains a ball Br0

.x0/ for some r0 > 0 then, under
Assumption 3.11, by Proposition 3.16 we have local ill-posedness at x0 whenever the
operator F is compact: for an orthonormal basis ¹enº1nD1 in X and for all 0 < r < r0
it holds xn * x0 for xn WD x0Cren * x0, but kxn�x0k D r > 0. As a consequence
of the Josefson-Nissenzweig theorem (cf. [69, p.88]), which ensures the existence of
elements en * 0 with kenk D 1 in any infinite dimensional reflexive Banach space
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we can formulate the following corollary. (Since bounded linear operators are weak-
to-weak continuous we can apply this result to linear problems as well.)

Corollary 3.17. Under Assumption 3.11 the nonlinear operator equation (3.3) is lo-
cally ill-posed at a point x0 2 D.F / satisfying F.x0/ D y if the operator F is
compact and Br0

.x0/ 
 D.F / for some r0 > 0. Moreover, for infinite dimensional
reflexive Banach spacesX and compact linear operators A, the linear operator equa-
tion (3.1) is always ill-posed in the sense of Nashed of type II.

3.1.3 Conditional well-posedness

For linear (3.1), as well as for nonlinear (3.3) operator equations, in a Banach space
setting ill-posedness can be overcome by restricting the domain of the forward oper-
ator to appropriate subsets M of X . Frequently, the problems are then called condi-
tionally well-posed with respect to M. Here, we explain this for nonlinear equations.
As a preliminary, we introduce the concept of index functions.

Definition 3.18 (index function). A function ' W Œ0;1/ ! Œ0;1/ is called an index
function, if it is strictly increasing and continuous with '.0/ D 0:
Index functions play an important role for the error analysis of ill-posed problems.
Note that the name index function refers to indices of variable Hilbert scales, see
[90, 91] and more recently [92, 162, 163].

Firstly, conditional well-posedness can be enforced by compactness of the domain
D.F /, and we refer to Tikhonov’s theorem, see [12, 234], formulated now as Propo-
sition 3.19.

Proposition 3.19. Let F W D.F / � X ! Y be a continuous operator mapping
between Banach spaces X and Y and let D.F / WD M be a compact subset of X .
Moreover, suppose that for given y 2 Y there exists a uniquely determined solution
x0 2 M of the operator equation (3.3). Then, for a sequence yn D F.xn/ with
xn 2 M, the convergence limn!1 kyn � yk D 0 with respect to the norm in Y
implies the norm convergence limn!1 kxn � x0k D 0 in X .

As one can see, compactness of M implies local well-posedness (cf. Defini-
tion 3.15) at any point x0 2 M for which the solution of (3.3) with y D F.x0/ is
uniquely determined in M. Compact subsets M occur, for example, if the domain
of F is further restricted by objective a priori information in the form of monotonic-
ity, convexity or concavity properties, imposed on functions x from a bounded set in
Lp.a; b/ with 1 < p < 1 (cf. [233]). Note that norm-to-norm continuity of the
operator F in Proposition 3.19 can be replaced by a weak-to-weak continuity without
changing the assertion.

Secondly, conditional well-posedness can also be stated if (3.3) is ill-posed on the
domain D.F /, but there is a (not necessarily compact) subset M of D.F /, such that
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a conditional stability estimate

kx1 � x2k � '.kF.x1/� F.x2/k/ for all x 2M 
 X (3.4)

holds for some index function ' (cf., e.g., [111,208]). Then under condition (3.4) and
for D.F / D M the operator F is injective and a proposition analogous to Proposi-
tion 3.19 can be formulated which, however, is without the requirements of compact-
ness for M and of continuity for F . Consequently, under (3.4) the equation (3.3) is
locally well-posed at each point x0 2 M. The function ' in condition (3.4) can be
considered as an upper bound of the modulus of continuity of the inverse operator
F �1, restricted to F.M/ 
 Y . An example of (3.4) for nonlinear F is given in [138]
in the context of inverse option pricing. For linear forward operators A conditional
stability estimates of the form

kxk � '.kAxk/ for all x 2M 
 X
are preferred to be considered, and we refer to [108, 230] for details and examples of
linear inverse problems.

Note that a frequently used version of (3.4) refers to radius-dependent families of
sets

M DMR WD ¹x 2 D.F / \Z W kxkZ � Rº;
where Z is a Banach space with norm k � kZ . This space is assumed to be densely
defined in, and continuously embedded into the original space X . Then, for obtaining
conditional stability it is assumed that there exist constants C.R/ > 0 for all R > 0

and an index function ' such that

kx1 � x2k � C.R/'.kF.x1/� F.x2/k/ for all x1; x2 2MR:

We refer to the articles [47] and [113] for details. Moreover, results in the context of
Tikhonov-type regularization will be given in Section 4.2.5 below.

3.2 Mathematical tools in regularization theory

In general, if one tackles an applied inverse problem by solving the corresponding
operator equations (3.1) or (3.3), formulated in infinite dimensional Banach spaces X
and Y , the ill-posedness phenomenon appears. It produces serious practical problems
since, instead of the exact right-hand side y, only noisy data, i.e., elements yı 2 Y
satisfying the inequality

kyı � yk � ı (3.5)

with noise level ı > 0, are available. When using such perturbed data the goal consists
of the stable approximate solution of the operator equations. Since for ill-posedness
reasons the optimization problems

kAx � yık ! min; subject to x 2 X;
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in the linear case, as well as

kF.x/ � yık ! min; subject to x 2 D.F / � X;
in the nonlinear case, both aimed at minimizing the norm discrepancy as a fidelity term
or misfit term for the operator equations, need not be solvable, or, if they are solvable,
the approximate solutions are unstable and wrong, stable auxiliary problems must
be used in order to overcome, or at least reduce the destructive influence of the ill-
posedness. This is the idea of regularization, which can be realized in diverse ways.

Approximate solutions for ill-posed problems, which are called regularized solu-
tions if they result from the use of regularization methods (see, for example, [67, 100,
150, 199, 232]), should not try to minimize the norm discrepancy, because this leads
to highly oscillating solutions, and does not make sense. In contrast, the discrepancy
norm of regularized solutions must be brought into agreement with the noise level
ı > 0, and from all potential solution elements compatible with the data in this sense
we select only those that are reliable with respect to additional subjective or objective
a priori information. Such information can refer to solution smoothness, further con-
straints or closeness to some reference element. Mostly, a regularization parameter
˛ > 0 controls the neighborhood properties of the auxiliary problems. Larger values
of ˛ express higher stability of the approximate solutions, but the auxiliary problem
is rather far from the original one. On the other hand, values of ˛ near zero represent
auxiliary problems close to the original one, but they tend to become more and more
unstable as ˛ ! 0. Hence, smart regularization approaches must find an appropriate
trade-off between the conflicting goals of stability and approximation.

Regularized solutions based on yı must be stable, i.e., their fluctuation should be
small for small changes in yı . Moreover, convergence is required, i.e., the approxi-
mate solutions should converge to exact solutions of the ill-posed operator equation
under consideration. If the solutions are not uniquely determined, the convergence
targets solutions with preferred properties, for example minimum norm solutions
(cf. Definition 3.2), x-minimum norm solutions (cf. Definition 3.10), or�-minimizing
solutions (cf. Definition 3.25 below). A mathematically very challenging aspect in
regularization is to derive convergence rates, i.e., to detect conditions under which the
error of the regularized solution, evaluated by norm or alternative error measures, con-
verges with some rate of order '.ı/ as ı ! 0, where ' is an index function (cf. Def-
inition 3.18). In the next subsection we will describe regularization procedures for
linear problems and briefly mention the analog for the nonlinear case.

3.2.1 Regularization approaches

Definition 3.20 (regularization). A mapping that transforms every pair .yı ; ˛/ 2
Y � .0; ˛	 with 0 < ˛ � C1 to some well-defined element xı˛ 2 X is called
a regularization (procedure) for the linear operator equation (3.1), if there exists an
appropriate choice ˛ D ˛.yı ; ı/ of the regularization parameter such that, for ev-



58 Chapter 3 Ill-posed operator equations and regularization

ery sequence ¹ynº1nD1 
 Y with kyn � yk � ın and ın ! 0 as n ! 1, the

corresponding regularized solutions xın

˛.yn;ın/
converge in a well-defined sense to the

solution x
 of equation (3.1). If the solution is not unique, regularized solutions have
to converge to solutions of equation (3.1) possessing the desired properties, e.g., to
minimum norm solutions. For nonlinear operator equations (3.3) with regularized so-
lutions xı˛ 2 D.F /, the definition is analogous. If the solution of equation (3.3) is not
unique, convergence to solutions possessing desired properties, e.g., to x-minimum
norm solutions, is required. In case of non-uniqueness, different subsequences of reg-
ularized solutions can converge to different solutions of the operator equation, which
all possess the same desired property.

Remark 3.21. We have to distinguish between a priori parameter choices ˛ D ˛.ı/
independent of the data element yı and a posteriori parameter choices ˛ D ˛.yı ; ı/,
that take advantage of knowledge of the present data. From [13] we know that param-
eter choices ˛ D ˛.yı / that avoid the explicit use of the noise level ı cannot be the
basis of regularization procedures. However, since in practice knowledge of ı is not
always an acceptable premise, heuristic parameter choices like the L-curve rule, the
quasi-optimality rule and the approach of generalized cross validation (cf., e.g., [89])
with different modifications and realizations like the model function method (cf. [139]
and [99, 157, 237, 238]) are also of some importance for the stable approximate solu-
tion of ill-posed inverse problems. Recently, it was shown that they can even yield
regularization procedures if additional conditions imposed on noise and solutions are
satisfied (cf. [133, 174]). Further details concerning the choice of regularization pa-
rameters will also be presented in Sections 4.1.2, 4.2 and 5.2.

In the case of linear operator equations in a Hilbert space setting, the construction
of regularization procedures is in general based on the approximation of the Moore-
Penrose inverse A
 by an ˛-dependent family of bounded operators with regularized
solutions

xı˛ D g˛.A
�A/A�yı ; ˛ > 0 ;

and appropriate generator functions g˛ (cf. [67,84,106,150,160,167,235]). Unfortu-
nately, in our Banach space setting neither A
 nor A�A is available, since the adjoint
operator A� W Y � ! X� maps between the dual spaces. In the case of nonlinear
operator equations a comparable phenomenon occurs, because the adjoint operator

F 0.x
/� W Y � ! X�

of a bounded linear derivative operator

F 0.x
/ W X ! Y

of F at the solution point x
 2 D.F / also maps between the dual spaces.
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Nevertheless, two large and powerful classes of regularization procedures with
prominent applications, for example in imaging (cf. [209]), were recently promoted:
the class of Tikhonov-type regularization methods in Banach spaces, to be presented
in Part III (see also [104, 210]), and the class of iterative regularization methods in
Banach spaces, to be presented in Part IV of this work (see also [14,128]). Tikhonov-
type regularization and iterative regularization can be applied to linear as well as to
nonlinear problems in Banach spaces in order to overcome the ill-posedness. In the
past decade, substantial progress has been made with respect to both classes.

For the former class of Tikhonov-type regularization, which is also called varia-
tional regularization, regularized solutions xı˛ in our work are minimizers of an ex-
tremal problem of the form

T˛.x/ WD 1

p
kAx � yıkp C ˛ �.x/! min; subject to x 2 X; (3.6)

for linear operator equations (3.1), and of the form

T˛.x/ WD 1

p
kF.x/ � yıkp C ˛�.x/! min; subject to x 2 D.F / � X; (3.7)

for nonlinear operator equations (3.3), respectively. We can consider the approaches
exploiting (3.6) or (3.7) as a penalized minimization of a fidelity term which is con-
structed by applying the index function

 .t/ WD tp

p
; t > 0;

to the discrepancy norms kAx�yık or kF.x/�yık, respectively. The Tikhonov-type
regularization admits the inclusion of subjective a priori information of wide compre-
hension varying the penalty functionals �. Indeed, for fixed ˛ > 0 the extremal
problem (3.7) is equivalent to an approach called residual method

�.x/! min; subject to kF.x/ � yık � K; x 2 D.F / ; (3.8)

for some constant K D K.˛; ı/ > 0 (cf. [118, 227] and [83]). If one considers
� as a functional of sympathy, i.e., just elements x 2 X with small values �.x/
possess required properties, variational regularization tries to pitch on the most likable
approximate solutions among all those compatible with the data. However, the amount
of work required to compute the regularized solutions xı˛ is in general huge, because
often non-quadratic optimization problems must be solved for any ˛, and a sizable
number of parameters has to be checked for selecting a best possible one with respect
to the data.

In the following, for all fidelity terms and penalty functionals, as ingredients of
the Tikhonov functional T˛ under consideration, the following Assumption 3.22 is
assumed to hold. This assumption complements Assumption 3.11, introduced in Sec-
tion 3.1.2.
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Assumption 3.22.

(a) For the exponent in (3.6) and (3.7), we have 1 < p <1.

(b) � W X ! Œ0;1	 is a proper convex and lower semi-continuous functional, where
proper denotes that the domain of �

D.�/ WD ¹x 2 X W �.x/ <1º
is nonempty. Moreover, for nonlinear operator equations we also assume

D WD D.F / \D.�/ 6D ;:

(c) � is assumed to be a stabilizing functional in the sense that the sublevel sets

M�.c/ WD ¹x 2 X W �.x/ � cº
are weakly sequentially pre-compact in X for all c � 0.

Remark 3.23. In this work, in order to measure the discrepancy between operator
images F.x/ and data yı in variational regularization, we restrict our consideration
to terms of the form

 .kF.x/ � yık/ WD 1

p
kF.x/ � yıkp with 1 < p <1;

or their analogs for linear problems. Note that the limiting case p D 1 must be
handled specifically, because it produces strange situations, where the regularization
parameter needs not tend to zero as ı ! 0. So for p D 1 the results for conver-
gence rates in Tikhonov-type regularization are proved when the regularization pa-
rameter ˛ > 0 is chosen arbitrarily fixed but sufficiently small, see [32] where this
phenomenon is called exact penalization. More curious is the situation of p D 1

in [177], where optimal convergence rates require that ˛ > 0 must equal to a fixed
value, depending on properties of the solution x
. On the other hand, motivated by
stochastic noise models, for example Poisson-distributed data occurring in imaging
problems, an extension of Tikhonov regularization theory in Banach spaces to more
general fidelity or misfit terms S.F.x/; yı /, sometimes also called similarity terms
and replacing  .kF.x/ � yık/, was recently promoted by several authors, and we
refer to [17, 72, 74, 75, 116, 121, 176, 185].

Remark 3.24. Frequently, coercivity of � is considered as an important property of
the functional �, which means that kxk ! 1 implies �.x/ !1. However, this is
only used to conclude that all sublevel sets M�.c/ are bounded in X , and therefore
weakly pre-compact, provided X is reflexive. In Assumption 3.22 (c), we do not take
this detour, but directly postulate the essential property of weak pre-compactness.
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According to Assumptions 3.11 and 3.22, regularized solutions xı˛ 2 D minimiz-
ing (3.7) exist for all ˛ > 0, as will be proved in Proposition 4.1 below. We note that
this existence assertion is also valid for linear problems, where xı˛ is a minimizer of
(3.6). This is a consequence of the fact that any bounded linear operator A W X ! Y

is weak-to-weak continuous between Banach spaces X and Y .
By extending Definition 3.10 of x-minimum norm solutions to the case of gen-

eral penalty functionals �, we introduce the concept of �-minimizing solutions of an
operator equation (cf. [104]). In Definition 3.25, we will formulate this for nonlin-
ear problems. Analogously, �-minimizing solutions extend the concept of minimum
norm solutions from Definition 3.2 for linear problems.

Definition 3.25 (�-minimizing solution). We say that x
 2 D.F / � X is an �-
minimizing solution of the operator equation (3.3) if

F.x
/ D y and �.x
/ D inf¹�. Qx/ W Qx 2 D.F /; F. Qx/ D yº:
Following along the lines of the proof of Proposition 3.14, one can easily show

that there exists at least one �-minimizing solution for convex stabilizing functionals
�. Recently, non-convex penalty functionals � were also introduced to the field of
Tikhonov-type regularization (cf. [78, 242]). However, a couple of additional analyt-
ical and numerical difficulties occur for such extensions, which we will not discuss
here.

We will now define a third set of requirements in Assumption 3.26, that further
complement the Assumptions 3.11 and 3.22, concerning derivatives of F at the solu-
tion x
.

Assumption 3.26.

(a) There exists an �-minimizing solution x
 of equation (3.3), which belongs to
the so-called Bregman domain

DB.�/ WD ¹x 2 D � X W @�.x/ 6D ;º;
where @�.x/ � X� denotes the subdifferential of � in the point x.

(b) There is a bounded linear operator F 0.x
/ W X ! Y such that for the one-sided
directional derivative at x
 and for every x 2 D we have the limit condition

lim
t!C0

1

t

�

F.x
 C t .x � x
// � F.x
/
�

D F 0.x
/.x � x
/: (3.9)

Definition 3.27 (starlike). We call a set M starlike with respect to x
 if x 2 M

implies that x
 C �.x � x
/ 2M holds for all 0 � � < 1.
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We mention that a convex set M with x
 2M is obviously starlike with respect to
x
. Hence, D , being a convex subset of X , possesses this property. Note that D is
convex because it is the intersection of the convex set D.F / (cf. Assumption 3.11 (b))
with the set D.�/ which is convex due to the convexity of the functional � (cf. As-
sumption 3.22 (b)). For the starlike set M however, the limit condition (3.9) makes
sense. The directional derivative F 0.x
/ from Assumption 3.26 (b) has the properties
of a Gâteaux derivative, but x
 need not be an interior point of D , and there can be
directions, going out from x
, in which no points of D appear. Note that, under our
assumptions, interior points of D need not exist. We mention the well-known exam-
ple of the ‘half-space’ D.F / D ¹x 2 Lp.a; b/ W x � 0 a.e.º, which does not possess
any interior point in the Banach space Lp.a; b/; 1 � p <1.

In this work, in particular in the case of linear ill-posed problems, our focus is on
convex penalties of norm power-type

�.x/ WD 1

q
kxkqX ; 1 � q <1; (3.10)

and hence on regularized solutions xı˛ that are minimizers of the extremal problem

T˛.x/ WD 1

p
kAx � yıkpY C ˛

1

q
kxkqX ! min; subject to x 2 X; (3.11)

where 1 < p < 1 and 1 � q < 1. The character of the Banach spaces X from
which the norm powers are derived can be very different. For example, `p-spaces,
Lp-spaces, Sobolev spaces and Besov spaces (cf. [148]) are of interest in choosing
X in different mathematical models. If the space exponent p > 1 in Y D Lp and
the residual norm exponent p coincide, the analysis and numerics can be simplified.
The same is true of X D Lq and the norm exponent q in (3.11). On the other hand,
the appropriate choice of p and q in (3.11) is also of serious interest from the point of
view of mathematical modelling. If we choose p very large, this model can simulate
a form of penalized Chebyshev approximation, whereas p close to one seems to be
useful if robustness is required. Also, the choice of the exponent q can be interpreted,
such that for example q close to one is appropriate in the case where the solution is
sparse.

Indeed because of Corollary 3.13, according to (3.10), � is a stabilizing functional
whenever X is a reflexive Banach space. The exponents p; q and the regularization
parameter ˛ > 0 are weights controlling the interplay and character of the fidelity
term and of the penalty in the Tikhonov functional T˛. This allows us to find an
acceptable compromise between stability and approximation by making use of appro-
priate a priori or a posteriori criteria for selecting the regularization parameter ˛. Note
that for� as in (3.10) any minimum norm solution in the sense of Definition 3.2 is an
�-minimizing solution in the sense of Definition 3.25 and vice versa.

For nonlinear problems, the focus can be on a neighborhood of some reference
element x 2 X , which acts as the origin of the coordinate system. In this case,
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penalties of the form

�.x/ WD 1

q
kx � xkqX ; 1 � q <1; (3.12)

and minimizers of the extremal problem

T˛.x/ WD 1

p
kF.x/ � yıkpY C ˛

1

q
kx � xkqX ! min; subject to x 2 D.F / � X;

(3.13)
are frequently used. In particular, the setting p D q D 2 is the basic approach for
Hilbert spaces X and Y (cf. [68, 225] and more recently [156, 158]). Note again that,
according to (3.12), for �, any x-minimum norm solution in the sense of Defini-
tion 3.10 is an �-minimizing solution in the sense of Definition 3.25 and vice versa.

For the class of iterative regularization methods, stable approximate solutions are
found in the course of an iterative procedure, e.g., aimed at minimizing the discrep-
ancy norm kF.x/� yık or kAx � yık, yielding a sequence of iterates xn. By means
of a stopping rule N D N.ı/ (an a priori stopping rule) or better N D N.yı ; ı/

(an a posteriori stopping rule) the iteration is terminated and, by setting ˛ WD 1=N ,
the regularized solution appears as xı˛ WD xN . If, due to ill-posedness, the iteration
would not terminate, i.e., ˛ ! 0, the iteration elements xn would tend to oscillate
and to explode as n ! 1. Appropriate stopping rules aim at selecting values N
such that the residual kF.xN / � yık or kAxN � yık, respectively, corresponds to
the right order of the noise level ı > 0. Hence, the iteration need not be executed
until it converges, but only as long as necessary. Often the amount of work required
for carrying out iterative regularization methods is much smaller than the comparable
amount for a Tikhonov-type regularization. A drawback of iterative regularization,
however, is its reduced ability to control properties of the approximate solution.

We should mention that some classes of linear and nonlinear ill-posed operator
equations like Volterra and Hammerstein integral equations allow us to use a specific
and sophisticated regularization approach called local regularization, which comple-
ments the approach of Tikhonov-type regularization by selecting solutions based on
the penalty functional, preferably in a global manner. We refer for example to the pa-
pers [30,31,54,141] on local regularization and references therein. Another alternative
to the Tikhonov-type regularization in the case that the spaces X and Y coincide is
the Lavrentiev regularization (cf., e.g., [119,159,168,229]), where stable neighboring
problems of the ill-posed operator equations are constructed by adding the ˛-multiple
of the identity operator to the original forward operator.

3.2.2 Source conditions and distance functions

If regularized solutions xı˛, as minimizers of the Tikhonov functional (3.11), converge
to a minimum norm solution x
 of the ill-posed linear operator equation (3.1), then
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this convergence can be arbitrarily slow (cf. [212]). To obtain convergence rates

E.xı˛; x

/ D O .'.ı// as ı! 0 (3.14)

for an error measureE (cf. Section 4.2 below) and an index function ', some smooth-
ness of the solution element x
 with respect toA W X ! Y is required. In other words,
the rates depend on the interplay of intrinsic smoothness of x
 and the smoothing
properties of the operator A with nonclosed range.

A classical tool for expressing the smoothness of x
 is the concept of source con-
ditions, where either x
 itself or an element 

 from the subdifferential @�.x
/ of the
convex functional � in x
 belongs to the range of a linear operator G that interacts
with A in an appropriate manner. More precisely, source conditions are of the form

x
 D G w (3.15)

or


 D H v ; (3.16)

where x
 or 

 emerge from a source element w or v, transferred by the bounded
linear operators G or H with nonclosed ranges.

At the beginning we briefly characterized the situation for linear ill-posed problems
(3.1) in Hilbert spaces. For more details, see also [163, 228]. In Hilbert spaces X and
Y with

A W X ! Y and A� W Y ! X

source conditions for obtaining convergence rates (3.14) for the error measure

E.x; x
/ WD kx � x
k
in full generality attain the form (3.15), where G W X ! X can be considered as a
self-adjoint bounded linear operator with nonclosed range, satisfying link conditions
(cf. [106]) for connecting G and A. The simplest version is of the form

x
 D �.A�A/w; w 2 X; (3.17)

with G WD �.A�A/ and some index function �, which is defined essentially on the
spectrum of the positive semi-definite self-adjoint operator A�A W X ! X , which is
a subset of Œ0; kAk2	. In general, one can say that high convergence rates, with '.ı/
in (3.14) rapidly decreasing to zero as ı ! 0, are associated with a fast decay rate of
�.t/ as t ! 0 and vice versa. It has been proved in [109,161] that for any x
 from the
Hilbert space X there are an index function � and a source element w 2 X satisfying
(3.17). However, the decay rate �.t/! 0 as t ! 0 can be arbitrarily slow.

The most prominent representative of a source condition (3.17) expressing medium
smoothness occurs when �.t/ D pt . Because of R..A�A/1=2/ D R.A�/ this con-
dition is equivalent to

x
 D A� v; v 2 Y; (3.18)
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and admits the convergence rate

kxı˛ � x
k D O
�p

ı
�

as ı ! 0 : (3.19)

Another representative, expressing a higher smoothness, is

x
 D A�Aw; w 2 X; (3.20)

which arises for �.t/ D t . This admits the convergence rate

kxı˛ � x
k D O
�

ı2=3
�

as ı ! 0 ; (3.21)

which is the best possible rate, the so-called saturation rate, in Tikhonov regular-
ization. On the other hand, if the solution smoothness is rather low, relative to the
smoothing property of the forward operator, then logarithmic source conditions
(cf. [115] and [24]) with

�.t/ D 1
�

log
�

1
t

��� ; � > 0 ;

play a prominent role, leading to convergence rates of the same type.
If the transfer operator G fails to attain the form (3.17), then other link conditions

can help, such as inequalities like

k%.G/k � C kAxk for all x 2 X;
with some index function % and some positive constant C , which are equivalent to
range inclusions

R.%.G// � R..A�A/1=2/;
as shown in [24, Prop. 2.1]. For detailed results we refer to [106, 112].

When we consider nonlinear operator equations (3.3) and regularized solutions xı˛,
minimizing the Tikhonov functional (3.13), then in the Hilbert space setting we aim
at convergence rates to x-minimum norm solutions. Source conditions occur as de-
scribed above, but A in formulas (3.17), (3.18) and (3.20) is replaced by a derivative
operator F 0.x
/ at the solution point. Moreover, x
 on the left-hand sides is replaced
by x
 � x. For more details in the Hilbert space setting see [67, Chap.10-11].

If, however, we turn our attention to linear ill-posed problems in Banach spaces X
and Y , we see that, because of

A W X ! Y and A� W Y � ! X�;

no representative is left over from the wide field of source conditions (3.17). However,
we can fit the members (3.18) and (3.20) to the Banach space situation as



 D A� v; v 2 Y �; (3.22)
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and


 D A�JYp .Aw/; w 2 X; p > 1 ; (3.23)

respectively, where 

 2 @�.x
/ 
 X� is an element of the subdifferential of the
convex functional � under consideration in Tikhonov-type regularization. Note that
for simplicity we can set p WD 2 in the duality mapping J Yp of (3.23). Otherwise,
the source element w can be amended in an appropriate manner. For the penalty
functional �.x/ D 1

q
kxkq

X
with q > 1 we recall that, according to Theorem 2.53 (e),

for smooth Banach spaces X , the subgradient is uniquely determined and attains the
explicit form 

 D JXq .x
/.

Based on the seminal paper [32], Bregman distances

D�
��.x; x


/ D �.x/ ��.x
/� h

; x � x
iX��X (3.24)

at x
 2 DB.�/ � X and 

 2 @�.x
/ � X� for general convex functionals� using
the dual pairing h�; �iX��X between the Banach space X and its dual X� have become
a frequently used error measure E in studying convergence rates (3.14) of regularized
solutions, see for example [104, 196, 197] and Section 4.2.2 below.

The rate
D�
��.x

ı
˛; x


/ D O.ı/ as ı ! 0 (3.25)

occurs whenever source conditions (3.22) are satisfied, and it represents the analog to
the medium rate (3.19) in the Hilbert space setting. The Bregman rates are limited by

D�
��.x

ı
˛; x


/ D O.ı4=3/ as ı ! 0 ; (3.26)

which is the extension of the saturation rate (3.21) for Tikhonov-type regularization
in Hilbert spaces to the Banach space situation.

Since we only have the two clearly expressed levels of solution smoothness (3.22)
and (3.23) in Banach spaces, we can compensate for the missing intermediate stages
of the smoothness scale by the technique of approximate source conditions, which
was originally developed for the Hilbert space setting (cf. [61,77,102,103,107,112]),
but can be immediately applied to the Banach space setting (cf. [97] and [95]). Let
us explain this idea for the more evident case where the subgradient 

 fails to satisfy
(3.22), i.e., the element 

 is not smooth enough. In this case, (3.22) plays the role of a
benchmark source condition for this element and we ask how far from that benchmark
the smoothness of 

 is. This can be measured by the distance function

d��.R/ WD inf¹k

 � A�vkX� W v 2 Y �; kvkY � � Rº; R > 0: (3.27)

Proposition 3.28 ( [20, 74]). Let 

 … R.A�/. Then, the distance function d��.R/ is
strictly positive, continuous, convex and decreasing for 0 < R < 1: It tends to zero
as R!1 whenever



 2 R.A�/k�kX� nR.A�/: (3.28)

Furthermore, for every 0 < R <1 there is an element vR 2 Y � with kvRkY � D R

such that d��.R/ D k

 � A�vRkX� .
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Remark 3.29. A sufficient condition for (3.28) is the injectivity of A W X ! Y

whenever X and Y are reflexive Banach spaces. In non-reflexive spaces it is suffi-
cient that the biadjoint operator A�� W X�� ! Y ��1 is injective. If with (3.28) the
distance function d��.R/ tends to zero for large R, then its decay rate is a measure
for the extent to which 

 violates the benchmark source condition (3.22). If (3.28)
holds true, then convergence rates of the form (3.14), with the Bregman distance as
error measure E, can be evaluated for the Tikhonov regularization with appropriate
choices for the regularization parameter, where the derived rate functions ' in (3.14)
depend on the associated distance function d�� . For details, we refer to Section 4.2.2
below and [97]. If the decay rate of the distance function is slow for some 

, e.g.,
logarithmic in the sense d��.R/ � log.R/��, for some � > 0, then the benchmark
source condition is strongly violated and only low (mostly logarithmic) convergence
rates can be expected. On the other hand, for a decay of power type d��.R/ � R�� ,
the chances of better rates (Hölder convergence rates) are increasing and the obtained
Hölder exponent in the rate function will grow with � > 0.

For nonlinear operator equations (3.3) the operator A� in source conditions again
must be replaced with the adjoint .F 0.x
//� of a derivative of F at the solution point
x
. This derivative can be a Fréchet, Gâteaux or directional derivative and must have
appropriate properties. Then for our benchmark source condition (3.22) the extension
to the nonlinear case takes the form



 D .F 0.x
//� v; v 2 Y �; (3.29)

and the assertions of Proposition 3.28 remain true for the corresponding distance func-
tions

d��.R/ WD inf¹k

 � .F 0.x
//�vkX� W v 2 Y �; kvkY � � Rº; R > 0: (3.30)

3.2.3 Variational inequalities

Since the Bregman distance (3.24) at x
 for a convex functional � contains the term
h

; x�x
iX��X , many authors (cf. [104] and also [20,74,81,126,210]) pointed out,
that variational inequalities , estimating the negative of this term from above, prove
to be a powerful tool to obtain convergence rates in regularization. In the context of
variational inequalities for convergence rates we restrict our attention to rates up to a
maximum of the form (3.25). Some initial ideas for combining variational inequalities
and enhanced rates up to the limiting rate (3.26) can be found in the recent paper [80].
For higher rates we refer to Section 4.2.4 below.

For linear operator equations the variational inequalities under consideration attain
the form

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 '.kA.x � x
/k/; (3.31)

1 X�� denotes the bidual of X consisting of all linear, continuous functionals ' W X� ! R, Y �� is
defined accordingly.
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for constants 0 � ˇ1 < 1; ˇ2 � 0 and a concave index function '. In the case of
nonlinear equations, the variational inequalities are written as

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 '.kF.x/ � F.x
/k/: (3.32)

In both cases, the inequalities must hold for all x 2 M, with some set M, which
contains all regularized solutions xı˛ of interest, for sufficiently small ı > 0. In some
papers that deal with Tikhonov regularization, e.g. [104], M refers to sublevel sets

M WDMT˛
.c/ WD ¹x 2 D W T˛.x/ � cº (3.33)

of the Tikhonov functional T˛ with sufficiently large c > 0. In this work we will
concentrate on sets

M WDM�.c/ \D.F /: (3.34)

It is sometimes helpful to know that M is starlike with respect to x
 2 D (cf. Defi-
nition 3.27). Indeed, any set M from (3.34) with c � �.x
/ is starlike with respect
to x
, because D.F / and all sublevel sets M�.c/ of the stabilizing functional � are
convex.

It was shown that non-concave, in particular strictly convex, index functions ' with
limt!0

'.t/
t
D 0 do not make sense in the variational inequalities (3.31) and (3.32)

(see Proposition 4.18 below). On the other hand, the concave index functions ' in
(3.31) and (3.32) are immediately responsible for obtaining convergence rates

D�
��.x

ı
˛ ; x


/ D O.'.ı// as ı ! 0 (3.35)

of the regularized solutions, as will be shown in Section 4.2. Such rates are limited by
(3.25) for '.t/ D t , where the variational inequalities triggering those rates attain the
form

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 kA.x � x
/k (3.36)

for linear problems and the form

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 kF.x/ � F.x
/k (3.37)

for nonlinear problems. In this limiting case there is an equivalence between the
benchmark source condition (3.22) and the variational inequality (3.36). Namely,
from [210, §3.2] one easily derives the following proposition.

Proposition 3.30. If, for a convex functional � W D.�/ � X ! Œ0;1/ and x
 2
D.�/ � X , there is some 

 2 @�.x
/ satisfying the source condition (3.22), then
there exist constants 0 � ˇ1 < 1 and ˇ2 � 0, such that the variational inequality
(3.36) holds for all x in an appropriate set M, which is starlike with respect to x
.
Vice versa, under the variational inequality (3.36), valid for such M we have the
source condition (3.22).
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For nonlinear problems a similar connection between (3.29) and (3.37) is true,
based on the following assertion, where we refer to [76, Lemma 6.1] for the proof.

Proposition 3.31. Let F be Gâteaux-differentiable at the point x
 2 D.F /, with
Gâteaux-derivative F 0.x
/ W X ! Y and 

 2 @�.x
/. If a variational inequality
(3.37) is valid for all elements x of a set M starlike with respect to x
, we also have

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 kF 0.x
/.x � x
/k (3.38)

for all x 2M.

In Chapter 7 we will also consider variational inequalities of multiplicative form

h

; x
 � xiX��X �
�

D�
��.x; x


/
�1=2

�

 

kF 0.x
/.x � x
/k2
D�
��.x; x


/

!

(3.39)

for D�
��.x; x


/ 6D 0, complementing the additive forms (3.32) and (3.38). In particu-

lar, for the power type case �.t/ D t�=2; for ˇ > 0 and 0 < � � 1; the inequality

h

; x
 � xiX��X � ˇ
�

D�
��.x; x


/
�

1��
2 kF 0.x
/.x � x
/k� (3.40)

immediately implies by Young’s inequality an additive form

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 kF.x
/.x � x
/k 2�

1C� (3.41)

with 0 � ˇ1 < 1; ˇ2 � 0.

3.2.4 Differences between the linear and the nonlinear case

Both (approximate) source conditions and variational inequalities are tools expressing
the solution smoothness of x
 and 

, with respect toA and F , respectively. For linear
problems the cross connections between the two tools are much simpler than in the
nonlinear case, because for nonlinear problems the structure of nonlinearity around
x
 is an additional factor complicating the interplay. The two forms of variational
inequalities (3.37) and (3.38), valid for all x in a set M starlike with respect to x
,
coincide if F D A W X ! Y is a bounded linear operator. For nonlinear F however,
by Proposition 3.31, we see that (3.37) implies (3.38), but for the reverse direction,
we need some structural conditions. If the so-called �-condition (cf. [67, p.279])

kF.x/ � F.x
/� F 0.x
/.x � x
/k � � kF.x/ � F.x
/k (3.42)

holds for all x 2M and some constant � > 0, then, using the triangle inequality

kF 0.x
/.x � x
/k � kF.x/ � F.x
/ � F 0.x
/.x � x
/k C kF.x/ � F.x
/k
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one obtains the variational inequality (3.37) with constant Q̌2 D .�C 1/ˇ2, instead of
ˇ2 directly from (3.38). We note that (3.42) expresses a rather strong condition in the
sense that F 0.x
/ characterizes the nonlinear operator around x
 very well. This con-
dition can be relaxed by requiring a concave index function � with limt!0

t

.t/
D 0,

such that

kF 0.x
/.x � x
/k � K �.kF.x/ � F.x
/k/ for all x 2M (3.43)

holds, with some constant K > 0. In this case, the following Proposition 3.32 pub-
lished as Theorem 5.1 in the joint paper [20] with R. I. Boţ clearly shows that vari-
ational inequalities (3.32) merge solution smoothness of x
, expressed by the source
conditions, and structural conditions on the nonlinearity of F around x
. Hence, in
contrast to linear ill-posed problems, where source conditions and variational inequal-
ities provide comparable information in different ways, variational inequalities for
nonlinear ill-posed problems cover much more information and deliver an outstand-
ing tool for deriving rates also for non-smooth situations with respect to operator F
and solution x
.

Proposition 3.32. Let x
 2 M and let the condition (3.43) hold for all x 2 M and
some concave index function � . Then the benchmark source condition (3.29) implies
a variational inequality of the form (3.32) for all x 2M, with index function ' D � .

Proof. Due to (3.29) and (3.43) we can estimate for all x 2M

h

; x
 � xiX��X D h.F 0.x
//�v; x
�xiX��XDhv; F 0.x
/.x
 � x/iY ��Y
� kvkY �kF 0.x
/.x � x
/k�K kvkY � �.kF.x/ � F.x
/k/ :

This immediately yields the variational inequality (3.32) with ˇ1 D 0,
ˇ2 D K kvkY � ; and with ' D � . So the proof is complete.

Hence, under the benchmark source condition (3.29) the decay rate of the func-
tion � in (3.43) controls the convergence rate which is always smaller than (3.25),
whenever we assume limt!0

t

.t/
D 0.

If (3.29) is violated, and only a distance function d��.R/ for R � R > 0 contains
the information about the solution smoothness then, under the nonlinearity condition
(3.43), the validity of a variational inequality (3.32) cannot be concluded in general.
To find an index function ' in (3.32), a link condition between the functional � and
the occurring norm functionals is necessary. This even is the case if the problem is
linear for F WD A. One such helpful link condition is the q-coercivity of the Bregman
distance

D�
��.x; x


/ � cq kx � x
kq for all x 2M (3.44)

with some q � 2 and some positive constant cq > 0, which is a canonical condition
for

�.x/ D 1

q
kxkq and q-convex Banach spaces X :
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For details concerning the smoothness and convexity of Banach spaces and cross con-
nections with properties of the Bregman distance we refer to Chapter 2.

However, supposing that (3.29) is violated, under condition (3.44), the method of
approximate source conditions applies and also yields a variational inequality (3.32),
where the index function ' is controlled by both the distance function d�� and the
function � , characterizing the nonlinearity structure. We reformulate Theorem 5.2
from [20] and its proof as follows:

Proposition 3.33. Let x
 2 M and let the conditions (3.43) and (3.44), with q � 2
hold for all x 2 M and let � be some concave index function. If 

 violates the
benchmark source condition (3.29), but the distance function d��.R/ tends to zero as

R!1, then a variational inequality of the form (3.32), with constants ˇ1 D 1
q
< 1

and ˇ2 > 0, is valid for all x 2M, where the index function ' is defined by means of
the auxiliary function

‰.R/ WD
�

d��.R/
�q�

R
; R > 0;

1

q
C 1

q� D 1 ;

as
'.0/ D 0; '.t/ D 	d��

�

‰�1.�.t//
�
q�

; t > 0 : (3.45)

Proof. When setting



 D F 0.x
/�vR C rR with kvRkY � D R; krRkX� D d��.R/

we can estimate by (3.43) and for all x 2M as

h

; x
 � xiX��X D h.F 0.x
//�vR C rR; x
 � xiX��X
D hvR; F 0.x
/.x
 � x/iY ��Y C hrR; x
 � xiX��X
� R kF 0.x
/.x � x
/k C d��.R/ kx � x
k
� K R�.kF.x/ � F.x
/k/C d��.R/ kx � x
k :

This summarizes to

h

; x
 � xiX��X � K R�.kF.x/ � F.x
/k/C c�1=q
q d��.R/

�

D�
��.x; x


/
�1=q

:

Then, when setting a WD D�
��.x; x


/ and b WD c�1=q
q d��.R/, for conjugate exponents

q and q� with 1
q
C 1
q� D 1, Young’s inequality

ab � aq

q
C bq

�

q� ; a; b � 0 ;
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provides us with the estimate

h

; x
 � xiX��X �KR�.kF.x/ � F.x
/k/C 1

q
D�
��.x; x


/

C c
�q�=q
q

q�
�

d��.R/
�q�

:

The continuity of the distance function carries over to the auxiliary function ‰ W
.0;1/ ! .0;1/, which is strictly decreasing and satisfies the limit conditions
limR!0‰.R/ D 1 and limR!1‰.R/ D 0. Its inverse ‰�1 W .0;1/ ! .0;1/ is
also continuous and strictly decreasing. Hence for all t > 0 the equation‰.R/ D �.t/
has a uniquely determined solution R > 0. Note that, in principle, only sufficiently
small t > 0 influence the rate results. By setting R WD ‰�1.�.kF.x/�F.x
/k// we
get with some constant OK > 0

h

; x
 � xiX��X � 1

q
D�
��.x; x


/C OK
h

d��

�

‰�1.�.kF.x/ � F.x
/k//
�iq�

for all x 2M. This completes the proof since ' D �q�
with � WD d�� ı‰�1 ı � is an

index function (cf. Proposition 3.28).

Remark 3.34. One can see that the index function ' D Œd�� ı‰�1 ı �	q�
.t/; t > 0;

in Proposition 3.33 tends to zero as t ! 0 slower than the index function �.t/ in
Proposition 3.32, which is reasonable since the smoothness of 

 is reduced: taking
into account the one-to-one correspondence between large R > 0 and small t > 0,
via ‰.R/ D �.t/ and ‰.R/ D .d��.R//q

�

=R , we have for the quotient function

�.t/

Œd�� ı‰�1 ı �	q�
.t/
D ‰.R/
�

d��.R/
�q� D

1

R
! 0 as R!1; t ! 0 :

If the structural condition (3.43) cannot be satisfied for any concave index func-
tion � , but weaker nonlinearity conditions of the form

kF.x/ � F.x
/ � F 0.x
/.x � x
/k � Q�D�
��.x; x


/ for all x 2M (3.46)

hold for some constant Q� > 0, this expresses the fact that F 0.x
/ fails to characterize
the nonlinear operator F around x
 in an acceptable manner. Nevertheless, under the
source condition (3.29), the variational inequality of the form (3.37), with 0 � ˇ1 < 1
and ˇ2 � 0, can be established (cf. [104, 197, 210]), but only in combination with a
smallness condition

Q�kvkY � < 1 (3.47)

in order to ensure the required condition ˇ1 < 1.
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Proposition 3.35. For x
 2M we assume that the conditions (3.29) with (3.47), con-
cerning the solution smoothness and (3.46), concerning the structure of nonlinearity
hold. Then a variational inequality of the form (3.37) with constants ˇ1D Q�kvkY �<1

and ˇ2 D kvkY � � 0 is valid for all x 2M.

Proof. Based on (3.29) and (3.46) we can estimate for all x 2M

h

; x
 � xiX��X D h.F 0.x
//�v; x
 � xiX��X D hv; F 0.x
/.x
 � x/iY ��Y
� hv; .F.x/ � F.x
// � F 0.x
/.x � x
//iY ��Y
� hv; F.x/ � F.x
/iY ��Y
� kvkY � kF.x/ � F.x
/ � F 0.x
/.x � x
/k
C kvkY � kF.x/ � F.x
/k
� Q� kvkY � D�

��.x; x

/C kvkY � kF.x/ � F.x
/k :

This proves the proposition.

Remark 3.36. We note that, when the structure of nonlinearity is given only by
(3.46), no results concerning either variational inequalities or convergence rates of
Tikhonov-type regularization in Banach spaces (not even under corresponding condi-
tions in Hilbert spaces) are known. Moreover the benchmark source condition (3.29)
is violated.

In Section 1.4, for a Hilbert space X and D�
��.x; x


/ D kx � x
k2, we made use
of the fact that (3.37) can also be observed when the nonlinearity condition (3.46) is
replaced with the weaker condition

kF.x/ � F.x
/� F 0.x
/.x � x
/k QY � Q�D���.x; x

/ for all x 2M;

where the Banach space QY with QY � Y , possessing a weaker norm than Y , is chosen
such that, with the dual inclusion QY � 
 Y �, the equation

h Qv; viY ��Y D hQv; vi QY �� QY for all Qv 2 QY �; v 2 Y
is valid. For details we refer to [104, Remark 4.2].

Nearing the end of this chapter, we should mention that it makes sense to interpolate
between the structural conditions (3.42) and (3.46) as follows

kF.x/�F.x
/�F 0.x
/.x�x
/k � O� kF.x/�F.x
/kc1

�

D�
��.x; x


/
�c2

: (3.48)

Definition 3.37 (degree of nonlinearity). Let 0 � c1; c2 � 1 with 0<c1Cc2�1. We
define F to be nonlinear of degree .c1; c2/ in x
 for the Bregman distanceD�

��.�; x
/
of � with 

 2 @�.x
/, if there is a constant O� > 0 such that (3.48) holds for all
x 2M; where M is assumed to be starlike with respect to x
.
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This definition, introduced for the first time in [97], extends the corresponding con-
cept developed in [110] from Hilbert spaces to Banach spaces. Under condition (3.48),
with c1 > 0 replacing (3.43), the assertions of Propositions 3.32 and 3.33 change as
follows:

Proposition 3.38. Let F be nonlinear of degree .c1; c2/ with 0 < c1 � 1 � c2 in x


with corresponding subgradient 

, where the set M, starlike with respect to x
, is
such that kF.x/ � F.x
/k � C for all x 2 M and some constant C > 0. Then, the
benchmark source condition (3.29) implies a variational inequality of the form (3.32)
with 0 � ˇ1 < 1; ˇ2 > 0 and with the concave index function

'.t/ D t
c1

1�c2 : (3.49)

If (3.29) is violated, but the corresponding distance function satisfies the limit condi-
tion d��.R/! 0 as R!1, then, under condition (3.44), we alternatively arrive at
(3.32), with an index function ', defined using the auxiliary function

‰.R/ WD
�

d��.R/
�q�

R
1

1�c2

; R > 0;
1

q
C 1

q� D 1 ;

as

'.0/ D 0; '.t/ D
�

d��

�

‰�1
�

t
c1

1�c2

���q�

; t > 0 : (3.50)

Proof. Based on (3.29) and (3.48), we can estimate for all x 2M as

h

; x
 � xiX��X D h.F 0.x
//�v; x
 � xiX��X
D hv; F 0.x
/.x
 � x/iY ��Y
� hv; .F.x/ � F.x
// � F 0.x
/.x � x
//iY ��Y
� hv; F.x/ � F.x
/iY ��Y
� kvkY � kF.x/ � F.x
/ � F 0.x
/.x � x
/k
C kvkY � kF.x/ � F.x
/k
� kvkY �

�

O� kF.x/ � F.x
/kc1

�

D�
��.x; x


/
�c2

C kF.x/ � F.x
/k
�

:

This immediately yields ' from (3.49), with ˇ1 D 0 if c2 D 0. For 0 < c2 � 1 � c1
with c1 > 0 we can again exploit Young’s inequality written as

ab � a�

4
C b�

�

�� .�=4/��=�
; a; b � 0; 1=� C 1=�� D 1;
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by setting � WD 1=c2 > 1; a WD D�
��.x; x


/ and b WD kvkY � O� kF.x/ � F.x
/kc1 :

This implies �� D 1=.1 � c2/ and hence a variational inequality, with ' from (3.49)
and ˇ1 D 1=4 < 1, since the exponent � WD c1=.1 � c2/ is never larger than one.

If 

 fails to satisfy the benchmark source condition (3.29), we can argue as we did
in the proof of Proposition 3.33, using the ansatz



 D F 0.x
/�vR C rR with kvRkY � D R; krRkX� D d��.R/ :

Under the nonlinearity condition (3.48) we obtain

h

; x
 � xiX��X � hrR; x
 � xiX��X

CkvRkY �

�

O� kF.x/ � F.x
/kc1

�

D�
��.x; x


/
�c2 C kF.x/ � F.x
/k

�

:

Furthermore, under condition (3.44), by multiple use of Young’s inequality and with
� WD c1=.1 � c2/, we find constants K; QK; OK;K > 0 such that h

; x
 � xiX��X
can be bounded from above by the following chain of expressions:

R
�

O� kF.x/�F.x
/kc1

�

D�
��.x; x


/
�c2CkF.x/ � F.x
/k

�

Cd��.R/ kx�x
k

� 1

4
D�
��.x; x


/C OK R 1
1�c2 kF.x/ � F.x
/k	 C R kF.x/ � F.x
/k

CK d��.R/
�

D�
��.x; x


/
�1=q

:

� 1

4
D�
��.x; x


/C QKR 1
1�c2 kF.x/�F.x
/k	CK d��.R/

�

D�
��.x; x


/
�1=q

�
�

1

4
C 1

q

�

D�
��.x; x


/C QKR 1
1�c2 kF.x/ � F.x
/k	 CK �

d��.R/
�q�

with ˇ1 WD 1
4
C 1
q
< 1 due to q � 2. The sum of the last two terms

QKR 1
1�c2 kF.x/ � F.x
/k	 CK �

d��.R/
�q�

can be equilibrated analogously to the proof of Proposition 3.33 and bounded by the
expression

ˇ2

h

d��

�

‰�1 �kF.x/ � F.x
/k	
��iq�

;

with some constant ˇ2 > 0, where we exploit the auxiliary function

‰.R/ WD
�

d��.R/
�q�

R
1

1�c2

; R > 0 ;

for the equilibration process. Thus, ' in (3.32) attains the form (3.50) and the proof
is complete.
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Remark 3.39. We emphasize that smallness conditions of the type (3.47), occurring
in the case c1 D 0; c2 D 1, are not required whenever the degree of nonlinearity of
F at x
 can be established to be c1 > 0. Moreover we note that the condition

kF.x/ � F.x
/k � C <1 for all x 2M;

occurring in Proposition 3.38, is evident, if the operator F is norm-to-norm contin-
uous and M can be embedded into a ball around x
, in case of norm-convergent
regularized solutions. On the other hand, as we will see, the most serious requirement
on M is that, for 0 < ı � ımax, all regularized solutions xı˛ belong to such a set.
However, kF.xı˛/ � F.x
/k is uniformly bounded for those regularized solutions,
taking into account that they are minimizers of T˛.

The results of the Propositions 3.32, 3.33 and 3.38 will be used in Section 4.2.2 right
away, in order to formulate convergence rates for the Tikhonov-type regularization of
ill-posed operator equations.
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In this part of the monograph we present some important components of the analy-
sis of variational regularization, where the stable approximate solutions are found by
minimizing the Tikhonov functional. Therefore, we call this approach Tikhonov-type
regularization. The Tikhonov functional for nonlinear operator equations F.x/ D y

with noisy data yı and a noise level ı > 0 satisfying ky � yık � ı is formed by the
linear combination

T˛.x/ WD 1

p
kF.x/ � yıkpY C ˛�.x/

of a fidelity term 1
p
kF.x/ � yıkpY , with 1 < p < 1 characterizing the misfit of the

data yı and of a penalty term, expressed by a convex nonnegative functional �.x/. In
this situation, we assume a sufficiently smooth nonlinear forward operator

F W D.F / � X ! Y;

mapping between the Banach spaces X and Y . The regularization parameter ˛ > 0

has to equilibrate both terms in an appropriate manner.
In Chapter 4 we outline the modern theory of Tikhonov-type regularization in Ba-

nach spaces with general convex penalties �. Based on a series of standing assump-
tions formulated in Chapter 3, we show results concerning existence and stability of
regularized solutions in Section 4.1. Moreover, assertions about the convergence of
Tikhonov-regularized to �-minimizing solutions x
 of the operator equation are for-
mulated in this section. The most important assumption that we exploit, is that � is a
stabilizing functional in the sense that its sublevel sets are weakly sequentially com-
pact in the Banach space X . Convergence rates under assumptions on the solutions
smoothness x
 and on the structure of the nonlinearity of the operator F at x
 are de-
rived in Section 4.2. This section benefits from a long list of propositions formulated
and partially proven in Chapter 3, concerning source conditions, approximate source
conditions and variational inequalities. Based on those results, convergence rates for
general error measures and in particular for the Bregman distance can be proven in
the case of appropriate a priori parameter choices as well as in the case of the appli-
cability of some discrepancy principle. Moreover, we combine conditional stability
estimates and Tikhonov-type regularization in order to derive rate results. A brief visit
of sparsity situations completes the chapter.

In Chapter 5 we will present essential ingredients for the analysis of the Tikhonov-
type regularization for linear ill-posed operator equations Ax D y, with a bounded
linear operator A W X ! Y mapping between the Banach spaces X and Y . Here, the
Tikhonov functional is of the form

T˛.x/ WD 1

p
kAx � yıkpY C ˛

1

q
kxkqX ;

where p; q > 1 and the associated penalty functional consists of a power of the norm
in the Banach space X . The first section of this chapter is devoted to the character
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of source conditions for the specific case under consideration. In the subsequent Sec-
tion 5.2, classes of rules regarding the choice of the regularization parameter ˛ > 0

are discussed in detail. The section presents assertions on a priori parameter choices,
as well as on the discrepancy principle, frequently named after Morozov, as a particu-
lar a posteriori parameter choice and also on a modified version of this principle. This
chapter is completed in Section 5.3 by answering the question of how to minimize the
Tikhonov functional. It is an advantage of the specific version of Tikhonov-type reg-
ularization for linear problems with norm power penalties under consideration in this
chapter, that for this case efficient numerical approaches to compute the Tikhonov-
regularized solutions were developed recently. We will distinguish between a primal
and a dual method for finding a minimizer of the Tikhonov functional T˛.



Chapter 4

Tikhonov regularization in Banach spaces with
general convex penalties

4.1 Basic properties of regularized solutions

In this chapter we make use of the results of Chapter 3. More precisely, we will
briefly summarize the properties of Tikhonov-regularized solutions xı˛ defined, for all
regularization parameters ˛ > 0, as minimizers of the extremal problem

T˛.x/ WD 1

p
kF.x/ � yıkp C ˛ �.x/! min;

subject to x 2 D.F / � X; (4.1)

based on the Tikhonov functional T˛ for nonlinear operator equations (3.3). Through-
out this chapter, we tacitly assume the Assumptions 3.11, 3.22 and 3.26, that make
requirements on the Banach spaces X;Y , the forward operator F with its domain
D.F / and its derivatives as well as on the stabilizing functional � to hold. Note that
linear operator equations (3.1) can be considered as a special case of (3.3), where for
F WD A, with a bounded linear operatorA W X ! Y and domain D.F / D X , the cor-
responding requirements in Assumption 3.11 are satisfied, taking into account that A
is weak-to-weak continuous. On the other hand, for penalties (3.12) with D.�/ D X ,
due to Corollary 3.13, the corresponding requirements in Assumption 3.22 are also
satisfied.

In the following two subsections we discuss existence, stability and convergence of
regularized solutions (cf. [104]).

4.1.1 Existence and stability of regularized solutions

Proposition 4.1 (existence of regularized solutions). For all ˛ > 0 and yı 2 Y , there
exists a regularized solution xı˛ 2 D.F /, minimizing the Tikhonov functional T˛.x/
in (4.1) over all x 2 D.F /.

Proof. Since D ¤ ; there exists at least one Ox 2 X , such that T˛. Ox/ <1. Moreover,
there is a sequence ¹xnº in D such that

lim
n!1 T˛.xn/ D c WD inf¹T˛.x/ W x 2 Dº � 0 :

Then, ¹T˛.xn/º and, because of �.xn/ � T˛.xn/=˛, also ¹�.xn/º are bounded se-
quences in R. From Assumption 3.22 (c), it follows that ¹xkº has a weakly convergent
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subsequence ¹xnk
º, which has a weak limit element Qx, i.e., xnk

* Qx in X . In par-
ticular, we have Qx 2 D , since D is convex and closed and therefore weakly closed.
The weak-to-weak continuity of F (see Assumption 3.11 (c)) then implies weak con-
vergence F.xnk

/ � yı * F. Qx/ � yı in Y and, since the norm is weakly lower
semi-continuous

1

p
kF. Qx/� yıkp � lim inf

k!1
1

p
kF.xnk

/ � yıkp : (4.2)

On the other hand, for the lower semi-continuous functional �, which is also weakly
lower semi-continuous, we have

�. Qx/ � lim inf
k!1

�.xnk
/ : (4.3)

Combination of (4.2) and (4.3) shows that Qx minimizes T˛.

Proposition 4.2 (stability of regularized solutions). For all ˛ > 0 the minimizers of
(4.1) are stable with respect to the data yı . More precisely, for a data sequence ¹ynº
converging to yı with respect to the norm-topology of Y i.e., limn!1 kyn�yık D 0 ,
every associated sequence ¹xnº of minimizers to the extremal problem

1

p
kF.x/ � ynkp C ˛�.x/! min; subject to x 2 D.F / � X; (4.4)

has a subsequence ¹xnk
º, which converges in the weak topology of X , and the weak

limit Qx of each such subsequence is a minimizer xı˛ of (4.1). Moreover, we have for
every such weakly convergent subsequence limk!1�.xnk

/ D �.xı˛/.
Proof. From the definition of xn it follows that

1

p
kF.xn/ � ynkp C ˛�.xn/ � 1

p
kF.x/ � ynkp C ˛�.x/ ; x 2 D :

With D ¤ ; we can select Ox 2 D such that

˛�.xn/ � 1

p
kF.xn/ � yıkp C ˛�.xn/

� 2p�1
p
kF.xn/ � ynkp C 2p�1˛�.xn/C 2p�1

p
kyn � yıkp

� 2p�1
p
kF. Ox/� ynkp C 2p�1˛�. Ox/C 2p�1

p
kyn � yıkp

� 4p�1
p
kF. Ox/� yıkp C 2p�1˛�. Ox/C 4p�1

p
kyn � yıkp :
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Since limn!1 kyn � yık D 0, it follows that, for every " > 0, there exists n0 2 N
such that for n � n0

�.xn/ � 4p�1
˛p
kF. Ox/ � ykp C 2p�1�. Ox/C " D C <1 :

Thus, the sequence ¹xnº is in M�.max¹C;�.x1/; :::;�.xn0�1/º and, by Assump-
tion 3.22 (c), has a weakly convergent subsequence ¹xnk

º with limit Qx 2 D . Since
F is weak-to-weak continuous, it follows that F.xnk

/ * F. Qx/ leading us to obtain
F.xnk

/ � ynk
* F. Qx/ � yı . Since the norm and � are both weakly lower semi-

continuous functionals, it follows that

1

p
kF. Qx/ � yıkp � lim inf

k!1
1

p
kF.xnk

/� ynk
kp ;

�. Qx/ � lim inf
k!1

�.xnk
/ :

(4.5)

From formula (4.5) we obtain

1

p
kF. Qx/ � yıkp C ˛�. Qx/ � lim inf

k!1
1

p
kF.xnk

/ � ynk
kp C ˛ lim inf

k!1
�.xnk

/

� lim inf
k!1

�

1

p
kF.xnk

/� ynk
kp C ˛�.xnk

/

�

� lim
k!1

�

1

p
kF.x/ � ynk

kp C ˛�.x/
�

D 1

p
kF.x/ � yıkp C ˛�.x/ ; x 2 D :

This implies that Qx is a minimizer of (4.1) and moreover, by taking x D Qx 2 D on
the right hand side, it follows that

1

p
kF. Qx/ � yıkp C ˛�. Qx/ D lim

k!1

�

1

p
kF.xnk

/� ynk
kp C ˛�.xnk

/

�

: (4.6)

Now assume that �.xnk
/ does not converge to �. Qx/. Since � is weakly lower semi-

continuous, it follows that

c WD lim sup
k!1

�.xnk
/ > �. Qx/ :

We take a subsequence ¹xnkl
º such that �.xnkl

/ ! c as l ! 1. For this subse-
quence, as a consequence of (4.6), we find that

lim
l!1

1

p
kF.xnkl

/ � ynkl
kp D 1

p
kF. Qx/� yıkp C ˛ .�. Qx/ � c/

<
1

p
kF. Qx/� yıkp :

This contradicts (4.5). Therefore we obtain �.xnk
/! �. Qx/ as k !1.



84 Chapter 4 Tikhonov regularization in Banach spaces with general convex penalties

4.1.2 Convergence of regularized solutions

In order to study the convergence of regularized solutions, we remember the concept
of�-minimizing solutions (cf. Definition 3.25). Such solutions always exist under our
standing Assumptions 3.11 and 3.22 and we can formulate the following convergence
result followed by two corollaries dealing with a priori and a posteriori parameter
choices.

Theorem 4.3 (convergence of regularized solutions). Let ¹yn WD yınº 
 Y denote
a sequence of perturbed data to the exact right-hand side y 2 F.D.F // of the op-
erator equation (3.3) and let ky � ynk � ın for a sequence ¹ın > 0º of noise levels
converging monotonically to zero. Moreover, we consider a sequence ¹˛n > 0º of
regularization parameters and an associated sequence ¹xn WD x

ın
˛n
º of regularized

solutions that are minimizers of

1

p
kF.x/ � ynkp C ˛n�.x/! min; subject to x 2 D.F / � X: (4.7)

Under the conditions

lim sup
n!1

�.xn/ � �.x0/ for all x0 2 ¹x 2 D W F.x/ D yº (4.8)

and
lim
n!1 kF.xn/� ynk D 0 (4.9)

the sequence ¹xnº has a weakly convergent subsequence, where each weak limit of
such a subsequence is an �-minimizing solution x
 2 D of the operator equation
(3.3). If, in addition, the �-minimizing solution x
 2 D is unique, we have the weak
convergence xn * x
 in X .

Proof. Let x
 denote an �-minimizing solution to (3.3). From (4.8), it follows that

lim sup
n!1

�.xn/ � �.x
/: (4.10)

On the other hand, from (4.9) and ın ! 0 as n ! 1, by the triangle inequality, we
obtain that

lim
n!1 kF.xn/ � yk D 0: (4.11)

By (4.10), we have a constant K > 0 such that xn 2 M�.K/ for all n 2 N. Con-
sequently, by Assumption 3.22 (c), a subsequence ¹xnk

º converges weakly in X to
some element Qx 2 D . Since F is weak-to-weak continuous, it follows from (4.11)
that F. Qx/ D y: From the weak lower semi-continuity of � we derive that

�. Qx/ � lim inf
k!1

�.xnk
/ � lim sup

k!1
�.xnk

/ � �.x
/ � �.x0/ (4.12)
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for all x0 2 D satisfying F.x0/ D y. Taking x0 WD Qx shows that �. Qx/ D �.x
/.
Hence Qx is an �-minimizing solution. Using this and (4.12) it follows, by a sub-
sequence-subsequence argument, that

lim
n!1�.xn/ D �.x
/: (4.13)

If the �-minimizing solution x
 is uniquely determined, it follows that ¹xnº has a
weakly convergent subsequence and the limit of any such subsequence equals x
.
Therefore, again a subsequence-subsequence argument implies weak convergence of
the whole sequence to x
.

Remark 4.4. We strongly emphasize that the limit conditions (4.11) and (4.13),
which are derived in the proof of Theorem 4.3, are important properties of the se-
quences of Tikhonov-regularized solutions on their own. Together with the weak
convergence in X of regularized solutions xn along subsequences to �-minimizing
solutions x
, we even have norm convergence in Y of the corresponding image ele-
ments F.xn/ to the exact right-hand side y D F.x
/ of the operator equation (3.3)
and moreover we have convergence of the values �.xn/ of the stabilizing functional
to �.x
/. If the implication

xn * x
 and �.xn/! �.x
/ ) kxn � x
k ! 0 as n!1 (4.14)

is true in X , we say that a generalized Radon–Riesz property holds. In this case,
under the assumptions of Theorem 4.3, we even have norm convergence of regular-
ized solutions,. The condition (4.14) is an extension of the Radon–Riesz property,
which is also called Kadec–Klee property, where �.x/ in (4.14) is simply taken as
the norm kxk. A wide range of frequently used Banach spaces X satisfy this condi-
tion and are called Kadec–Klee spaces (cf. [186, Remark 3.1] and reference therein).
In such spaces X and for functionals of the types (3.10) and (3.12), we obtain norm
convergence under our assumptions, including the reflexivity of X and the condition
q > 1. For functionals � violating (4.14), however, the convergence of regularized
solutions derived from Theorem 4.3 is not necessarily a convergence with respect to
the norm topology in X , but norm convergence can be shown under stronger assump-
tions on the type of convexity of �, and we refer to [210, pp.67–69] for sufficient
conditions. In general, we note that norm convergence of regularized solutions holds
true if convergence rates for the error norm can be proved, or if convergence rates for
the Bregman distance can be proved and the Bregman distance can be bounded below
by an index function of the error norm. It will be an essential goal of Section 4.2 to
discuss convergence rates results.

Remark 4.5. If we relax the strong condition (4.8) in Theorem 4.3 to

�.xn/ � K for all n 2 N and some constant K > 0; (4.15)
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it also follows from (4.11) that F. Qx/ D y, whenever xnk
* Qx, since F is weak-

to-weak continuous. Each such weak limit Qx is indeed a solution to (3.3), but not
necessarily an �-minimizing solution.

Corollary 4.6 (convergence under a priori parameter choice). For an a priori param-
eter choice ˛n WD ˛.ın/, based on an index function (cf. Definition 3.18) ˛.ı/ that
satisfies the limit conditions

˛.ı/! 0 and
ıp

˛.ı/
! 0 as ı ! 0 (4.16)

and associated regularized solutions xn WD xı˛n
Theorem 4.3 applies and yields sub-

sequences of ¹xnº, which have �-minimizing solutions x
 of (3.3) as weak limits.

Proof. From the definition of xn as minimizers of (4.7), it follows that

1

p
kF.xn/ � ynkp C ˛n�.xn/ � ı

p
n

p
C ˛n�.x
/; (4.17)

where x
 denotes an �-minimizing solution to (3.3). The inequality (4.17) implies
one the one hand

�.xn/ � ı
p
n

p ˛n
C�.x
/

and, by (4.16) with ı
p
n =˛n ! 0 as n ! 1, that (4.10) and consequently also (4.8)

are valid. On the other hand, (4.17) with ˛n ! 0 also implies that

kF.xn/ � ynk �
�

ıpn C ˛np�.x
/
�1=p ! 0 as n!1:

Hence, we have (4.9) and Theorem 4.3 applies.

From the inequality (4.17) in the proof of Corollary 4.6, we immediately find the
assertion of the following remark.

Remark 4.7. Given ımax > 0, let ˛.ı/ denote an index function, satisfying (4.16).
Moreover, set C WD sup0<ı�ımax

ıp

˛.ı/
< 1. Then, for all 0 < ı � ımax, the

Tikhonov-regularized solutions xı
˛.ı/

, as minimizers of (4.1), with regularization pa-
rameters ˛ D ˛.ı/, belong to a common sublevel set of �, which also contains the
�-minimizing solutions x
 of (3.3). More precisely, we have

xı˛.ı/ 2M�

�

C C�.x
/
�

\D.F /; 0 < ı � ımax : (4.18)

Moreover, for alternative a priori parameter choices, with index functions ˛ D ˛.ı/

that violate (4.16), but satisfy C WD sup0<ı�ımax
ıp

˛.ı/
< 1, the condition (4.15) is

satisfied and Remark 4.5 can be exploited to show weak convergence of regularized
solutions to solutions of (3.3), which are not necessarily�-minimizing solutions.
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The most prominent a posteriori strategy for choosing the regularization parameter
is the discrepancy principle, frequently named after Morozov (cf. [165]), where, for
given 1 � �1 � �2 <1, the parameter ˛discr D ˛discr.y

ı ; ı/ satisfies the inequalities

�1 ı � kF.xı˛discr
/� yık � �2 ı (4.19)

for regularized solutions xı˛ , solving the extremal problem (4.1). Since, for fixed
and sufficiently small ı > 0, the discrepancy norm kF.xı˛/ � yık is monotonically
increasing and continuous with respect to ˛, if T˛ in (4.1) has a unique minimizer
xı˛ 2 D for all ˛ > 0 and yı 2 Y under consideration, then, under this assumption,
the equation

kF.xı˛/ � yık D � ı; � � 1 ; (4.20)

has a uniquely determined solution ˛ D ˛.ı/. Then xı˛discr
2 D satisfying (4.19)

exists for any given 1 � �1 � �2 < 1. In the case of injective and bounded linear
operators F D A W X ! Y , this assumption is always satisfied.

However, for nonlinear forward operators F W D.F / � X ! Y and equations
(3.3), parameters ˛ > 0 satisfying (4.20) and in the same manner (4.19) need not
always exist, since the problem

�.x/! min; subject to
1

p
kF.x/ � yıkp D .�ı/p

p
; x 2 D.F / ; (4.21)

which is similar to the extremal problem (3.8) of the residual method, will in general
be a nonconvex optimization problem, as a consequence of the fact that the set of
admissible solutions in (4.21) can be nonconvex for nonlinear F . On the other hand,
nonconvex optimization problems often possess duality gaps (cf., e.g., [23]), where
the saddle point problem of the associated Lagrangian functional has no solution.
The Tikhonov functional T˛.x/ however, plays the role of the Lagrangian functional
in problem (4.21) (cf. [100, Section 4.1.2]). For fixed ˛ > 0, the sets Xı˛ of regular-
ized solutions xı˛ need not be singletons. If we consider a trajectory of regularized
solutions, i.e., we choose some element xı˛ 2 Xı˛ for all ˛ > 0, then, for that trajec-
tory, the function T˛.xı˛/ is continuous and monotonically increasing with respect to
˛ > 0 and kF.xı˛/ � yık is also monotonically increasing. But kF.xı˛/ � yık can
attain different values if xı˛ varies through the set Xı˛ . As a consequence, the residual
norm of regularized solutions may have jumps in the sense that there are ˛0 > 0 such
that

lim
˛n%˛0�0

sup
xı

˛n 2Xı
˛n

kF.xı˛n
/ � yık < lim

˛n&˛0C0
inf

xı
˛n 2Xı

˛n

kF.xı˛n
/ � yık :

Hence, the conditions (4.20) and (4.19) may be failed by all regularization parameters
˛ > 0. Mostly, sufficient conditions to avoid such gaps and to ensure the uniqueness
of the minimizers xı˛ seem to be based on some smallness of the penalty term �.xı˛/
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(see, e.g., [122, 123]). For an alternative kind of sufficient conditions ensuring the
existence of ˛discr we also refer to [8].

In the next corollary, we simply assume that ˛discr exists for all ı > 0 and all data
elements yı under consideration.

Corollary 4.8 (convergence under a posteriori parameter choice). For an a posteriori
parameter choice ˛n WD ˛discr.yn; ın/ and associated regularized solutions xn WD
xı˛n

, satisfying the discrepancy principle

�1 ın � kF.xn/� ynk � �2 ın (4.22)

for some 1 � �1 � �2 Theorem 4.3 applies and yields subsequences of ¹xnº having
�-minimizing solutions x
 of (3.3) as weak limits.

Proof. From the definition of xn as minimizers of (4.7) result (4.17) follows again,
where x
 denotes an �-minimizing solution of (3.3). The inequality (4.17) here im-
plies

�.xn/ � 1

˛n p

�

ıpn � kF.xn/ � ynkp
�C�.x
/ � �.x
/

and hence (4.10), as a consequence of the left-hand inequality in (4.22). On the other
hand, (4.9) is an immediate consequence of the right-hand inequality in (4.22). Hence
Theorem 4.3 applies.

From the proof of Corollary 4.8 we see that xı˛discr
2 M�

�

�.x
/
� \D.F / for all

ı > 0 and yı 2 Y , whenever the discrepancy principle can be realized, that is, if there
exists some ˛discr satisfying (4.19).

Remark 4.9. Relaxing our assumptions stated above, convergence theory for
Tikhonov-regularized solutions can be extended twofold:

(i) On the one hand, some models of inverse problems in machine learning, me-
chanics and optimal control require Banach spaces X that are not reflexive,
i.e. for which our standing Assumption 3.11 (a) is violated.

(ii) On the other hand, in imaging one often makes use of penalties � that are not
stabilizing in the sense of Assumption 3.22 (c).

We note that there is a close relationship between both kinds of extensions. Tak-
ing into account Lemma 3.12 closed balls in a non-reflexive Banach space fail to be
weakly sequentially compact. Then, the penalty functionals �.x/ D kxkqX ; q � 1, as
powers of the norm in a non-reflexive Banach spaceX , are not stabilizing functionals
in the sense of Assumption 3.22 (c). As mentioned earlier, when Lq- or `q-spaces
are used as Banach space X , there are good reasons to prefer the exponent q in �.
Note that the exponent q D 1 expresses an exceptional case, because L1 and `1 are
non-reflexive Banach spaces, whereas Lq and `q are reflexive for all 1 < q < 1. If,
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however, Assumption 3.22 (c) fails, the weakly convergent subsequences of regular-
ized solutions, required in the propositions and theorems of the Sections 4.1.1, 4.1.2
and 4.2 below, do not necessarily exist. This negative property can in general be seen
when the penalty functional, with some convex index function � and some reference
element x 2 X , is of the form

�.x/ D � .kx � xkX / (4.23)

for non-reflexive Banach spaces X like L1; L1; `1; `1;Ck and BV .
The standard approach for overcoming this shortcoming is based on exploiting the

sequential Banach–Alaoglu theorem in the form of the following lemma.

Lemma 4.10. The closed unit ball of a Banach space X is sequentially compact in
the weak*-topology if there is a separable Banach spaceZ (predual space), with dual
Z� D X . Then, any bounded sequence ¹xnº in X has a subsequence ¹xnk

º, such that
xnk

*� x0 2 X as k !1.

If we replace Assumption 3.22 (c) with the assumption

(c�) � is assumed to be a weak*-stabilizing functional, in the sense that the sublevel
sets

M�.c/ WD ¹x 2 X W �.x/ � cº
are weak* sequentially pre-compact in X , for all c � 0,

then due to Lemma 4.10 weak*-convergent subsequences of regularized solutions ex-
ist that are able to replace the weakly convergent ones (see, e.g., [234, Sect. 2.5]
and [34]). Then, for non-reflexive Banach spacesX likeX D `1 andX D BV , which
possess separable predual spaces (cf., e.g., [7, Remark B.7, p. 299]), the penalty func-
tionals (3.10), (3.12) and more generally (4.23), can be included into the theory. In
this context, however, the forward operator F is assumed to be weak*-to-weak con-
tinuous between X and Y , at least in the sense of subsequences (cf., e.g., [125]). For
X D BV , it is common to use the semi-norm as penalty �, see (4.30) below and
for more details [33]. We conclude this remark by noting that non-reflexive and non-
separable Banach spaces like BV and L1 require some specific attention, when the
discretization of Tikhonov-type approaches is under consideration, which is a neces-
sary step for the numerical solution of the corresponding ill-posed equations, and we
refer to the recent paper [186] for many details concerning this field.

4.2 Error estimates and convergence rates

In this chapter, we are going to collect assertions on error estimates and convergence
rates of regularized solutions xı˛ , that are minimizers of the extremal problem (4.1) for
an a priori, as well as an a posteriori choice of the regularization parameter ˛ > 0. We
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aim at formulating the results as generally as possible for nonlinear operator equations
(3.3) in Banach spaces, under the standing Assumptions 3.11, 3.22, and 3.26 on the
Banach spacesX and Y , the forward operator F and its derivatives, its domain D.F /,
and on the stabilizing penalty functional �. If, as a special case, linear operator
equations (3.1) are considered, we again use the symbol A to characterize the bounded
linear forward operator. We denote by x
 the �-minimizing solutions to equation
(3.3), in the sense of Definition 3.25 which always exist.

4.2.1 Error estimates under variational inequalities

Definition 4.11 (error measure). We call a non-negative functional, defined on a sub-
set of the product space X � X , an error measure for an approximation x 2 X of
the element Qx 2 X , if the value E.x; Qx/ expresses the precision of this approximation
with respect to Qx in a well-defined sense. In general, the properties E. Qx; Qx/ D 0 and
the limit condition limx! Qx E.x; Qx/ D 0 are required.

An error measure can be constructed, based on a metric in X , i.e., we have
E. Qx; Qx/ D 0 and E.x; Qx/ > 0 if x 6D Qx, moreover E.x; Qx/ D E. Qx; x/ and

E.x; Qx/ � E.x; Ox/C E. Ox; Qx/
for all x; Qx; Ox 2 X . The simplest form is the error norm in the space X ,

E.x; Qx/ WD kx � Qxk; x; Qx 2 X: (4.24)

In Banach space theory, however, also non-symmetric measures E, like Kullback–
Leibler and other divergences play an important role and we refer to [185] for a col-
lection of such measures. In this work, however, our focus is on the non-symmetric
Bregman distance

D�Q� .x; Qx/ WD �.x/��. Qx/ � hQ
; x � QxiX��X ;

x 2 D; Qx 2DB.�/; Q
 2 @�. Qx/
(4.25)

and the corresponding error measure

E.x; Qx/ WD D�Q� .x; Qx/: (4.26)

Let us mention here that some authors, e.g. [34], prefer the corresponding symmetric
analog

D�sym.x; Qx/ WD h
 � Q
; x � QxiX��X D D�� . Qx; x/CD�Q� .x; Qx/;

 2 @�.x/; Q
 2 @�. Qx/;

to (4.25), which, however, acts on a more restricted domain.



Section 4.2 Error estimates and convergence rates 91

We note that originally Bregman distances (4.25) were only formulated for strictly
convex functionals�. In that case, the error measure (4.26) satisfies the advantageous
property

E.x; Qx/ D 0 if and only if x D Qx : (4.27)

If a convex functional �, failing to be strictly convex, is chosen as penalty, approxi-
mate solutions x can be far from the exact one Qx although D�Q� .x; Qx/ D 0. This is the

case, for example, if � is taken from (3.10), with q D 1, and more generally when
� is a positively homogeneous functional. In [147, §4], Bregman distances vanishing
for x 6D Qx are verified in a sparsity setting for the penalty functional

�.x/ WD
1
X

nD1
wn jxnj; wn � 0; (4.28)

with x D .x1; x2; : : :/ from the space X D `2 of quadratically summable infinite
sequences of real numbers. The same situation occurs for

�.x/ WD
1
X

nD1
wn jh�n; xij; wn � 0; (4.29)

and X being a separable Hilbert space with orthonormal basis ¹�nº (see [79, 82] and
Section 4.2.6), as well as for the Rudin–Osher–Fatemi-model (cf. [204]), using the
semi-norm

�.x/ WD jxjBV.G / D sup
g2C1

0 .G /; kgkL1.G /�1

Z

G

x r � g dt (4.30)

in the Banach space X D BV.G / of functions of bounded variation embedded into
the Hilbert space L2.G / , with some bounded domain G 
 Rk ; k D 1; 2; : : : (see,
e.g., [11, 33, 34, 46, 179, 236]).

Definition 4.12 (error estimate and convergence rate). If, for given error measure E
and given ımax > 0, we have a non-negative functional „ such that an inequality of
the form

E.xı˛; x

/ � „

�

ı;�.xı˛/;�.x

/; kF.xı˛/ � F.x
/k

�

(4.31)

holds for 0 < ı � ımax and all ˛ D ˛.ı/, according to a given a priori parameter
choice rule, or all ˛ D ˛.yı ; ı/, according to a given a posteriori parameter choice
rule, then we call (4.31) an error estimate for regularized solutions, with respect to
the �-minimizing solution x
 of (3.3). If, moreover, „ can be estimated from above
by an index function �, such that

E.xı˛ ; x

/ � �.ı/ (4.32)
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for all 0 < ı � ımax and all associated ˛ > 0 under consideration, we call an index
function � in (4.32) convergence rate and

E.xı
˛.yı ;ı/

; x
/ D O.�.ı// as ı ! 0 (4.33)

convergence rate result for the Tikhonov regularization.

In the classical regularization theory in Hilbert spaces, see [67], convergence rates
results (4.33) for E from (4.24) and linear problems were obtained under source con-
ditions expressing the solution smoothness of x
 with respect to A. See in particular
the versions (3.18) and (3.20). These particular source conditions have (3.22) and
(3.23) as counterparts in Banach spaces. For nonlinear problems A is replaced with
F 0.x
/ in the source conditions but, additionally, structural conditions on the nonlin-
earity of F (cf. Section 3.2.4) have to be handled, in order to get such rates.

In the past, research on convergence rates in Tikhonov-type regularization often
used the idea of exploiting variational inequalities, which have the capability of
expressing both solution smoothness and nonlinearity conditions. Following an ap-
proach developed simultaneously by Flemming (cf. [73, 74]) and Grasmair (cf. [78]),
we first of all consider variational inequalities of the form

ˇ E.x; x
/ � �.x/ ��.x
/C '.kF.x/ � F.x
/k/ for all x 2M � D (4.34)

with some index function ' and some 0 < ˇ � 1. If, for 0 < ı � ımax, all asso-
ciated regularized solutions xı˛ belong to M (for an example see Remark 4.7, with
sublevel sets M D M�.C C �.x
// \D.F /), then (4.34), after multiplication by
1=ˇ, provides us with an error estimate in the sense of Definition 4.12.

Note that variational inequalities (4.34) for E from (4.24) were already mentioned
in [27, Lemma 4.4]. The most prominent version in Banach space regularization,
however, refers to the Bregman distance E from (4.26). For that case, by setting
ˇ1 WD 1�ˇ

ˇ
and ˇ2 D 1

ˇ
, (4.34) can be rewritten as

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 '.kF.x/ � F.x
/k/

for all x 2M � D

with 

 2 @�.x
/, some index function ' and constants 0 � ˇ1 < 1; ˇ2 � 0, as
was suggested originally for '.t/ D t in [104] and extended to the case of general
concave index functions ' in [20]. For more details see also the Sections 3.2.3, 3.2.4
and 4.2.2.

We now show that the right-hand side in inequality (4.34) has an appropriate struc-
ture to derive convergence rates for the Tikhonov-type regularization. More pre-
cisely, under the variational inequality (4.34), with some concave index function '
and some 0 < ˇ � 1, we obtain an inequality (4.32), with �.ı/ � K '.ı/, for
some constant K > 0 independent of ı > 0 and hence a convergence rate result
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E.xı˛; x

/ D O.'.ı// for ı ! 0, whenever ˛ is chosen in an adapted manner. This

parameter choice can be of a posteriori type ˛ D ˛discr, according to the discrepancy
principle

�1 ı � kF.xı˛discr
/� yık � �2 ı (4.35)

for prescribed 1 � �1 � �2, or of a priori type, according to an appropriate choice
˛ D ˛.ı/, depending on p > 1 and ' .

Theorem 4.13. Let c � �.x
/ and let, for all 0 < ı � ımax, regularization pa-
rameters ˛discr D ˛.yı ; ı/, satisfying the discrepancy principle (4.35) exist. More-
over, let the variational inequality (4.34) be valid for a concave index function ' and
M WDM�.c/\D.F /. Then we obtain the convergence rate result

E.xı˛discr
; x
/ D O.'.ı// as ı! 0: (4.36)

Proof. From the proof of Corollary 4.8 we see that �.xı˛discr
/ � �.x
/ � c. Hence,

as a consequence of (4.34), we have the error estimate

E.xı˛discr
; x
/ � '.kF.xı˛discr

/� F.x
/k/
ˇ

� '.kF.xı˛discr
/ � yık C ı/
ˇ

for 0 < ı � ımax. Then, the right-hand inequality of (4.35), together with the well-
known property

'.Kı/ � max.1;K/ '.ı/ for all ı > 0 (4.37)

of concave index functions ', yield

E.xı˛discr
; x
/ � '..1C �2/ı/

ˇ
� 1C �2

ˇ
'.ı/

for 0 < ı � ımax, which gives (4.36) and proves the theorem.

Note that Neubauer, in the recent paper [176], suggests an alternative approach for
handling the discrepancy principle.

For a theorem analogous to Theorem 4.13, but involving an a priori parameter
choice, we now translate Theorem 4.11 from [74] and its proof into our setting. We
note that, for similar results in [78], the focus is on the Fenchel conjugate function

f �.s/ WD sup
t>0

.st � f .t//; s > 0;

of a convex function f .t/; t > 0.

Theorem 4.14. Let the variational inequality (4.34) be valid for a concave index
function ' and M WD M�.c/ \ D.F / with c > �.x
/. Then, there is an a priori
parameter choice ˛ D ˛.ı/, satisfying (4.16) that implies the convergence rate result

E.xı˛.ı/; x

/ D O.'.ı// as ı ! 0: (4.38)
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Proof. Whenever ˛ D ˛.ı/ is chosen such that ıp

˛.ı/
is small enough for implying

xı
˛.ı/
2M for 0 < ı � ımax (cf. Remark 4.7), by setting

Q'.t/ WD '
�

�

p 2p�1�1=p t1=p
�

; t > 0;

and due to
.aC b/p � 2p�1 �ap C bp� ; a; b � 0;

we have the following chain of inequalities, where we note that Q' is a strictly concave
index function, satisfying the limit condition

lim
t!C0

Q'.t/
t
D C1 ; (4.39)

since ' is concave:

ˇ E.xı˛; x

/ � �.xı˛/ ��.x
/C '

�

kF.xı˛/� F.x
/k
�

D 1

˛

�

T˛.xı˛/ � ˛�.x
/ �
1

p
kF.xı˛/ � yıkp

�

C '
�

kF.xı˛/ � F.x
/k
�

� 1

˛

�

1

p
kF.x
/ � yıkp � 1

p
kF.xı˛/ � yıkp

�

C '
�

kF.xı˛/ � yık C kF.x
/ � yık
�

� 1

˛

�

� 1
p
kF.xı˛/� yıkp C

1

p
ıp
�

C '
�

kF.xı˛/ � yık C ı
�

� 2ıp

˛p
C '

�

kF.xı˛/ � yık C ı
�

� 1

˛p

�

kF.xı˛/ � yıkp C ıp
�

� 2ıp

˛p
C'

�

kF.xı˛/�yıkCı
�

� 1

˛p 2p�1
�

kF.xı˛/�yıkCı
�p

:

Setting again

 .ı/ WD ıp

p
; ı > 0;

this gives

ˇ E.xı˛; x

/ � 2 .ı/

˛
C sup
t>0

�

Q'.t/ � 1
˛
t

�

D 2 .ı/

˛
C .� Q'/�

�

� 1
˛

�

: (4.40)

Now the strict concavity of the index function Q' ensures that

0 < sup
s2. .ı/;1/

Q'.s/ � Q'. .ı//
s �  .ı/ � inf

s2Œ0; .ı//
Q'. .ı// � Q'.s/
 .ı/ � s <1 :
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Consequently, there exists ˛ D ˛.ı/ > 0 such that for 0 < ı � ımax

sup
s2. .ı/;1/

Q'.s/ � Q'. .ı//
s �  .ı/ � 1

˛.ı/
� inf
s2Œ0; .ı//

Q'. .ı// � Q'.s/
 .ı/ � s : (4.41)

Note that, for differentiable ', this a priori parameter choice (4.41) simplifies to

˛.ı/ D 1

Q'0. .ı// : (4.42)

From (4.39), we obtain that sups2.t;1/
Q'.s/� Q'.t/
s�t ! 1 as t ! C0 and hence

˛.ı/! 0 as ı ! 0. On the other hand, from both inequalities in (4.41) we sim-
ply derive that

Q'.s/ � s

˛.ı/
� Q'. .ı// �  .ı/

˛.ı/
for all s > 0 :

Together with (4.40) we have

ˇ E.xı˛.ı/; x

/ �  .ı/

˛.ı/
C Q'. .ı// �  .ı/ inf

s2Œ0; .ı//
Q'. .ı// � Q'.s/
 .ı/ � s C Q'. .ı//

and taking s WD 0 also (4.16) in the form  .ı/
˛.ı/
� Q'. .ı//! 0 as ı ! 0 since Q' and

 are both index functions. Consequently we arrive at the error estimate

E.xı˛.ı/; x

/ � 2

ˇ
Q'. .ı// :

Hence, with the a priori parameter choice (4.41) and due to the property (4.37) of
concave index functions, we obtain

E.xı˛.ı/; x

/ D O � Q'.ıp/� D O .'.ı// as ı ! 0:

4.2.2 Convergence rates for the Bregman distance

In this section we consider rates for the error measure E.xı˛; x

/ D D�

�
.xı˛; x


/,
preferably under variational inequalities of the form

h

; x
 � xiX��X � ˇ1D���.x; x

/C ˇ2 '.kF.x/ � F.x
/k/

for all x 2M � D
(4.43)

with 

 2 @�.x
/, some index function ' and constants 0 � ˇ1 < 1; ˇ2 � 0.
When we recognize the powerful role of variational inequalities (4.43) for obtain-

ing convergence rates in Tikhonov regularization, it is of some interest to verify and
compare various sufficient conditions that imply such inequalities with index func-
tions '. Variational inequalities represent a sophisticated tool for expressing solution
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smoothness and to combine it with the nonlinearity structure of the forward opera-
tor in case of nonlinear problems. A main advantage is the fact that the function '
immediately expresses the occurring convergence rate. A series of such sufficient con-
ditions and cross connections between source conditions and variational inequalities
were already formulated in Section 3.2 (see Propositions 3.30, 3.31, 3.32, 3.33) and
can also be found in [9, 20, 104, 210].

For concave index functions ', we can immediately apply Theorem 4.13, yielding
the convergence rate result

D�
��.x

ı
˛; x


/ D O.'.ı// as ı ! 0 (4.44)

if (4.43) is valid for M WD M�.�.x

// \ D.F / and if the discrepancy principle

(4.35) with ˛ D ˛discr can be realized for sufficiently small ı > 0.
The same rate can be obtained by applying Theorem 4.14 directly, when for concave

index functions ' the a priori parameter choice ˛ D ˛.ı/ is made in accordance with
(4.41) and if (4.43) is valid for M WDM�.�.x


/C C/ \D.F /, with some C > 0.
An alternative proof of this convergence rate result for differentiable ' and ˛.ı/ in
accordance with (4.42), but also extended to more general convex index functions g
in the misfit term S.F.x/; yı / D g.kF.x/ � yık/, was given in [20, Theorem 4.3],
based on the generalized Young inequality

ab �
a
Z

0

f .t/dt C
b
Z

0

f �1.t/dt; a; b � 0 ;

which is true for any index function f .
Now, we can formulate corollaries for the cases that the benchmark source condi-

tion is satisfied or violated. In the latter case, we additionally require q-coercivity of
the Bregman distance.

Corollary 4.15. From Proposition 3.32, and due to the Theorems 4.13 and 4.14 we
have the convergence rate result (4.44), with the concave index function ', for appro-
priate choices of the regularization parameter ˛ > 0, whenever the source condition
(3.29) is satisfied for some 

 2 @�.x
/ and the nonlinearity condition (3.43) holds,
with ' D � for all x 2M WDM�.�.x


/C C/ \D.F / and some constant C > 0.

Corollary 4.16. From Proposition 3.33 and due to the Theorems 4.13 and 4.14, we
have the convergence rate result (4.44), with an index function ', defined as

'.0/ D 0; '.t/ D 	d��

�

‰�1.�.t//
�
q�

; t > 0 ;

using the auxiliary function

‰.R/ WD
�

d��.R/
�q�

R
; R > 0;

1

q
C 1

q� D 1 ;
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for appropriate choices of the regularization parameter ˛ > 0, whenever for 

 2
@�.x
/ the source condition (3.29) is violated, but the distance function d��.R/ tends
to zero as R ! 1 and, moreover, the conditions (3.43) and (3.44) hold, with some
concave index function � and with q � 2 for all x 2M WDM�.�.x


/CC/\D.F /

and some constant C > 0.

Note that, in Corollary 4.16, ' can be replaced by a concave majorant index function
Q', in case that (3.45) itself fails to be concave. Such concave majorants always exist.

Example 4.17. In this example, concerning logarithmic convergence rates

D�
��.x

ı
˛; x


/ D O
 

1
	

log
�

1
ı

�
�

!

as ı ! 0 (4.45)

for some � > 0, we show that such rate result, as a special case of (4.44), can be
derived along the lines of the Corollaries 4.15 and 4.16, for two completely different
extreme situations, with respect to the assumptions on solution smoothness of x
 and
nonlinearity of F .

Supposed that the source condition (3.29) is satisfied by Corollary 4.15, we imme-
diately derive, for all � > 0, the logarithmic convergence rate (4.45), if we have

�.t/ D 1
	

log
�

1
ı

�
� ; t > 0 ;

in the nonlinearity condition (3.43). This now means, that the nonlinearity condition
expressing the smoothness of F at x
 is extremely poor, but the solution smoothness
is good enough. For any � > 0, the rate in (4.45) is slower than a Hölder rate (4.48),
for arbitrarily small � > 0.

The converse situation occurs if �.t/ D t , i.e. the �-condition (3.42) represents
an advantageous structure of nonlinearity, but the solution smoothness is poor in the
sense that a logarithmic decay rate

d��.R/ � C .logR/��;
for sufficiently large R > 0 and with some constant C > 0, expresses that 

 strongly
violates the source condition (3.29), independent of the choice of � > 0. However,
since we have, for all such R and for " > 0, a constant K > 0 with

‰.R/ D 1

R.logR/�q�
� K

R1C" ;

which implies‰�1.t/ � OKt�1=.1C"/, for some constant OK > 0 and sufficiently small
t > 0. Hence, by Corollary 4.16 we have a rate result (4.45) with

� D �q� :
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The following proposition, which was proved as Proposition 12.10 in [74], will
show that strictly concave index functions ' do not make sense in (4.43). Furthermore,
higher rates than

D�
��.x

ı
˛ ; x


/ D O.ı/ as ı ! 0 (4.46)

cannot be expected based on such a variational inequality alone. We refer to [80] for
further ideas.

Proposition 4.18. Under the standing assumptions, in particular Assump-
tion 3.26, let the variational inequality (4.43) hold for an index function ' satisfy-
ing the limit condition limt!C0 '.t/t D 0 and for some set M starlike with respect to
x
. Then we have �.x
/ � �.x/ for all x 2M.

The message of this proposition is, that the occurrence of index functions ' with
limt!C0 '.t/t D 0 in (4.43) represents a singular case, which is really not of interest
in the solution theory of operator equations (3.3). Note that a pre-stage of Propo-
sition 4.18 for the Hölder (power) case '.t/ D t	 ; � > 1 was already presented
in [113, Proposition 4.3]. The proof of such propositions is always based on the exis-
tence of a bounded linear operator F 0.x
/ with Gâteaux-derivative properties (3.9).

We will now highlight the case of Hölder rates a bit more. From Theorem 4.14, we
easily derive the following proposition, taking into account that p > 1 is assumed.
Sufficient conditions for obtaining (4.43) can be found in Propositions 3.32 and 3.33,
and we refer to the Corollaries 4.15 and 4.16 for cross connections.

Proposition 4.19. From a variational inequality (4.43), with '.t/ D t�; 0 < � � 1,
and M WDM�.�.x


/C C/\D.F /; C > 0; for the a priori parameter choice

c ıp�� � ˛.ı/ � c ıp�� ; ı > 0 ; (4.47)

and constants 0 < c � c <1, we obtain the Hölder convergence rate result

D�
��.x

ı
˛.ı/; x


/ D O �ı�� as ı ! 0 : (4.48)

In Tikhonov regularization for Hilbert spaces X and Y , at least for linear ill-posed
problems, Hölder rates

kxı˛.ı/ � x
k D O
�

ı
�
2

�

as ı ! 0

and Hölder source conditions (3.17), with �.t/ D t
�
2 ; 0 < � � 1, are closely con-

nected, in the sense of nearly being a one-to-one correspondence. See the so-called
converse results , presented in [67,173]. In the Banach space situation, such a scale of
intermediate (Hölder) source conditions is missing and we only have the benchmark
source condition, corresponding to the exponent � D 1, which for the case of non-
linear problems can be written as (3.29). However, approximate source conditions,
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based on distance functions d��.R/, with respect to the benchmark (3.29), can again
play the role of a replacement tool concerning Hölder convergence rates, as was done
by Corollary 4.16 for general concave rate functions.

All the convergence rates results of this subsection, where the error is measured by
the Bregman distance, were obtained with the help of variational inequalities (4.43).
Whenever the benchmark source condition (3.29) is violated, we had to assume q-
coercive Bregman distances in order to get a rate at all. The subsequent result avoids
using (3.44) and hence cannot take a route via variational inequalities (4.43). Never-
theless, distance functions d��.R/ play a prominent role in getting the result, which
was presented, together with a stringent proof, using Young’s inequality and some
extensions and corollaries, in the paper [97].

Theorem 4.20. Let F be nonlinear of degree .c1; c2/ with 0 < c1 � 1 � c2 at x
,
with corresponding subgradient 

, where the set M, starlike with respect to x
, is
such that kF.x/�F.x
/k � C for all x 2M and some constant C > 0. We now set
� WD c1

1�c2
> 0 and assume that the benchmark source condition (3.29) is violated,

but the corresponding distance function satisfies the limit condition d��.R/ ! 0 as
R!1. Then we have the convergence rate result

D�
��.x

ı
˛.ı/; x


/ D O �d��.‰
�1.ı//

�

as ı! 0 (4.49)

with the auxiliary function

‰.R/ WD .d��.R//
1
�

R
1

c1

; R > 0 ;

when, for sufficiently small ı > 0, the regularization parameter ˛ D ˛.ı/ satisfies the
equation

�

˛ d��

�

ˆ�1.˛/
��1=p D ı;

with

ˆ.R/ WD .d��.R//
p��

�

R
p
c1

; R > 0 :

Remark 4.21. By thorough inspection, one can verify that the rate in (4.49) is lower
than the comparable rate ' in formula (3.50) of Proposition 3.38, which was essen-
tially raised by the additional q-coercivity requirement (3.44). Following the ideas of
Theorem 4.14 we easily see that (3.50) indeed represents a convergence rate for the
Tikhonov-type regularization.

4.2.3 Tikhonov regularization under convex constraints

The case where D.F / WD C is a convex and closed subset of the Banach space X
refers to a situation of great practical interest. Here, Tikhonov-type regularization



100 Chapter 4 Tikhonov regularization in Banach spaces with general convex penalties

searches for minimizers xı˛ to the extremal problem

T˛.x/ WD 1

p
kF.x/ � yıkp C ˛�.x/! min; subject to x 2 C ; (4.50)

with convex constraints. In the following, we briefly mention results on projected
source conditions in Banach spaces, published in the joint paper [76] with J. Flemming
that complemented the earlier results of [172] and [45] in Hilbert spaces.

In Banach spaces, the normal cone of C at x
 is defined as

NC .x

/ WD ¹
 2 X� W h
; x
 � xiX��X � 0 for all x 2 Cº : (4.51)

We say that x
 satisfies a projected source condition with respect to the operator
F 0.x
/ if there are 

 2 @�.x
/ and v 2 Y � such that

.F 0.x
//�v � 

 2 NC .x

/: (4.52)

If x
 is an interior point of C , we have NC .x

/ D ¹0º and (4.52) reduces to the

ordinary source condition (3.29). Under the assumption that X is not only reflexive,
but also strictly convex, the metric projection

PC W X ! C � X
onto the convex set C is well-defined whenever C is additionally closed. Then, for
given x 2 C , there is a uniquely determined element xC D PCx 2 C such that

kxC � xk D min
Ox2C
k Ox � xk:

From [132, Proposition 2.2], with the bijective duality mapping JX2 W X ! X�, we
further have the equivalence

x
 D PC .x/ ” JX2 .x � x
/ 2 NC .x

/;

for each x 2 X . Taking into account the equation

.F.x
//�v � 

 D JX2
�

x
 C JX�

2 ..F 0.x
//�v � 

/ � x

�

;

where JX
�

2 D .JX2 /
�1 W X� ! X is the inverse duality mapping, this provides us

with the fact that the projected source condition (4.52) can be rewritten as

x
 D PC

�

x
 C JX�

2 ..F 0.x
//�v � 

/
�

;

which motivates the term ‘projected’ in condition (4.52).
We now prove a corollary of Theorems 4.13 and 4.14, with respect to the situation

of projected source conditions.
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Corollary 4.22. Let C D D.F / denote a convex and closed subset of X and let
the �-minimizing solution x
 of (3.3), with 

 2 @�.x
/, satisfy a projected source
condition (4.52) with respect to the operator F 0.x
/. Furthermore, let F satisfy the
nonlinearity condition

kF 0.x
/.x � x
/k � K �.kF.x/ � F.x
/k/ for all x 2 C (4.53)

and some concave index function � . Then Theorems 4.13 and 4.14 both apply and
supply the convergence rates

D�
��.x

ı
˛; x


/ D O.�.ı// as ı ! 0 (4.54)

for the corresponding choices of the regularization parameter ˛.

Proof. By the definition of NC .x

/ and owing to (4.53), we have, for all x 2 C ,

h

; x
 � xiX��X � h.F 0.x
//�v; x
 � xiX��X � hv; F 0.x
/.x
 � x/iY ��Y
� kvkY � kF �.x
/.x � x
/k � K kvkY � �.kF.x/ � F.x
/k/ :

Hence, we find a variational inequality (4.34) with E.x; x
/ D D�
��
.x; x
/; M D C ;

ˇ D 1 and the concave index function '.t/ D K kvkY ��.t/. Then both theorems
apply and yield (4.54).

Remark 4.23. We can handle ordinary source conditions (3.29) along the lines of
the proof of Corollary 4.22, by replacing inequalities with equations at some points,
which is done in the proof of Proposition 3.32 above. Doing this, we see the same
rate (4.54) appear. For linear forward operators A, Proposition 3.30 mentioned such a
result, implying the best possible rate (4.46), since nonlinearity requirements are not
necessary in this case. Note that, for nonlinear forward operators F , the condition
(4.53) need not hold on the whole domain D.F /. In general, it is sufficient to have
such a nonlinearity condition on sublevel sets M, covering the regularized solutions
under consideration.

4.2.4 Higher rates briefly visited

As we have seen in Section 4.2.2, convergence rates for the Bregman distance, mea-
suring the error of regularized solutions with respect to an �-minimizing solution
x
 2 DB.�/ to (3.3), can be obtained up to the limiting rate (4.46), based on source
conditions, approximate source conditions or variational inequalities and based on the
ansatz

T˛.xı˛/ � T˛.x
/; ˛ > 0;

with T˛ from (4.1). This is the so-called low-rate region. To obtain higher rates,
belonging to the so-called enhanced-rate region, higher smoothness of an element
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 2 @�.x
/ from the subdifferential with respect to the operator F 0.x
/, expressed
by stronger source conditions, is required. Moreover, for the proof of convergence
rates results, a new ansatz

T˛.xı˛/ � T˛.x
 � z/ with appropriately chosen z 2 X
is necessary. This idea has already been suggested by Tautenhahn in [136] and has
been used in different works, see for example [67, 231] for the Hilbert space and
[93, 175, 196] for the Banach space setting. In the following theorem, we sketch
convergence rates results for exponents p > 1 in the misfit term of (4.1) that have
been recently published in the joint paper [177] with A. Neubauer et al., where also
the marginal case p D 1 was studied in detail. For the proof of Theorem 4.25, we
refer to the proof of Theorem 3.3 in [177].

Before we start, we have to pose a set of additional assumptions:

Assumption 4.24.

(a) The Banach space Y is s-smooth, with s > 1.

(b) For the element x
 2 DB.�/, the set @�.x
/ contains exactly one element


 2 X�.

(c) There is an exponent r > 1 and there are constants cr > 0 and %r > 1, such that

D�� .x; x

/ � cr kx � x
kr for all x 2 D.�/ with kx � x
k � %r :

(d) There are constants cF > 0 and %F > 0 such that the nonlinearity condition

kF.x/ � F.x
/ � F 0.x
/.x � x
/k � cF D���.x; x

/

holds for all x 2 D with �.x/ � �.x
/C %F and kF.x/ � F.x
/k � %F .

Then we are ready to formulate the main theorem of this section.

Theorem 4.25. Under the Assumptions 3.11, 3.22, 3.26 and 4.24, let 

 6D 0 denote
the uniquely determined subgradient of � at the solution x
 2 DB.�/ of equation
(3.3), satisfying a source condition



 D .F 0.x
//�JY2 .F 0.x
/w/; w 2 X; (4.55)

accompanied by a corresponding smallness condition

cF kJ Y2 .F 0.x
/w/k < 1 ; (4.56)

such that zˇ WD x
 � ˇ w 2 D for sufficiently small ˇ > 0. Then for the a priori
parameter choice

c ı
.p�1/s
rCs�1 � ˛.ı/ � c ı .p�1/s

rCs�1 ; ı > 0 ; (4.57)
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and constants 0 < c � c <1, we obtain the convergence rate result

D�
��.x

ı
˛.ı/; x


/ D O
�

ı
rs

rCs�1

�

as ı ! 0 : (4.58)

From Theorem 4.25 we find, for all p > 1 that, with appropriate parameter choices
and in case of r D 2 in Assumption 4.24 (c), the Hölder rate result

D�
��.x

ı
˛.ı/; x


/ D O
�

ı
2s

sC1

�

as ı ! 0

can be established. According to Assumption 4.24 (a), the associated rate exponent
grows, with the smoothness s 2 .1; 2	 of the space Y , from 1 to 4/3. The maximal rate
exponent 4/3 characterizes the limiting case s D 2 of a Hilbert space situation. As
an aside, we note that the a priori choice (4.57) of the regularization parameter in the
enhanced-rate region satisfies the condition (4.16), but the decay rate of that function
˛.ı/ ! 0 as ı ! 0 is slower than for the choice ˛ � ıp�1, yielding the best rate
O.ı/ in the low-rate region (cf. Proposition 4.19).

4.2.5 Rate results under conditional stability estimates

In this section, following and extending the ideas of [47] and [113, §6.2], we will com-
bine Tikhonov-type regularization and conditional well-posedness (cf. Section 3.1.3),
based on conditional stability estimates, which are of significant interest for parameter
identification problems in partial differential equations and here attain the form

kx1 � x2k � C.R/'.kF.x1/� F.x2/k/ for all x1; x2 2MR: (4.59)

The radius-dependent families of sets

MR WD ¹x 2 D.F /\Z W kxkZ � Rº; (4.60)

on which the conditional stability (4.59) has been established, use a Banach space Z
with norm k�kZ . This subspaceZ ofX is densely defined and continuously embedded
in X . Moreover, let there exist constants C.R/ > 0, for all radii R > 0 and an index
function ' such that (4.59) is valid. We use the Tikhonov-type regularization to find
stable approximate solutions to the nonlinear ill-posed operator equation (3.3).

Theorem 4.26. Under the conditional stability estimate (4.59)–(4.60), with a con-
cave index function ' and constants C.R/ > 0 for all radiiR > 0, consider Tikhonov-
regularized solutions xı˛ as minimizers of the extremal problem

T˛.x/ WD 1
p
kF.x/ � yıkp C ˛ 1

q
kxkqZ ! min;

subject to x 2 D.F /\Z � X; (4.61)
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with exponents 1 < p; q <1, where the regularization parameter is chosen a priori
as

c ıp � ˛.ı/ � c ıp; ı > 0 ; (4.62)

for constants 0 < c � c < 1. If there is a solution x
 2 D.F / \ Z of equation
(3.3), then we have a convergence rate result of the form

kxı˛.ı/ � x
k D O.'.ı// as ı! 0 : (4.63)

Proof. We have

kF.xı˛/ � yık�
�

pT˛.xı˛/
�1=p�

�

pT˛.x
/
�1=p�

�

p ıp C ˛ p
q
kx
kqZ

�1=p

:

For the parameter choice (4.62), with focus on the upper bound and with the constant

K WD
�

p C c p
q
kx
kqZ

�1=p

;

this yields the discrepancy norm estimate

kF.xı˛.ı// � yık � K ı :
Also from the extremal properties of the regularized solutions, one derives

˛kxı˛kqZ � q T˛.x
/ � q ıp C ˛ kx
kqZ
and further, with the lower bound in (4.62),

kxı˛.ı/kZ �
�

q ıp

c ıp
C kx
kqZ

�1=q

D
�

q

c
C kx
kqZ

�1=q

:

By settingR WD .qcCkx
kqZ/1=q , we then have kxı
˛.ı/
kZ � R, as well as kx
kZ � R

and hence, with x
; xı
˛.ı/
2 MR, the conditional stability estimate (4.59), together

with (4.37), as a consequence of the concavity of ', provide us with the chain of
inequalities

kxı˛.ı/ � x
k � C.R/'.kF.xı˛.ı// � yık/ � C.R/'.Kı/ � K C.R/'.ı/ :
This implies (4.63) and completes the proof.

Remark 4.27. As we see the convergence rate (4.63) is imposed on the problem
by the character of the conditional stability estimate. In this context, Tikhonov-type
regularization only acts as an auxiliary tool to ensure that all regularized solutions lie
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within a common stability domain MR. So, for the case '.t/ D O.t/ as t ! 0, it is
also possible to obtain a convergence rate

kxı˛.ı/ � x
k D O.ı/ as ı ! 0 : (4.64)

Note that such convergence rates (4.64), typical for well-posed problems but atypical
for ill-posed problems, in exceptional cases can also be proved when regularization is
applied to ill-posed operator equations under sparsity constraints, as briefly mentioned
in the next subsection. From this point of view, sparsity in the sense that the solutions
x
 belong to a finite dimensional subspace of X , is a specific form of conditional
well-posedness.

4.2.6 A glimpse of rate results under sparsity constraints

Motivated by numerous applications in imaging and other fields, the amount of lit-
erature on convergence and convergence rates for Tikhonov-regularized solutions of
linear and nonlinear ill-posed operator equations with forward operatorsA or F , map-
ping between Banach spaces X and Y , under sparsity constraints, assumed vast pro-
portions in the past few years. Sparsity constraints hold whenever the solution x


of the operator equation under consideration can be written as a linear combination
of a finite number of functions from a basis (frame) in X , where it is unfortunately
unknown which frame functions are active for the present solution.

In this subsection, we consider the Tikhonov-type regularization (4.1) of the op-
erator equation (3.3) under sparsity constraints with in general nonlinear operators
F , mapping from an infinite dimensional and separable Hilbert space X , with the
orthonormal basis ¹�nº1nD1, to the reflexive Banach space Y , by using the family of
convex penalty functionals

�.x/ WD
1
X

nD1
wn jh�n; xijq with 1 � q � 2 and wn � wmin > 0 : (4.65)

Again, the symbol xı˛ denotes a regularized solution, associated with the regulariza-
tion parameter ˛ > 0. Existence, stability and convergence results along the lines of
Section 4.1 can be found for � from (4.65) since, with

kxk D
 1
X

nD1
jh�n; xij2

!1=2

�
 1
X

nD1
jh�n; xijq

!1=q

� w�1=q
min �.x/;

for all x 2 X , this penalty functional is stabilizing in the sense of Assumption 3.22 (c).
For details we refer to [210, Section 3.3], where also the explicit form of the sub-
differential @�.x
/ (cf. formula (3.52) on p. 81 of [210]) and of the Bregman distance
D�
��.x; x


/ are given. In the case where x
 is sparse and 1 < q � 2 one can even
show the 2-coercivity of the Bregman distance for � from (4.65).
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With respect to convergence rates, for a birds-eye view of this topic, we select a
rate result by Grasmair, Haltmeier and Scherzer from [81], which came as a surprise
immediately after its publication. In this paper, it was shown that, for the special
case q D 1 in the exponent of the penalty functional �, the super-rate (4.64) occurs,
which can generally only be seen for well-posed problems. We present this result, in
a slightly modified version, as Theorem 4.30, where we sketch the proof only with
respect to the modification, presupposing the assertions and the corresponding proofs
of Theorems 14 and 15 in [81]. For further studies on regularization under sparsity,
we refer to the papers [55,82,189,191,192] with numerous references therein, as well
as to the handbook [209].

For the sparsity situation, we further complement our standing assumptions on F ,
D.F / and the condition p > 1 for the exponent in the fidelity term by Assump-
tion 4.24, in order to obtain the rate results of Theorem 4.30.

Assumption 4.28.

(a) We have an �-minimizing solution x
 of (3.3), which is sparse in the sense that
there is a k 2 N and a finite subset .n1; n2; : : : ; nk/ of indices ni 2 N, such that
x
 2 span.�n1

; �n2
; : : : ; �nk

/, i.e., x
 belongs to a k-dimensional subspace of
X .

(b) The operator F is Gâteaux-differentiable at x
, and for every finite set J 
 N the
restriction of its derivativeF 0.x
/ to the finite dimensional subspace ¹�j ; j 2 J º
is injective.

(c) There exists some 

 2 @�.x
/, such that the benchmark source condition (3.29)
is satisfied.

(d) There exist constants �1; �2;� 0 such that

kF.x/�F.x
/ � F 0.x
/.x � x
/k
� �1D

�
��.x; x


/C �2 kF.x/ � F.x
/k
(4.66)

holds for 

 from (c) and all x 2MT˛
.%/ (cf. (3.33)) for sufficiently large % > 0.

Remark 4.29. Taking into account the Gâteaux-differentiability of F at x
 due to
Propositions 3.30 and 3.31, the requirement of Assumption 4.28 (c), concerning the
solution smoothness, is equivalent to a variational inequality (3.37), which needs to
hold for all x 2 MT˛

.%/ and sufficiently large % > 0. On the other hand, the nonlin-
earity condition, expressed in other terms by Assumption 4.28 (d), indicates a degree
of nonlinearity .c1; c2/ of F at x
, with max.c1; c2/ D 1 for the Bregman distance
D��.�; x
/ of �, with 

 2 @�.x
/ (cf. Definition 3.37). This is not a too strong
condition and includes the common cases (3.42) with c1 D 1; c2 D 0 and (3.46) with
c1 D 0; c2 D 1.
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Now, we are ready to formulate rate results with respect to the error norm in X . In
our formulation, we suppress the fact that parts of Assumption 4.28 are only required
for q D 1. For details, we refer to [81] and [210, Section 3.3].

Theorem 4.30. If 1 � q � 2 in the penalty functional (4.65) then, under Assump-
tion 4.28 and for an a priori parameter choice ˛.ı/ � ıp�1 with p from (4.61), we
obtain the convergence rate

kxı˛.ı/ � x
k D O
�

ı1=q
�

as ı ! 0 :

In particular, for q D 1 in (4.65), this even ensures the super-rate

kxı˛.ı/ � x
k D O .ı/ as ı ! 0 :

Proof. The rate results immediately follow from the proofs of Theorems 14 and 15 in
[81], if we can show that the items (c) and (d) of Assumption 4.28 imply the existence
of constants �3; �4; �5; �6 > 0 such that the inequalities

kF.x/ � F.x
/ � F 0.x
/.x � x
/k
� �3 .�.x/ ��.x
// C �4 kF.x/ � F.x
/k

(4.67)

and

�5 h

; x
 � xiX��X � �.x/ ��.x
/C �6 kF.x/ � F.x
/k (4.68)

are valid for all x 2MT˛
.%/. Evidently, (4.66) implies (4.67), because

D�
��.x; x


/ � ˇ3 .�.x/ ��.x
// C ˇ4 kF.x/ � F.x
/k;

with some constants ˇ3 > 0 and ˇ4 � 0, as a reformulation of (3.37) (cf. Sec-
tion 4.2.1), is a consequence of the benchmark source condition (3.29). It follows
directly from the variational inequality (3.37), valid for 0 � ˇ1 < 1 and for all
x 2MT˛

.%/, that (4.68) holds, with �5 D 1 � ˇ1 > 0. This completes the proof.

Taking into account the results of the previous subsection on conditional stability,
we see that the super-rate (4.64) in the case q D 1 is not such a sensation after all: the
chance to obtain such a rate is given for problems which are originally ill-posed but
possess a hidden stability potential or, in other words, they are well-posed shrouded in
an ill-posed environment. As in the case of conditional stability in Section 4.2.5, the
Tikhonov-type regularization is only an auxiliary tool, thriving on the hidden well-
posedness of the problem, also under sparsity constraints.



Chapter 5

Tikhonov regularization of linear operators with
power-type penalties

Now that we have presented the general results concerning the regularization prop-
erties for a wide range of nonlinear operators and penalty terms, we turn our focus,
in this chapter, to the important special case of a bounded linear forward operator.
Moreover, we restrict our considerations to convex penalty functionals

�.x/ D 1
q
kxkq

X
;

which are powers of the norm in X , with exponents q > 1. The aim of this chapter is
to collect all information about this case in one place. We will, therefore, once more
discuss source conditions and the resulting estimates for the error measure, being a
Bregman distance. Moreover, we will revisit the parameter choice rules, discussed
in Chapter 4, in the sense of a priori parameter choices and of the discrepancy prin-
ciple. We will also introduce a modified version of the discrepancy principle and,
finally, present two minimization schemes for the Tikhonov functional, together with
a convergence analysis for the corresponding minimization schemes. Some results
that were presented in Chapter 4 will be restated in a form adapted to the setting
considered in this chapter.

Throughout this chapter the Tikhonov functional is given by

T˛.x/ WD 1
p
kAx � yıkpY C ˛ 1qkxkqX ;

where p; q > 1 and A is a bounded (continuous) linear operator.
First, we recall that, due to the results proved in Chapter 4, the minimizers xı˛ of the

Tikhonov functional are well-defined and provide a regularization method, i.e. xı
˛.ı/

converges to x
 as ı ! 0 if the regularization parameter ˛ D ˛.ı/ is chosen appro-
priately. However, the convergence of xı

˛.ı/
to x
 can be arbitrarily slow. Therefore,

additional conditions, namely source conditions, have to be assumed, in order to ob-
tain convergence rates with respect to some error measure E.xı˛; x


/. In the previous
chapter, Bregman distances proved to be the appropriate tool for measuring the error.
For the reader’s convenience, we omit the indices of the dual pairing h�; �i, since it is
clear from the context whether we mean h�; �iX��X or h�; �iY ��Y . Furthermore we set
jq D jXq ; Jq D JXq ; jp D j Yp and Jp D J Yp .

5.1 Source conditions

We begin our analysis with the presentation of two source conditions and the resulting
error estimates, with respect to the Bregman distance. The corresponding low-order
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source condition is given here by

jq.x

/ D A�w for some jq 2 Jq andw 2 Y �; (5.1)

whereas the high order source condition is here defined by

jq.x

/ D A�jp.Aw/ for some jq 2 Jq ; jp 2 Jp and w 2 X: (5.2)

We mention that such source conditions have already been introduced by formulas
(3.22) and (3.23).

Using these source conditions, we will provide estimates for the error measure,
given by the Bregman distanceDjq

.xı˛ ; x

/. Moreover, by exploiting these estimates,

we will be able to show convergence rates of the form

Djq
.xı˛ ; x


/ � C � ı	 ;
i.e., convergence rates with respect to the Bregman distance. In particular, we will
give an alternative proof that Morozov’s discrepancy principle, together with the low
order source condition, yields the convergence rateDjq

.xı˛; x

/ � C � ı: We note that

this result was already proved in Theorem 4.13 in a more general setting, since the
low order source condition implies the variational inequality (4.34), with '.t/ D t ,
cf. [81, Proposition 11].

For the low order source condition (5.1) we obtain the following estimate:

Theorem 5.1. Let the low order source condition (5.1) hold. Then we have

Djq
.xı˛ ; x


/ � ˛�1 � 1
p
.ıp � kAxı˛ � yıkp/C kwk.kAxı˛ � yık C ı/

and
Djq

.xı˛; x

/ � 1

p�kwkp� � ˛p��1 C 1
p
˛�1 � ıp C kwkı:

Proof. Since xı˛ minimizes the Tikhonov functional, we have

1
p
kAxı˛ � yıkp C ˛Djq

.xı˛; x

/

D 1
p
kAxı˛ � yıkp C ˛ 1qkxı˛kq � ˛ 1qkx
kq � ˛hjq.x
/; xı˛ � x
i

� 1
p
kAx
 � yıkp C ˛ 1

q
kx
kq � ˛ 1

q
kx
kq � ˛hjq.x
/; xı˛ � x
i

� 1
p
ıp � ˛hjq.x
/; xı˛ � x
i:

Due to the source condition, we get

�˛hjq.x
/; xı˛ � xi D ˛h�w;Axı˛ � Ax
i � ˛kwkkAxı˛ � yk
� ˛kwkkAxı˛ � yık C ˛kwkı;
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which proves the first claim. By Young’s inequality we have

˛kwkkAxı˛ � yık � 1
p
kAxı˛ � yıkp C 1

p�kwkp�

˛p
�

and therefore

1
p
kAxı˛ � yıkp C ˛Djq

.xı˛; x

/

� 1
p
kAxı˛ � yıkp C 1

p� kwkp� � ˛p� C 1
p
ıp C ˛kwkı;

which is equivalent to the second claim.

The astonishing fact concerning the above theorem is that no properties of the space
X are used in the proof. However, to translate the convergence with respect to the
Bregman distance into norm convergence, one has to assume a convexity property on
X , like uniform convexity or convexity of power type.

Next, we consider the high order source condition (5.2). For this source condition,
Hein (cf. [94, Lemma 3.1]) proved an estimate of the Bregman distance.

Theorem 5.2. Let the high order source condition (5.2) be valid. Then, we have with
� D ˛1=.p�1/

Djq
.xı˛; x


/ � Djq
.x
 � �w; x
/C ˛�1 �Djp.A.x
 � �w/� yı ;�A.�w//:

Proof. Since
1
q
kykq � 1

q
kxkq D Djq

.y; x/C hjq.x/; y � xi;
we have

1
q
kxı˛kq � 1

q
kx
 � �wkq D 1

q
kxı˛kq � 1

q
kx
kq � .1

q
kx
 � �wkq � 1

q
kx
kq/

D Djq
.xı˛ ; x


/C hjq.x
/; xı˛ � x
i
�Djq

.x
 � �w; x
/ � hjq.x
/; .x
 � �w/� x
i
D Djq

.xı˛ ; x

/�Djq

.x
 � �w; x
/
C hjq.x
/; xı˛ C �w � x
i:

Since xı˛ is the minimizer of the Tikhonov functional, with the above equality, we get
the estimate

1
p
kAxı˛ � yıkp C ˛Djq

.xı˛; x

/

D 1
p
kAxı˛ � yıkp C ˛ 1qkxı˛kq � ˛ 1qkx
 � �wkq
C ˛Djq

.x
 � �w; x
/� ˛hjq.x
/; xı˛ C �w � x
i
� 1pkA.x
 � �w/� yıkp
C ˛Djq

.x
 � �w; x
/� ˛hjq.x
/; xı˛ C �w � x
i :
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Moreover, we have

1
p
kA.x
 � �w/ � yıkp D Djp .A.x
 � �w/� yı ;�A.�w//C 1

p
k � A.�w/kp

C hjp.�A.�w//; .A.x
 � �w/� yı/ � .�A.�w//i
D Djp .A.x
 � �w/� yı ;�A.�w//C 1

p
kA.�w/kp

� hjp.A.�w//;Ax
 � yıi
and

�hjp.A.�w//;Ax
 � yıi C 1
p
kA.�w/kp

D �hjp.A.�w//;Ax
 � Axı˛ C Axı˛ � yıi C 1
pkA.�w/kp

D �hA�jp.A.�w//; x
 � xı˛i � hjp.A.�w//;Axı˛ � yıi C 1
p
kA.�w/kp :

Due to Cauchy’s inequality and Young’s inequality we derive

�h�jp.A.�w//;Axı˛ � yıi C 1
p
kA.�w/kp

� 1
p�kjp.A.�w//kp� C 1

p
kA.�w/kp C 1

p
kAxı˛ � yıkp :

By the properties of the duality mapping it follows that

1
p�kjp.A.�w//kp� C 1

p
kA.�w/kp D 1

p�kA.�w/kp�.p�1/ C 1
p
kA.�w/kp

D kA.�w/kp
D hjp.A.�w/;A.�w/i
D �hA�jp.A�w/;��wi :

Hence, we obtain

� hjp.A.�w//;Ax
 � yıi C 1
p
kA.�w/kp

� �hA�jp.A.�w//;�xı˛ � �w C x
i C 1
pkAxı˛ � yıkp :

Altogether we then have

1
p
kA.x
 � �w/� yıkp � Djp .�A.�w/;A.x
 � �w/� yı/

� hA�jp.A.�w//;�xı˛ � �wC x
i
C 1

pkAxı˛ � yıkp:

Due to � D ˛1=.p�1/ and with the source condition, we get

A�jp.A.�w// D ˛A�jp.Aw/ D j̨q.x

/
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yielding

1
p
kAxı˛ � yıkp C ˛Djq

.x
; xı˛/

� 1
p
kA.x
 � �w/� yıkp C ˛Djq

.x
 � �w; x
/ � ˛hjq.x
/; xı˛ C �w � x
i
� ˛Djq

.x
 � �w; x
/ � ˛hjq.x
/; xı˛ C �w � x
i
CDjp.A.x
 � �w/� yı ;�A.�w//
� ˛hjq.x
/;�xı˛ � �wC x
i C 1

pkAxı˛ � yıkp
D ˛Djq

.x
 � �w; x
/CDjp.A.x
 � �w/� yı ;�A.�w//C 1
p
kAxı˛ � yıkp:

This proves the theorem.

Remark 5.3. If Y is a Hilbert space then, with p D 2, we can estimate

Djp.A.x

 � �w/ � yı ;�A.�w// D 1

2
ky � yık2 � 1

2
ı2:

Hence, Theorem 5.2 is a generalization of the results, presented in [196, p.1308] as a
remark and a corollary.

Corollary 5.4. Let x
 be a minimum norm solution of Ax D y and let there exist
w 2 X; jq 2 Jq and jp 2 Jp satisfying

jq.x

/ D A�jp.Aw/:

Furthermore, let xı˛ be a minimizer of the Tikhonov functional

T˛.x/ WD 1
pkAx � yıkp C ˛ � 1qkxkq

with ky � yık � ı and let Y be p-smooth, as well as X be q-smooth . Then, there
exists a constant C > 0, independent of x
 and xı˛ , such that

Djq
.xı˛; x


/ � C.˛q=.p�1/kwkq C ˛�1ıp/:

Proof. Due to Theorem 5.2 and the smoothness of power type of X and Y , we have
with � D ˛1=.p�1/

Djq
.xı˛; x


/ � Djq
.x
 � �w; x
/C ˛�1 �Djp.A.x
 � �w/� yı ;�A.�w//

� C.k�wkq C ˛�1kAx
 � yıkp/:
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5.2 Choice of the regularization parameter

The aim of this section is to show convergence rates of the form Djq
.xı
˛.ı/

; x
/ �
C � ı	 of the minimizers xı

˛.ı/
to the minimum norm solution x
. To achieve this, we

will consider the source conditions introduced in the previous section, together with
an appropriate parameter choice rule for ˛.

First, we consider a priori choice rules ˛.ı/ � ı� , where � > 0. Then, we will dis-
cuss the discrepancy principle, which results in the convergence rate
Djq

.xı˛; x

/ � C � ı; cf. Theorem 4.13.

To obtain better convergence rates, H. W. Engl, in [66], proposed an alternative
discrepancy principle. In the last part of this section, we will show that the discrepancy
principle of Engl can be generalized to the setting of Banach spaces, in the best case
yielding better convergence rates than for the discrepancy principle of Morozov.

5.2.1 A priori parameter choice

For a priori parameter choice rules of the form ˛.ı/ � ı� , with � > 0, convergence
rates results with respect to the Bregman distance are straightforward consequences
of Proposition 4.19, for the low order source condition and of Theorem 4.25 for the
high order source condition, respectively.

In this section, we will draw the conclusions of these theorems by means of the
Bregman distance estimates, proved in the previous section.

Theorem 5.5. Let x
 be the minimum norm solution of Ax D y and xı˛ a minimizer
of the Tikhonov functional T˛.x/ D 1

pkAx � yıkp C ˛ � 1qkxkq with ky � yık � ı
and p > 1.

(a) If jq.x
/ D A�w for some jq 2 Jq and ˛ is given by

˛ � ıp�1;

then
Djq

.xı˛.ı/; x

/ � C � ı :

(b) If jq.x
/ D A�jp.Aw/ for some jq 2 Jq; jp 2 Jp and if the space X is smooth
of power type q, as well as Y smooth of power type p, then for ˛, given by

˛ � ıp.p�1/=.pCq�1/

we have
Djq

.xı˛.ı/; x

/ � C � ıpq=.pCq�1/:

In both cases, the constant C neither depends on xı˛ nor on ˛.
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Proof. First, consider the low order source condition jq.x
/ D A�w. By Theo-
rem 5.1, we have

Djq
.xı˛; x


/ � 1
p� kwkp� � ˛p��1 C 1

p
˛�1 � ıp C kwkı:

Then, the optimal choice of ˛.ı/ is given by ˛ � ıp�1, resulting in the convergence
rate Djq

.xı
˛.ı/

; x
/ � C � ı. Alternatively, the claim can be regarded as a direct
consequence of Proposition 4.19 for � D 1.

Next, we consider the high order source condition jq.x
/ D A�jp.Aw/. Since the
spaceX is smooth of power type q and Y is smooth of power type p, by Corollary 5.4,
we get that

Djq
.xı˛; x


/ � C.˛q=.p�1/kwkq C ˛�1ıp/:

Therefore, the optimal rate ıpq=.pCq�1/ is achieved for ˛ � ıp.p�1/=.pCq�1/.

Alternatively, assertion (b) of Theorem 5.5 can be seen as a consequence of Theo-
rem 4.25.

Remark 5.6. If, in addition to the assumptions of the latter theorem, the space X is
convex of power type, say �-convex, then both convergence rates can be expressed in
terms of the norm of X .

First, we see that

˛ 1
q
kxı˛kq � T˛.xı˛/ � T˛.x
/ � 1

p
ıp C ˛ � 1

p
kx
kp:

Hence, for all sufficiently small ˛ and ı, the minimizers xı˛ are uniformly
bounded.

(a) First, assume that the low order source condition jq.x
/ D A�w holds. If � � q,
then, by Corollary 2.61,

Ckx
 � xı˛.ı/kq � Djq
.xı˛.ı/; x


/ � C � ı
and consequently

kx
 � xı˛.ı/k � C � ı1=q :
Notice that this is the rate mentioned in Theorem 4.30. If, on the other hand,
q � � then, again by Corollary 2.61,

C.kx
k C kxı˛.ı/k/q�	kx
 � xı˛.ı/k	 � Djq
.xı˛.ı/; x


/ � C � ı

and, by the boundedness of xı
˛.ı/

, we have

kx
 � xı˛.ı/k � C � ı1=	

for all sufficiently small ı.
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(b) Assume, on the other hand, that the high order source condition jq.x

/ D

A�jp.Aw/ holds, where X is q-smooth. Then, by Theorems 2.50 and 2.51,
we know that q � �. Hence, once again by Corollary 2.61, we get

kx
 � xı˛.ı/k � C � ıpq=Œ.pCq�1/	�

for sufficiently small ı.

5.2.2 Morozov’s discrepancy principle

As discussed in Chapter 4, the discrepancy principle from formula (4.19) is a powerful
way of choosing the regularization parameter. In this section, we want to show that
the rate obtained in Theorem 4.13 in a more general setting, can also be found by
exploiting the distance estimates of Section 5.1.

Without loss of generality, we will consider the discrepancy principle with �1 D
�2 DW � . Hence, the parameter ˛ D ˛.ı; yı / is chosen via

kAxı
˛.ı;yı/

� yık D �ı;

where the parameter � has to be chosen so as to ensure that such ˛.ı; yı / exists. For
the remaining part of the section, we will assume that this is the case. However, we
note that, for linear A, the proof of existence can be carried out along the lines of the
proofs in [121] or [21]. We also refer to the first part of the proof of Theorem 7.13 in
Chapter 7 below and of Theorem 3 in [129].

Under these assumptions, the following convergence rate can be shown:

Theorem 5.7. Let x
 be a minimum norm solution of Ax D y, such that jq.x
/ D
A�w for some jq 2 Jq and w 2 Y �. Let xı˛ be a minimizer of the Tikhonov functional
T˛.x/ WD 1

p
kAx � yıkp C ˛ � 1

q
kxkq , where p > 1. Moreover, let � > 1 be chosen

such that, for yı , with ky � yık � ı, there exists an ˛.ı; yı / such that

kAxı
˛.ı;yı/

� yık D �ı:
Then,

Djq
.xı
˛.ı;yı/

; x
/ � .1C �/kwk ı :
Proof. By Theorem 5.1 we have

Djq
.xı˛; x


/ � ˛�1 � 1
p
.ıp � kAxı˛ � yıkp/C kwk.kAxı˛ � yık C ı/ :

Since kAxı
˛.ı;yı/

� yık D �ı, with � > 1, we have

ıp � kAxı
˛.˛;yı/

� yıkp D ıp � .�ı/p � 0:

This proves the claim, since kAxı
˛.ı;yı/

� yık C ı D �ıC ı.
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5.2.3 Modified discrepancy principle

It is well known that, at least if X and Y are Hilbert spaces and for q D 2, the con-
vergence rate obtained in the previous section is the best one possible for Morozov’s
discrepancy principle (cf. [67, Section 4.3]). This fact is known as early saturation of
Morozov’s discrepancy principle and is its fundamental drawback. Therefore, we will
consider a modified version of the discrepancy principle, which does not exhibit this
phenomenon.

In [66], it was shown that the choice of ˛.ı; yı / from

kA�j Yp .Axı˛.ı;yı/
� yı/kq�

X� D ır˛�s; r; s > 0; (5.3)

leads to an optimal convergence rate in the Hilbert space setting, if the parameters
r and s are chosen appropriately. Hence, this modified version of the discrepancy
principle does not suffer from early saturation.

Since [66] was published, the modified discrepancy principle was extended to non-
linear operator equations in Hilbert spaces in [124]. In this section, we will show
that this modified approach can also be extended to linear operators mapping between
Banach spaces.

We will present the claims as a series of theorems. First, in Theorem 5.9, we in-
dicate that, in Banach spaces, the modified discrepancy principle is well-defined. In
Theorem 5.11, we will emphasize that it is a regularization and, finally, in Theo-
rem 5.12, we will show that the same convergence rates are achieved as for a priori
parameter choice, if one of the source conditions

jq.x

/ D A�w w 2 Y �

or
jq.x


/ D A�jp.Aw/ w 2 X
holds.

Remark 5.8. We remark that all results of this section are also true if ˛.ı; yı / is
chosen in a more general way. Namely, if ˛.ı; yı / is selected such that

kA�j Yp .Axı˛.ı;yı/
� yı/kq�

X� � ır˛�s ;

i.e.
c � ır˛�s � kA�jYp .Axı˛.ı;yı/

� yı /kq�

X� � C � ır˛�s;

where the constants 0 < c � C are independent of ı and yı .
However, for the sake of clarity, we will prove the claims for c and C being both

set to one.

We shall show that the for ˛ > 0, (5.3) is well-defined.
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Theorem 5.9. Let X be convex of power type and Y be smooth of power type. Then,
for every r; s > 0; p; q > 1; ı > 0; yı 2 Y , with A�jp.yı / ¤ 0, there exists a
regularization parameter ˛ > 0 such that

kA�jYp .Axı˛ � yı /kq
�

X� D ır˛�s

is satisfied and hence the parameter choice (5.3) is well-defined.

Proof. We will prove the claim in three steps:

(a) First, we show that ˛skA�jp.Axı˛ � yı /kq� ! 0 as ˛ ! 0.

(b) Then, we will show that ˛skA�jp.Axı˛ � yı/kq� !1 as ˛ !1.

(c) Finally, we will show that the function ˛ 7! ˛skA�jp.Axı˛ � yı/kq�
is contin-

uous.

First, we notice that

A�Jp.Axı˛ � yı/ D @. 1pkA � �yıkp/.xı˛/
and, due to smoothness of power type of Y , the duality mapping Jp is single valued.

The optimality condition for T˛ is given by 0 2 A�Jp.Axı˛ � yı/ C ˛ Jq.x
ı
˛/.

Hence, there exists a jq 2 Jq , such that

A�jp.Axı˛ � yı /C ˛ � jq.xı˛/ D 0
and we have

kA�jp.Axı˛ � yı /kq
� D ˛q�kxı˛kq � ˛q

��1qT˛.xı˛/ � ˛q
��1qT˛.x
/:

For bounded ˛, the term kA�jp.Axı˛ � yı /kq�

is bounded and the limit condition
˛skA�jp.Axı˛ � yı/kq� �! 0 as ˛ �! 0 holds.

Moreover, we have

kxı˛kq�1 � ˛�1kA�kkAxı˛ � yıkp�1

� C � ˛�1T˛.xı˛/
p�1

p

� C � ˛�1T˛.x
/
p�1

p

� C � ˛�1.C C ˛ � C/p�1
p

� C � .˛�1 C ˛�1=p/

This implies that xı˛ �! 0 as ˛ �!1.
The space Y is assumed to be smooth of power type, say %-smooth. Then, by the

Xu–Roach inequalities (cf. Theorem 2.42), we obtain

kA�jp.Axı˛ � yı/ � A�jp.yı /k � C � kjp.Axı˛ � yı/ � jp.yı /k
� C � .max¹kAxı˛ � yık; kyıkº/p�%kxı˛k%�1:
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If p � % then, by xı˛ �! 0 as ˛ �! 1, there exists a constant C > 0 such that, for
all sufficiently large ˛ > 0

.max¹kAxı˛ � yık; kyıkº/p�% � .kAkkxı˛k C kyık/p�% � C:
If, on the other hand, p < %, then we know, as a consequence of A�jp.yı / ¤ 0, that
yı ¤ 0. Then there exists a constant C > 0 such that

.max¹kAxı˛ � yık; kyıkº/p�% � 1=kyık%�p � C:
Hence, for ˛ !1, the convergence

kA�jp.Axı˛ � yı /kq
� �! kA�jp.yı /kq�

> 0

and consequently ˛skA�jp.Axı˛ � yı/kq� �!1 as ˛ �!1 hold.
Finally, we show that the mapping ˛ 7! ˛skA�jp.Axı˛ � yı/kq�

is continuous.
Because of kA�jp.Axı˛ � yı/k D ˛kxı˛kq�1, this is true if ˛ 7! kxı˛k is continuous.

Now let ˛ > 0 be fixed. Since X is convex of power type and since Jp is the
subgradient of 1pk � kp, we have, for every ˇ > 0,

1
p
kAxı˛ � yıkp � 1

p
kAxıˇ � yıkp C hjp.Axıˇ � yı /; Axı˛ � Axıˇ i

˛ 1
q
kxı˛kq � ˛ 1qkxıˇkq C ˛hjq.xıˇ /; xı˛ � xıˇ i C ˛�q.xıˇ ; xıˇ � xı˛/;

where the function �q > 0 is defined as in Theorem 2.40. Summing up the inequalities
and taking into account the optimality condition, we get

T˛.x
ı
˛/ � T˛.xıˇ /C .˛ � ˇ/hjq.xıˇ /; xı˛ � xıˇ i C ˛�q.xıˇ ; xıˇ � xı˛/:

Since xı˛ minimizes T˛, we have 0 � T˛.xı˛/� T˛.xıˇ /. Hence,

0 � ˛�p.xıˇ ; xıˇ � xı˛/ � .˛ � ˇ/hjq.xıˇ /; xı˛ � xıˇ i � .˛ � ˇ/kxıˇ kq�1kxı˛ � xıˇk:
Moreover, for all sufficiently small ı > 0, and all ˇ sufficiently close to ˛, we

havekxı
ˇ
k � C (cf. Remark 5.6). Therefore,

˛�q.x
ı
ˇ ; x

ı
ˇ � xı˛/ � jˇ � ˛j � kxıˇkq�1kxı˛ � xıˇk � C jˇ � ˛j � kxı˛ � xıˇk:

If q�� � 0, we have, by Corollary 2.61 of the Xu–Roach inequalities for convexity
of power type and by the uniform boundedness of the minimizers of the Tikhonov
function, for all sufficiently small ˛; ˇ; ı > 0,

�q.x
ı
ˇ ; x

ı
ˇ � xı˛/ � C.kxı˛k C kxıˇk/p�	kxı˛ � xıˇk	 � Ckxı˛ � xıˇk	

and we get
˛ � Ckxı˛ � xıˇk	�1 � jˇ � ˛j:

Thus, kxı
ˇ
k �! kxı˛k as ˇ �! ˛ > 0.
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If, on the other hand, q � � > 0, then, again by Corollary 2.61,

�q.x
ı
ˇ ; x

ı
ˇ � xı˛/ � Ckxı˛ � xıˇkq

and thus
˛ � Ckxı˛ � xıˇkq�1 � jˇ � ˛j:

Therefore, again kxı
ˇ
k �! kxı˛k as ˇ �! ˛ > 0 is valid. This completes the

proof.

Remark 5.10. If Y is smooth of power type and A�Jp.y/ ¤ 0, then for all suffi-
ciently small ı > 0, we also have A�Jp.yı / ¤ 0, since Jp is Hölder continuous
on bounded subsets of spaces smooth of power type (cf. Corollary 2.44). Hence, if
A�Jp.y/ ¤ 0, the assumption of the latter theorem is satisfied for sufficiently small
ı > 0. In the next theorem, we will see that this condition is also sufficient to show
the regularization property.

Theorem 5.11. Let X be convex of power type, Y be smooth of power type, x
 be the
minimum norm solution of Ax D y with y 2 R.A/, where A�jp.y/ ¤ 0. Moreover,
let r; s > 0; p; q > 1 be such that

.s C q� � 1/p � r � 0:
Then

xı
˛.ı;yı/

�! x
 as ı �! 0:

i.e., the parameter choice under consideration leads to a regularization method.

Proof. Since Y is smooth of power type, the duality mapping Jp is single valued
and continuous on bounded sets (cf. Corollary 2.44). Therefore, by Theorem 5.9, the
parameter choice (5.3) is well-defined for all sufficiently small ı > 0.

We will prove the claim in two steps:

(a) First, we show that ˛.ı; yı /! 0 as ı ! 0.

(b) Next, we show that ıp=˛.ı; yı /! 0 as ı ! 0.

Hence, the claim is a consequence of the regularization property of the minimizers of
the Tikhonov functional.

Due to the optimality condition, we have

˛.ı; yı /q
�kxı

˛.ı;yı/
kq D kA�jp.Axı˛.ı;yı/

� yı /kq� D ır˛.ı; yı /�s : (5.4)

Assume there is a sequence ın ! 0 as n ! 0 such that, for ˛n WD ˛.ın; y
ın/,

we have lim supn!1 ˛n � c > 0. Without loss of generality, we can assume that
limn!1 ˛n D c and that ˛n > c=2 for all n 2 N. Due to (5.4) we have

kxın
˛n
kq D ırn˛�.sCq�/

n � ırn.c=2/�.sCq
�/ �! 0:
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Since jp is continuous on bounded sets, we get

0 D lim
n!1 ırn.c=2/

�s � lim
n!1 ırn˛

�s
n

D lim
n!1 kA

�jp.Axın
˛n
� yın/kq� D kA�jp.y/kq�

> 0:

Hence, we get ˛.ı; yı / �! 0 as ı �! 0.
Furthermore, we have

ır D ˛.ı; yı /sCq�kxı
˛.ı;yı/

kq � ˛.ı; yı /sCq��1qT˛.ı;yı/.x
ı
˛.ı;yı/

/

� ˛.ı; yı /sCq��1qT˛.ı;yı/.x

/

and
T˛.ı;yı/.x


/ � 1
p
ıp C ˛.ı; yı / � 1

q
kx
kq �! 0 as ı �! 0:

Consequently,

.ıp=˛.ı; yı //r � .qT˛.ı;yı/.x

//p � ˛.ı; yı /.sCq��1/p�r �! 0 as ı ! 0;

since we assume .s C q� � 1/p � r � 0. This implies ıp=˛.ı; yı / �! 0 for
ı �! 0.

Theorem 5.12. Let the parameter choice (5.3) be well-defined and regularizing, i.e.,
˛.ı; yı / exists and we have xı

˛.ı;yı/
! x
 for ı ! 0. Then, the following assertions

are true:

(a) If jq.x
/ D A�w for some jq 2 Jq , w 2 Y �, and r; s > 0 are chosen such that

r

s C q� D p � 1 ;

we have, for sufficiently small ı > 0,

Djq
.xı
˛.ı;yı/

; x
/ � C � ı:

(b) If Y is p-smooth, X is q-smooth, where p; q are the powers in

T˛.x/ D 1
p
kAx � yıkp C ˛ 1

q
kxkq ;

and, moreover, the source condition jq.x
/ D A�jp.Aw/ holds for some jq 2
Jq ; jp 2 Jp , w 2 X , and r; s > 0 are chosen such that

r

s C q� D
p

p C q � 1 � .p � 1/;

then we have for sufficiently small ı > 0

Djq
.xı
˛.ı;yı/

; x
/ � C � ı pq
pCq�1 :
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Proof. First, we consider the case x
 ¤ 0. We note that the optimality condition of
T˛ leads to

ır˛.ı; yı /�.sCq�/ D ˛.ı; yı /�q�kA�jp.Axı˛.ı;yı/
� yı/kq�

D ˛.ı; yı /�q�

˛.ı; yı /q
�kxı

˛.ı;yı/
kq D kxı

˛.ı;yı/
kq :

Therefore, due to the regularization property, we obtain

lim
ı!0

ır � ˛.ı; yı /�.sCq�/ D lim
ı!0
kxı
˛.ı;yı/

kq D kx
kq > 0 :

Hence, for all sufficiently small ı > 0, we have

0 < c � ır � ˛.ı; yı /�.sCq�/ � C <1: (5.5)

We now show the first claim. By Theorem 5.1 and (5.5), we deduce

Djq
.xı
˛.ı;yı/

; x
/ � C
�

ıp˛.ı; yı /�1 C ˛.ı; yı / 1
p�1 C ı

�

� C
�

ı
p� r

sCq� C ı r
sCq� � 1

p�1 C ı
�

:

Since r
sCq� D p � 1 this shows (a).

Next, we show (b). Using Corollary 5.4 of Theorem 5.2 and (5.5) yields

Djq
.xı
˛.ı;yı/

; x
/ � C
�

˛.ı; yı /
q
p�1 C ˛.ı; yı /�1 � ıp

�

� C
�

ı
r

sCq� � q
p�1 C ıp� r

sCq�

�

:

The claim follows, since here r
sCq� D p

pCq�1 � .p � 1/.
Finally, we consider the case x
 D 0. We have then

lim
ı!0

ır � ˛.ı; yı /�.sCq�/ D lim
ı!0
kxı
˛.ı;yı/

kq� D kx
kq� D 0

and hence, for all sufficiently small ı > 0,

0 � ır � ˛.ı; yı /�.sCq�/ � C <1:
As in the proof of Theorem 5.1, we may conclude that

˛Djq
.xı˛; x


/ � 1
p
ıp � hjq.x
/; xı˛ � x
i :

Since x
 D 0 we get jq.x
/ D 0 and, therefore,

Djq
.xı
˛.ı;yı/

; x
/ � 1
p
ıp � ˛.ı; yı /�1 � Cıp�r=.sCq�/:

Hence, the (a) and (b) hold in this case too.
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5.3 Minimization of the Tikhonov functionals

In this section we present two methods for iteratively minimizing Tikhonov function-
als. More precisely, we solve

T˛.x/! min ; subject to x 2 X; (5.6)

where the Tikhonov functional T˛ W X ! R is given by

T˛.x/ D 1

p
kAx � ykpY C ˛

1

q
kxkqX ;

with a bounded (continuous) linear operator A W X ! Y , mapping between Banach
spaces X and Y . The functional T˛ is strictly convex on X for all regularization
parameters ˛ > 0 and hence we have a unique minimizer xı˛ 2 X , such that

T˛.x
ı
˛/ D min

x2X T˛.x/ :

Whenever X and Y are Hilbert spaces, there exist comprehensive results concern-
ing solution methods for (5.6), as well as results on convergence and stability. On
the other hand, a wide range of parameter choice rules for ˛ can be found in the
literature. In the case where only Y is a Hilbert space, the minimization of the
Tikhonov functional has been thoroughly studied and many solvers have been es-
tablished, see [55, 145]. One way to get an approximate solution for (5.6) in Banach
spaces is to use steepest descent methods. The two methods that we describe and
analyze in this section are essentially of this type. For smooth T˛, we consider the
iteration process

xnC1 D xn � �nJX�

q�

�rT˛.xn/
�

; n D 0; 1; : : : ; (5.7)

which we call the primal method, since the new iterate is computed in X directly. In
contrast to (5.7) we also investigate the iteration scheme

x�
nC1 D x�

n � �n n with  n 2 @T˛.xn/;
xnC1 D JX�

q� .x
�
nC1/; (5.8)

which first computes an iterate in the dual space X�. This new iterate is then pulled
back to X by the dual mapping JX

�

q� . This is why we call (5.8) the dual method. Note
that we do not postulate T˛ to be smooth in order to perform this method. We will
prove strong convergence to the unique minimizer xı˛ for both methods.

Since we consider smooth Banach spacesX , we writeDq for the Bregman distance
DXJq

onX throughout this chapter. We write Jp , Jq for J Yp , JXq and J �
p� , J �

q� for JY
�

p� ,

JX
�

q� , respectively. We omit the subscripts of the norms k � k when it is clear from the
context. Furthermore, by C > 0 we always denote a generic positive constant.
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In [3], Alber, Iusem and Solodov presented an algorithm for the minimization of
convex and not necessarily smooth functionals on uniformly smooth and uniformly
convex Banach spaces, which looks very similar to the dual method, where the authors
impose summation conditions on the step sizes �n. However, only weak convergence
of the proposed scheme is shown there. Another interesting approach for obtaining
convergence results of descent methods in general Banach spaces can be found in
[193, 194].

5.3.1 Primal method

LetX be uniformly convex and uniformly smooth and Y be uniformly smooth. Then,
the Tikhonov functional

T˛.x/ WD 1

p
kAx � ykpY C

˛

q
kxkqX (5.9)

is strictly convex, weakly lower semi-continuous, coercive and Gâteaux differentiable,
with derivative

rT˛.x/ D A�Jp.Ax � y/C ˛Jq.x/ : (5.10)

Hence, the unique minimizer xı˛ of T˛ is characterized by

T˛.x
ı
˛/ D min

x2X T˛.x/ ” rT˛.xı˛/ D 0 : (5.11)

In [36, 182], it has already been proved that, for a general continuously differentiable
functional T˛, every cluster point of a steepest descent method like (5.7), is a station-
ary point. Recently, Canuto and Urban [39] have shown strong convergence under
the additional assumption of ellipticity, which our T˛ in (5.9) would satisfy, if we
required X to be q-convex. Here, we prove strong convergence for uniformly convex
and uniformly smooth X and uniformly smooth Y .

Algorithm 5.13 (Primal method).

(1) Choose an arbitrary starting point x0 2 X and set n D 0.

(2) If rT˛.xn/ D 0 then STOP else do a line search to find �n > 0 such that

T˛

�

xn � �nJ �
p�

�rT˛.xn/
�

�

D min
�2R

T˛

�

xn � �J �
p�

�rT˛.xn/
�

�

:

(3) Set
xnC1 WD xn � �nJ �

p�

�rT˛.xn/
�

;

n .nC 1/ and go to step .1/.
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Remark 5.14.

(a) If the stopping criterion rT˛.xn/ D 0 is satisfied for some n 2 N, then by (5.11)
we already have xn D xı˛ and we can stop the iteration process.

(b) Due to the properties of T˛, the function fn W R �! Œ0;1/, defined by

fn.�/ WD T˛
�

xn � �J �
q�

�rT˛.xn/
�

�

appearing in the line search of step .1/, is strictly convex and differentiable, with
the continuous derivative

f 0
n.�/ D �hrT˛

�

xn � �J �
q�

�rT˛.xn/
�

�

; J �
q�

�rT˛.xn/
�i :

Since, by the monotonicity of the duality mappings, f 0
n.0/ D �krT˛.xn/kq�

<

0 and f 0
n is increasing, we know that �n must in fact be positive.

Theorem 5.15. If X is uniformly convex and uniformly smooth, Y uniformly
smooth and p; q � 2, then the sequence ¹xnº, generated by the primal method of
Algorithm 5.13, converges strongly to the unique minimizer xı˛ of T˛.

Before we are able to prove Theorem 5.15, we need an additional result, based on
the article of Xu and Roach [239]. Let �X W .0;1/ �! .0; 1	 be the function

�X .�/ WD
�X .�/

�
;

where �X is the modulus of smoothness of a Banach space X . The function �X is
known to be continuous and nondecreasing, see [71, 143].

Lemma 5.16. Let X be a uniformly smooth Banach space with duality mapping Jq
and weight q � 2. Then, for all x; y 2 X , we have

kJq.x/ � Jq.y/k � C max
°

1;
�kxk _ kyk�q�1±

�X
�kx � yk� (5.12)

and

kx � ykq � kxkq � q hJq.x/; yi C C
�

1 _ �kxk C kyk�q�1�
�X
�kyk� : (5.13)

The estimate (5.12) implies that Jq is uniformly continuous on bounded sets of X .

Proof. By formula (3.1)’ in [239] we have

kJq.x/ � Jq.y/k � C
�kxk _ kyk�q�1

�X

� kx � yk
kxk _ kyk

�

:
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If 1
kxk_kyk � 1, we get, by the monotonicity of �X ,

�X

� kx � yk
kxk _ kyk

�

� �X
�kx � yk�;

which gives (5.12) for this case.
In the case 1

kxk_kyk � 1, we use the fact that �X is equivalent to a decreasing
function, i.e.,

�X .�/

�2
� L�X.�/

�2

for � � � > 0 [143] and we get

�X

� kx � yk
kxk _ kyk

�

� L
�kxk _ kyk�2

�X
�kx � yk�;

which implies

�X

� kx � yk
kxk _ kyk

�

� L

kxk _ kyk �X
�kx � yk� :

For q � 2, we thus arrive at

kJq.x/ � Jq.y/k � C L
�kxk _ kyk�q�2

�X
�kx � yk�

� C L�X
�kx � yk�;

and (5.12) is also valid if 1
kxk_kyk � 1.

As in [239], we consider the continuously differentiable function f W Œ0; 1	 �! R,
with

f .t/ W D kx � t ykq ; f 0.t/ D �q hJq.x � t y/; yi ;
f .0/ D kxkq; f .1/ D kx � ykq ; f 0.0/ D �q hJq.x/; yi

and obtain

kx � ykq � kxkq C q hJq.x/; yi D f .1/ � f .0/ � f 0.0/

D
Z 1

0

f 0.t/ � f 0.0/ dt

D q
Z 1

0

hJq.x/ � Jq.x � t y/; yidt

� q
Z 1

0

kJq.x/ � Jq.x � t y/k kykdt :
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For t 2 Œ0; 1	 we set Qy WD x � ty and get x � Qy D ty, k Qyk � kxk C kyk, and thus
kxk _ k Qyk � kxk C kyk. The monotonicity of �X yields

�X
�

tkyk� kyk � �X
�kyk� kyk D �X

�kyk�;
and, by (5.12), we obtain

kx � ykq � kxkq C q hJq.x/; yi

� q
Z 1

0

C max
°

1;
�kxk C kyk�q�1±

�X
�

tkyk� kykdt

� C max
°

1;
�kxk C kyk�q�1±

�X
�kyk�:

This completes the proof.

Proof of Theorem 5.15. We fix � 2 .0; 1/, � > 0 and for n 2 N we choose Q�n 2
.0; �	 such that


n. Q�n/ D 
n.�/ ^ � : (5.14)

Here, the function 
n W .0;1/ �! .0;1/ is defined by


n.�/ WDCY
p

�

1 _
�

kAxn � yk C �
�

�

�

AJ �
q� .rT˛.xn//

�

�

�

�p�1�

�
�

�

�

AJ �
q� .rT˛.xn//

�

�

�

krT˛.xn/kq� �Y

�

�
�

�

�

AJ �
q� .rT˛.xn//

�

�

�

�

C ˛CX
q

�

1 _
�

kxnk C � krT˛.xn/kq��1�q�1�

�
�X

�

� krT˛.xn/kq��1�

krT˛.xn/k

(5.15)

with the constants CX ; CY being the ones appearing in the respective characteris-
tic inequalities (5.13). This choice of Q�n is possible since, by the properties of �Y
and �X , the function 
n is continuous, increasing and satisfies the limit condition
lim�!0 
n.�/ D 0. At first, we prove an estimate of the form

T˛.xnC1/ � T˛.xn/ � Q�nkrT˛.xn/kq�

.1 � �/ ;
which will finally assure convergence. We use the characteristic inequalities (5.13) to
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estimate

T˛.xnC1/ � T˛.xn/ � Q�nkrT˛.xn/kq�

C CY

p

�

1 _
�

kAxn � yk C
�

�

�

Q�nAJ �
q�

�rT˛.xn/
�

�

�

�

�p�1�

� �Y
�

�

�

�

Q�nAJ�
q�

�rT˛.xn/
�

�

�

�

�

C ˛CX
q

�

1 _
�

kxnk C
�

�

�

Q�nJ �
q�

�rT˛.xn/
�

�

�

�

�q�1�

� �X
�

�

�

�

Q�nJ �
q�

�rT˛.xn/
�

�

�

�

�

:

By Q�n � �, taking into account the definition of 
n (5.15), we derive

T˛.xnC1/ � T˛.xn/ � Q�nkrT˛.xn/kq�

C CY

p

�

1 _
�

kAxn � yk C �
�

�

�

AJ �
q�

�rT˛.xn/
�

�

�

�

�p�1�

� �Y
�

Q�n
�

�

�

AJ �
q�

�rT˛.xn/
�

�

�

�

�

C ˛CX
q

�

1 _
�

kxnk C �
�

�

�

J �
q�

�rT˛.xn/
�

�

�

�

�q�1�

� �X
�

Q�n
�

�

�

J �
q�

�rT˛.xn/
�

�

�

�

�

D T˛.xn/ � Q�nkrT˛.xn/kq��

1 � 
n. Q�n/
�

:

The choice of Q�n (5.14) eventually yields

T˛.xnC1/ � T˛.xn/ � Q�nkrT˛.xn/kq�

.1 � �/ : (5.16)

The next step of the proof consists in proving the convergence

lim
n!1 krT˛.xn/k D 0 :

From (5.16), we infer that

lim
n!1 Q�nkrT˛.xn/k

q� D 0 (5.17)

and that the sequences ¹xnº and ¹rT˛.xn/º are bounded.
Suppose lim supn!1 krT˛.xn/k D " > 0 and let krT˛.xnk

/k ! ", for k !1.
By (5.17), then we have limk!1 Q�nk

D 0. We show that this leads to a contradiction.
On the one hand, by (5.15), we get


nk
. Q�nk

/ � L1

krT˛.xnk
/kq� �Y

� Q�nk
L2
�C C1

krT˛.xnk
/k�X

� Q�nk
C2
�

:
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Since the right-hand side converges to zero for k ! 1, so does 
nk
. Q�nk

/. On the
other hand, by (5.14), we have


nk
. Q�nk

/ D 
nk
.�/ ^ �

and

nk

.�/ � 0C C�X
�

�
�

�rT˛.xnk
/
�

�

q��1�
:

Hence, 
nk
. Q�nk

/ � L > 0, for all sufficiently large k, which contradicts

lim
k!1


nk
. Q�nk

/ D 0 :

So, we have lim supn!1 krT˛.xn/k D 0 and thus limn!1 krT˛.xn/k D 0.
We finally show that ¹xnº converges strongly to xı˛ . By (5.11) and the monotonicity

of the duality mapping Jr , we obtain

krT˛.xn/k kxn � xı˛k � hrT˛.xn/; xn � xı˛i
D hrT˛.xn/ � rT˛.xı˛/; xn � xı˛i
D hJp.Axn � y/�Jp.Axı˛�y/; .Axn�y/�.Axı˛�y/i
C ˛hJq.xn/� Jq.xı˛/; xn � xı˛i
� ˛hJq.xn/� Jq.xı˛/; xn � xı˛i :

Since ¹xnº is bounded and limn!1 krT˛.xn/k D 0, this yields

lim
n!1hJq.xn/ � Jq.x

ı
˛/; xn � xı˛i D 0 ;

from which we infer that ¹xnº converges strongly to xı˛ whenever X is uniformly
convex (cf. [48, Th. II.2.17]).

Next, we will show what kind of convergence rates are obtained by this choice of
the step size, if we impose additional assumptions on the spaces X and Y .

Remark 5.17. We will see that the convergence results, achieved in this section, also
hold for the step size �n, being a minimizer of

��k nkq� C j�jpGY
p
kAJX�

q� . n/kp C ˛j�jqGX
q
k nkq� ! min;

subject to � > 0;

where GX and GY are the constants in the definition of smoothness of power type
for X and Y . We notice that, to compute the above modified step size, we only have
to solve a one-dimensional minimization problem. However, we also must know the
values of the constants GX and GY , which are not needed for the original step size
choice.
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Theorem 5.18. Let X be a q-smooth and c-convex Banach space, as well as Y be a
p-smooth Banach space satisfying the condition

s WD min¹p; qº < c:
Then, we have

kxn � xı˛k � C � n�.s�1/=.c�s/ :

Proof. Since X is q-smooth and Y is p-smooth, there exist constants
GX ; GY > 0, such that

1

p
kx � ykpY �

1

p
kxkpY � hJYp .x/; yi C

GY

p
kykpY 8x; y 2 Y and

1

q
kx � ykqX �

1

q
kxkqX � hJXq .x/; yi C

GX

q
kykqX 8x; y 2 X :

Hence, for every �, we get that

1

p
kA.xn � �JX�

q� . n// � yıkp

� 1

p
kAxn � yıkp � �hJYp .Axn � yı/; AJX

�

q� . n/i

C j�jpGY
p
kAJX�

q� . n/kp

D 1

p
kAxn � yıkp � �hA�JYp .Axn � yı /; JX

�

q� . n/i

C j�jpGY
p
kAJX�

q� . n/kp

and

1

q
kxn � �JX�

q� . n/kq

� 1

q
kxnkq � �hJXq .xn/; JX

�

q� . n/i C j�jqGX
q
kJX�

q� . n/kqX

D 1

q
kxnkq � �hJXq .xn/; JX

�

q� . n/i C j�jqGX
q
k nkq

�

X :

With the equalities above, we find that

T˛.xn � � n/ � T˛.xn/� �k nkq�

C j�jpGY
p
kAJX�

q� . n/kp C ˛j�jqGX
q
k nkq� (5.18)
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based on hA�JYp .Axn � yı / C ˛JXq .xn/; JX�

q� . n/i D h n; JX�

q� . n/i D k nkq�
.

The iterates xn are uniformly bounded because of

˛
1

q
kxnkq � T˛.xn/ � T˛.xn�1/ � � � � � T˛.x0/:

Since X and Y are smooth of power type q and p respectively, the mappings x 7!
Jq.x/ and x 7! A�Jp.Ax�yı / are .q�1/ and .p�1/Hölder continuous, respectively
(cf. Theorem 2.42). Therefore, we have

k nk � C � .kxn � xı˛kp�1 C kxn � xı˛kq�1/:

Consequently, the gradients  n are uniformly bounded. With s D min¹p; qº, we get

min.p.q� � 1/; q�/ D min.p.q� � 1/; q.q� � 1// D s.q� � 1/:
Since k nk are uniformly bounded, we have the estimate

max¹GY
p
kAJX�

q� . n/kp ; ˛GX
q
k nkq�º � C �max¹kAkk nk.q��1/p ; k nkq�º

� C �max.¹k nk.q��1/p; k nkq�º
� C � k nks.q��1/:

Moreover, we get

T˛.xnC1/ D min
�
T˛.xn � � n/

� min
�
¹T˛.xn/� �k nkq� C .j�jp C j�jq/ � k nks.q��1/ � C º

� min
0<�<1

¹T˛.xn/ � �k nkq� C .�p C �q/ � k nks.q��1/ � C º:

For 0 < � < 1, we have�p � �s and�q � �s , since s � p and s � q. Summarizing
this, the estimate

T˛.xnC1/ � min
0<�<1

¹T˛.xn/ � �k nkq� C �s � k nks.q��1/ � C0º (5.19)

is true for some C0 > 0. The minimization problem on the right-hand side of the last
inequality is solved by

mn WD min
°

1; 1=.sC0/
1=.s�1/ � k nks��q�

±

:

If mn D 1=.sC0/1=.s�1/ � k nks��q�

, then

�mn � k nkq� Cmsn � k nks.q
��1/ � C0 � �Ck nks�

:
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If mn D 1, then sC0k nks.q��1/�q� � 1, and thus

�mn � k nkq� Cmsn � k nks.q
��1/ � C0 � �Ck nkq�

:

Then, we have

T˛.xnC1/ � T˛.xn/ � C �min¹k nks�

; k nkq�º:
Since T˛ is bounded from below, we can conclude that

k nk �! 0 as n!1:
Thus, for n 2 N sufficiently large, we have

k nk � 1
enabling the estimate

T˛.xnC1/ � T˛.xn/ � C � k nks�

; (5.20)

due to s� � q�. Now, let us introduce the numbers

rn WD T˛.xn/ � T˛.xı˛/;
where xı˛ is the minimizer of the Tikhonov functional. Due to the assumptions about
X and Y , we know that xı˛ is unique, and therefore the numbers rn are well-defined.
We also note that the numbers rn may be regarded as a Bregman distance with respect
to the functional T˛, i.e.

rn D DT˛

 ı
˛

.xn; x
ı
˛/ WD T˛.xn/ � T˛.xı˛/� h ı˛ ; xn � xı˛i:

Evidently  ı˛ D rT˛.xı˛/ D 0, i.e., the gradient of T˛ at the minimizer xı˛ of the
Tikhonov functional vanishes.

The next step of the proof is to connect rn to k nk. Since, by Theorem 2.40, the
space X is c-convex, we have

hJXq .xn/ � JXq .xı˛/; xn � xı˛i � C.max¹kxnk; kxı˛kº/q�ckxn � xı˛kc :
Theorem 2.50, together with Theorem 2.51, show that q � c. Therefore, since the
sequence ¹xnº is uniformly bounded, we get

hJXq .xn/ � JXq .xı˛/; xn � xı˛i � Ckxn � xı˛kc :
Since  ı˛ D rT˛.xı˛/ D 0 and the subgradient of a convex functional is monotone
(cf. Theorem 2.26), we obtain

k nkkxn � xı˛k � h n �  ı˛ ; xn � xı˛i
� ˛hJXq .xn/� JXq .xı˛/; xn � xı˛i � Ckxn � xı˛kc:
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Hence,
k nk � Ckxn � xı˛kc�1 :

The above inequality indicates that

kxn � xı˛k �! 0 as n!1;
since we have already proved that k nk ! 0 as n!1 and c � 1 > 0. Thus

kxn � xı˛k � 1
for n 2 N sufficiently large. We already know that

kxn � xı˛k � Ck nkc
��1:

A view on the definition of the subgradient gives

rn � h n; xn � xı˛i � k nkkxn � xı˛k:
Hence, we get

rn � Ck nk � k nkc��1 D C � k nkc�

:

By (5.20), we find that, for all sufficiently large n,

rnC1 � rn � C � k nks�

� rn � C � rs�=c�

n :

Hence,
rn �! 0 as n!1:

Next, we use a trick developed by Dunn [59, 60], which is common in the literature
with respect to convergence rates in Banach spaces (cf., e.g., [26, 131]). We set

a WD .s�=c�/ � 1:
Exploiting the mean value theorem, we have

1

ranC1
� 1

ran
D �a 1

�aC1 .rnC1 � rn/

with � 2 .rnC1; rn/. Therefore, for all sufficiently large n 2 N, we also have

1

ranC1
� 1

ran
� C > 0

and consequently, for all sufficiently large n and N ,

1

ran
� 1

ran
� 1

raN
D

n�1
X

kDN

1

ra
kC1
� 1

ra
k

� C � .n �N/:
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Hence, for all n � 0, we get
rn � C � n�1=a:

Since the functional 1
p
kAx � yıkp is convex and 1

q
kxkq is c-convex, this yields for

the Tikhonov functional T˛ that

rn � Ckxn � xı˛kc : (5.21)

For a proof of (5.21) we refer to Lemma 5.19. Finally, the estimate

kxn � xı˛k � C � n�1=.a�c/

completes the proof.

Lemma 5.19. Under the assumptions of Theorem 5.18, the Tikhonov functional T˛ is
c-convex in the sense that

T˛.xn/ � T˛.xı˛/ D rn � Ckxn � xı˛kc : (5.22)

Proof. The c-convexity of T˛ seems to be intuitively reasonable, since it is common
knowledge that the sum of two convex functionals always inherits the best of both
convexity properties. The proof is done as follows: Since X is c-convex, we get, from
Corollary 2.61,

Djq
.xı˛ ; xn/ D

1

q
kxnkq � 1

q
kxı˛kq � hjq.xı˛/; xn � xı˛i

� C � .kxı˛k C kxnk/q�ckxı˛ � xnkc

and

1

q
kxnkq �1

q
kxı˛kq C hjq.xı˛/; xn � xı˛i

C C � .kxı˛k C kxnk/q�ckxı˛ � xnkc :
(5.23)

Furthermore, we have

1

p
kAxn � yıkp � 1

p
kAxı˛ � yıkp C hA�jp.Axı˛ � yı /; xn � xı˛i: (5.24)

Multiplying (5.23) by ˛ and summing, with (5.24), we get

T˛.xn/ � T˛.xı˛/C h ı˛ ; xn � xı˛i C C � .kxı˛k C kxnk/q�ckxı˛ � xnkc ;
where  ı˛ 2 @T˛.xı˛/. Since in Theorem 5.18 we also assumed that both X and Y are
smooth spaces, we also find that the subgradient is in fact a gradient. Since xı˛ is the
minimizer of T˛, we have  ı˛ D 0. This finally leads to

rn � C � .kxı˛k C kxnk/q�ckxı˛ � xnkc :
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For a q-smooth and c-convex space X , we have q � 2 and c � 2. Hence,

q � c � 0:
Finally, the boundedness of ¹xnº implies (5.22).

Theorem 5.18 is not applicable if

s WD min¹p; qº D c: (5.25)

Since p � 2; q � 2 and c � 2 (cf. Theorems 2.51 and 2.50), the condition (5.25)
holds only if

p D q D c D 2:
In such a case, stronger convergence results can be proved.

Theorem 5.20. Let X be a 2-smooth and 2-convex Banach space as well as Y a
2-smooth Banach space, i.e., p D q D 2. Then,

kxn � xı˛k � C � exp.�n=C /: (5.26)

Proof. As in the proof of Theorem 5.18, we arrive at the inequality

T˛.xn � � n/ � T˛.xn/�
�

� � 1
2
j�j2 	GY kAk2 C ˛GX




�

� k nk2

� T˛.xn/� .� � 1
2
j�j2 � C0/ � k nk2;

which is an analogue of equation (5.18). The right-hand side of the last inequality is
minimal, if � is chosen as

mn D 1=C0:
Hence,

T˛.xnC1/ � T˛.xn �mn n/ � T˛.xn/� C � k nk2:
Since X is 2-smooth and 2-convex, we get that

k nkkxn � xı˛k � ˛hJ2.xn/ � J2.xı˛/; xn � xı˛i � Ckxn � xı˛k2
resulting in

kxn � xı˛k � Ck nk:
With rn WD T˛.xn/ � T˛.xı˛/, this implies that

rn � h n; xn � xı˛i � k nkkxn � xı˛k � Ck nk2
and hence

rnC1 � rn � C � k nk2 � .1 � C/rn:
Since the functional 1

p
kAx � yıkp is convex and 1

q
kxkq is 2-convex, we get for T˛

that
rn � Ckxn � xı˛k2;

which proves (5.26), since the numbers rn decrease to zero in geometrical order.
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5.3.2 Dual method

In this section, we still consider the minimization of the functional

T˛.x/ WD 1

p
kAx � yıkpY C ˛ �

1

q
kxkqX ; (5.27)

but we now assume that p > 1 and X is convex and smooth of power type. This is
the main difference with the previous section, where the index q was connected to the
smoothness properties of X . Furthermore, we make no assumptions on Y .

For the minimization, we consider the iteration process, defined as

x�
nC1 WD x�

n � �n n with  n 2 @T˛.xn/ D A�JYp .Axn � yı/C ˛JXq .xn/;
xnC1 WD JX�

q� .x
�
nC1/: (5.28)

We stress that the choice of �n is crucial for the convergence properties of the
steepest descent iteration. Therefore, we start with the construction of the step size
�n.

Since X is convex of power type and smooth of power type, we can apply Theo-
rem 2.64 and get

Djq
.xı˛ ; Jq�.x�

n � � n//
D Djq

.xı˛; xn/CDjq� .x
�
n � � n; x�

n/C �h n; xı˛ � xni:
Since xı˛ is the minimizer of T˛, there exists a single valued selection jp , such that

 ı˛ WD 0 D A�jp.Axı˛ � yı /C j̨q.x
ı
˛/ : (5.29)

Therefore, with the monotonicity of the duality mapping (cf. Theorem 2.26), we get

h n; xı˛ � xni D h n �  ı˛ ; xı˛ � xni � �˛hjq.xn/ � jq.xı˛/; xn � xı˛i:
Furthermore, we recall that

hjq.xn/ � jq.xı˛/; xn � xı˛i D Djq
.xn; x

ı
˛/CDjq

.xı˛; xn/:

Hence we have
��h n; xı˛ � xni � ��˛Djq

.xı˛; xn/

and end up with

Djq
.xı˛; Jq� .x�

n � � n// � .1 � �˛/Djq
.xı˛; xn/CDjq� .x

�
n � � n; x�

n/:

Of course, we do not know the exact value of Djq
.xı˛; xn/. Assume that we know an

upper estimate Rn of Djq
.xı˛ ; xn/ as

Djq
.xı˛; xn/ � Rn:
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Then, we arrive at the important inequality

Djq
.xı˛ ; Jq�.x�

n � � n// � max¹1 � �˛; 0ºRn CDjq� .x
�
n � � n; x�

n/:

The space X� is q�-smooth, since X is q-convex (cf. Theorem 2.52 (a)). Therefore,
there exists a constant Gq� � 0, such that

Djq� .x
�
n � � n; x�

n / � j�jq
� Gq�

q� k nkq
�

:

Finally, we arrive at the main inequality of our convergence analysis

Djq
.xı˛; Jq�.x�

n � � n// � max¹1 � �˛; 0ºRn C j�jq�Gq�

q� k nkq
�

:

The optimal value of �n, with respect to the right-hand side of the above inequality,
is given by

�n D min

´

�

˛

Gq�

Rn

k nkp
�

1
q��1

;
1

˛

μ

:

We now have all the ingredients necessary to formulate the dual method.

Algorithm 5.21 (Dual method). Let Gq� be the constant in the definition of smooth-
ness of power type, for the space X�.

(1) Choose an arbitrary initial point x0 2 X , a dual initial point x�
0 D Jq.x0/ and

R0, such that the condition Djq
.xı˛; x0/ � R0 is satisfied. Set n D 0.

(2) Stop, if 0 2 @T˛.xn/. Else, choose  n 2 @T˛.xn/ and set

�n WD min

´

�

˛

Gq�

� Rn

k nkq�

�

1
q��1

;
1

˛

μ

(5.30)

and

RnC1 WD .1 � �n˛/Rn C �q�

n

Gq�

q� k nkq
�

:

(3) Set

x�
nC1 WD x�

n � �n n and xnC1 WD JX�

q� .x
�
nC1/:

(4) Let n .nC 1/ and go to step .1/.
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Remark 5.22. All convergence results presented below also hold if the step size �n
is alternatively chosen as

max¹1 � �˛; 0ºRn CDjq� .x
�
n � � n; x�

n/! min; subject to � > 0;

and RnC1 is updated by

RnC1 WD .1 � �n˛/Rn CDjq� .x
�
n � �n n; x�

n /:

Next, we prove the convergence rates results for Algorithm 5.21. We introduce the
variable Bn via

Bn WD
�

˛

Gq�

� Rn

k nkq�

�

1
q��1

:

Then,

�n D min
²

Bn;
1

˛

³

(5.31)

and
RnC1 D Œ1� �n˛ C ˛

q��
q�

n B
�.q��1/
n 	Rn : (5.32)

Theorem 5.23. LetX be a q-convex Banach space and Y an arbitrary Banach space.
Then,

kxn � xı˛k � C � n� 1
q.q�1/ :

Proof. We again use Dunn’s trick, to prove the convergence rate (cf. proof of Theo-
rem 5.18). We have

1

R
q�1
nC1
� 1

R
q�1
n

�
1�

h

1 � �n˛ C ˛
q��

q�

n B
�.q��1/
n

iq�1

h

1� �n˛ C ˛
q��

q�

n B
�.q��1/
n

iq�1 � 1

R
q�1
n

:

Since 0 < �n˛ � ˛
q��

q�

n B
�.q��1/
n � 1 and .1 � .1 � x/y/=.1 � x/y � yx for all

0 � x � 1 and y � 0, we get

1

R
q�1
nC1
� 1

R
q�1
n

� .q � 1/
�

�n˛ � ˛

q��
q�

n B
�.q��1/
n

�

� 1

R
q�1
n

:

If �n D Bn, then

�n˛ � ˛

q��
q�

n B
�.q��1/
n D 1

q
˛Bn:

If �n D 1
˛ , then Bn˛ � 1 and

�n˛ � ˛

q��
q�

n B
�.q��1/
n D 1� 1

q� .Bn˛/
�.q��1/ � 1 � 1

q� D
1

q
:
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Hence,
1

R
q�1
nC1
� 1

R
q�1
n

� C �min¹Bn; 1º 1

R
q�1
n

:

Next, we will show that the right-hand side is uniformly bounded away from zero.
By construction, we have 1=Rq�1

n � 1=R
q�1
0 . Therefore, the numbers 1=Rq�1

n are
uniformly bounded away from zero. Now, we consider the numbers Bn=R

q�1
n . We

have

Bn=R
q�1
n D

�

˛

Gq�

� 1

k nkq�

�

1
q��1

:

To estimate ¹k nkq�º, we need the following lemma:

Lemma 5.24. Let X be a normed space and f W X ! R a convex functional. If jf j
is bounded on all bounded sets of X , then @f is also bounded on all bounded sets.

Proof. Let A 
 B.0;R/ be an arbitrary bounded set. Then,

F WD sup¹jf .x/j W x 2 B.0;RC 1/º <1:
Assume x 2 A; 2 @f .x/; y 2 X , with kyk D 1. Then, x C y signh ; yi 2
B.0;R C 1/. By definition of the subgradient we get

jh ; yij D h ; x C y signh ; yi � xi � f .x C y signh ; yi/ � f .x/ � 2F:
Hence, sup¹k k W  2 @f .x/ with x 2 Aº � 2F <1:

By construction, the sequence ¹Djq
.xı˛ ; xn/º is bounded. Therefore, by Theo-

rem 2.60, the sequence ¹xnº is also bounded. Finally, by Lemma 5.24, the sequence
¹ nº is bounded, since any norm is bounded on bounded sets. Then the numbers
Bn=R

q�1
n are uniformly bounded away from zero, and 1=Rq�1

nC1�1=Rq�1
n � C holds

uniformly for all n 2 N. Therefore, we have

1

R
q�1
nC1
� 1

R
q�1
nC1
� 1

R
q�1
0

D
n
X

kD0

1

R
q�1
kC1
� 1

R
q�1
k

� .nC 1/C

and we conclude that
R
q�1
nC1 � C.nC 1/�1:

Since X is q-convex, we have (cf. Theorem 2.60),

kxn � xı˛kq � C �Djq
.xn; x

ı
˛/ � C � Rn � C � n�1=.q�1/;

which proves the claim.
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Theorem 5.25. Assume that, in addition to the assumptions made in Theo-
rem 5.23, the space Y is p-convex and

p > 2 or q > 2:

Then, the convergence rate improves to

kxn � xı˛k � C � n� .M�1/
Œ.M�1/.q�1/�1�q ;

where
M WD max¹p; qº > 2:

Proof. The proof goes along the lines of the proof of Theorem 5.23. The main differ-
ence is our estimation of the numbers Bn. First, we need the following lemma.

Lemma 5.26. Let X be q-convex and Y be p-convex, with q > 2 or p > 2. Then, the
subdifferential of the Tikhonov functional T˛ is locally � -Hölder continuous, where

� D min
²

1

.p � 1/ ;
1

.q � 1/
³

:

Proof. Let B be a bounded set and x; y 2 B . Then,

k@T˛.x/ � @T˛.y/k � kA�kkjp.Ax � yı /� jp.Ay � yı /k C ˛kjq.x/ � jq.y/k:
Since X is q-convex, the dual space X� is q�-smooth (cf. Theorem 2.52). Further-
more, by Theorems 2.50 and 2.51, we have q� � q. Then, by Theorem 2.42, we
obtain

kjq.x/ � jq.y/k � C.max¹kxk; kykº/q�q� � kx � ykq��1 � Ckx � ykq��1

and

kjp.Ax � yı/ � jp.Ay � yı/k � CkAx � Aykp��1 � Ckx � ykp��1:

Moreover, since q� � 1 D 1
q�1 and p� � 1 D 1

p�1 , we obtain

k@T˛.x/ � @T˛.y/k � C �
�

kx � yk 1
q�1 C kx � yk 1

p�1

�

� Ckx � yk� ;

proving the assertion.

We recall that the iterates xn are uniformly bounded. With M WD max¹p; qº and
(5.29), we can estimate

k nkq� � C � kxn � xı˛kq
q�

q.M�1/ � C � R
q�

q.M�1/

n D C � R
1

.M�1/.q�1/

n
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since X is q-convex. Let us now define an auxiliary variable � as

� WD 1

.M � 1/.q � 1/ < 1:

As in the proof of Theorem 5.23, we can estimate

Bn=R
.1��/.q�1/
n � C �

�

˛

Gq�

� Rn
R
�
n

�

1
q��1

R.1��/.q�1/
n � C > 0:

Then, the difference 1=R.1��/.q�1/
nC1 �1=R.1��/.q�1/

n is uniformly bounded away from

zero. Therefore, we have R.1��/.q�1/
n � C � n�1. Hence, we get

kxn � xı˛k � C � n� 1
.1��/.q�1/q :

with
1

1 � � D
.M � 1/.q � 1/

.M � 1/.q � 1/ � 1 > 0;

which proves the claim.

Theorem 5.27. Let X and Y be 2-convex, i.e., p D q D 2. Then, there exists a
constant C > 0, such that the estimate

kxn � xı˛k � C � exp.�n=C /
holds true.

Proof. As in the proofs of Theorem 5.25 and Theorem 5.23, the main key to the
desired convergence rate is the estimation of k nk. By the same technique as in
the proof of Lemma 5.26 (and likewise employing Theorem 2.42), we find, that the
subdifferential @T˛ is locally Lipschitz continuous. Therefore,

k nk2 � C � kxn � xı˛k2 � C �Rn: (5.33)

Hence, the numbers Bn are uniformly bounded away from zero. By (5.31) and (5.32)
there exists a constant 0 � � < 1 such that RnC1 � � � Rn � �nR0, for all n 2
N. Thus, the sequence ¹Rnº decays geometrically but the sequence ¹Rnº dominates
¹kxn � xı˛k2º, up to some factor. This proves (5.33).
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Iterative methods are often an attractive alternative to variational ones, especially
for large scale problems. For this reason, during the last two decades, regularizing
iterations have been extensively investigated for both linear and nonlinear problems,
see, e.g., the monographs [14,128] and the references therein. While the convergence
analysis presented there requires a Hilbert space setting or equality of preimage and
image space, the aim of this part is to present recent results on iterative methods in a
more general Banach space setting.

Here, the role of the regularization parameter ˛ in Tikhonov-type methods is taken
by the stopping index, that – like in variational methods – can be chosen either by an a
priori or by an a posteriori strategy. For the latter purpose, we will mainly concentrate
on the discrepancy principle.

The first chapter – Chapter 6 – of this part deals with linear inverse problems. It
starts by extending the definition and analysis of the most elementary iterative method,
namely Landweber iteration, from the case of a Hilbert space to a Banach space set-
ting, by means of duality mappings (Section 6.1). The latter render the method a
nonlinear one, although the underlying operator equation is linear. A successful idea
to aid accelerating Landweber iteration is based on the use of several search directions
per step, leading to the sequential subspace optimization method (SESOP), studied in
Section 6.2. Here, we establish and exploit a close relation to Bregman projections,
which also enables us to introduce and analyze a regularized version (RESESOP).
Cyclic iterations (also known as Kaczmarz methods) for solving systems of operator
equations can be put into the very general context of split feasibility problems (SFP),
where the task is to find points in the intersection of a number of sets, among them also
preimages of certain sets, under linear operators. This is done in Section 6.3, where
we extend an iterative algorithm, proposed by Byrne for finite dimensional spaces, to
a Banach space setting with ill-posed operator equations, and show its regularizing
properties.

In Chapter 7, we consider nonlinear operator equations and their regularized so-
lution by either gradient or Newton-type iterations. Following some preliminaries,
which deal with assumptions about the spaces and forward operators under consider-
ation (Section 7.1), the first part of Section 7.2 is devoted to an extension of the results
on Landweber iteration, from Chapter 6, to nonlinear operator equations. Addition-
ally, for a slightly modified version of Landweber iteration, convergence rates are
established for linear and nonlinear problems. The well-known fact that Newton-type
methods are typically faster than gradient type ones was our motivation for studying
this class of iterations, in Section 7.3. Here, we concentrate on the iteratively regu-
larized Gauss–Newton method (IRGN), which, besides the stopping index n�, also
requires an appropriately chosen regularization parameter ˛n in each Newton step.
We provide results on convergence and convergence rates, with a priori and a posteri-
ori choice of n� and ¹˛nºn2N . This section also contains a short numerical illustration
for an example from Chapter 1.



Chapter 6

Linear operator equations

In this chapter, we consider linear problems. The simplest model we deal with, is the
solution of operator equations

Ax D y; y 2 R.A/; (6.1)

where A W X ! Y is a linear, continuous operator between Banach spaces X and
Y . If A is not continuously invertible, problem (6.1) is ill-posed and a regularization
method is needed to get a stable solution. An iterative regularization scheme, which
is well studied in a Hilbert space setting, is the Landweber method. In Section 6.1,
we describe the extension of the Landweber method to a fairly general Banach space
setting, with the help of duality mappings. The Landweber method then reads

xnC1 D JX�

q�

�

JXq .xn/ � �nA�j Yp .Axn � y/
�

; n D 0; 1; : : : (6.2)

with a specific step size �n > 0. We present a detailed analysis of this method and
prove convergence to the minimum norm solution x
 of (6.1), in the case of exact
and noisy data. Furthermore, we prove that this iteration method actually yields a
regularization method, if we use the discrepancy principle as stopping rule.

As in Hilbert spaces, the Landweber iteration proves to be a stable regularization
scheme in Banach spaces too, but shows a tremendously slow performance in numer-
ical implementations. Hence, there is a considerable need for acceleration techniques
for this method. Since A�jYp .Axn � y/ 2 @¹kAxn � ykp=pº, the iteration (6.2)
can be seen as a gradient method, with respect to the residual kAxn � ykp=p. In
each iteration step we seek a better solution xnC1, using xn as a starting point and
A�j Yp .Axn � y/ as search direction. One idea to accelerate the Landweber iteration
is to use more than one single search direction; this idea is inspired by the conjugate
gradient method and sequential subspace optimization methods (SESOP). To this end,
we use a finite number of search directions A�wn;i , with wn;i 2 Y �, for all i 2 In,
with In a finite set of integers, where there is one i0 2 In withwn;i0 D j Yp .Axn�y/.
The iterates of this method are then computed as

xnC1 WD JX�

q�

�

JXq .xn/ �
X

i2In

tn;i A
�wn;i

�

; n D 0; 1; : : : (6.3)

where tn D .tn;i /i2In
2 RjInj is a minimizer of the function

hn.t/ WD 1

q�
�

�JXq .xn/ �
X

i2In

tn;i A
�wn;i

�

�

q� C
X

i2In

tn;i hwn;i ; yi :
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Section 6.2 puts iteration (6.3) in the context of Bregman projections (Sec-
tion 6.2.1) and outlines the SESOP method for exact data y 2 Y (Section 6.2.2). We
extend this method to noisy data yı , prove that it turns into a regularization method
(RESESOP) and finally describe a fast algorithm, with two search directions (Sec-
tion 6.2.3).

Solving operator equations as (6.1) can be seen as a special case of a more gen-
eral class of problems, the so called split feasibility problems (SFP). These problems
consist of finding a common point in the intersection of finitely many convex sets
Ci 
 X , i D ¹1; : : : ; N º,

find x 2 C WD
\

i2I
Ci ;

where some of the sets Ci are associated with linear operators Ai W X ! Yi by

Ci WD ¹x 2 X W Aix 2 Qi º
with convex subsetsQi 
 Yi . For finite-dimensional spaces, Byrne [37] proposed the
CQ-algorithm for finding x 2 C such that Ax 2 Q

xnC1 D PC
�

xn � tn A�.Axn � PQ.Axn//
�

; n D 0; 1; : : : :
Here, PC , PQ denote orthogonal projections onto the corresponding sets. Inspired by
the CQ-algorithm in [215], Schöpfer et al. developed and analyzed the iteration

xnC1 D …qC
	

JX
�

q�

�

JXq .xn/ � tnA�JY2 .Axn � PQ.Axn//
�


; n D 0; 1; : : :

for two convex sets C and Q and the Bregman projection …qC . This method is the
subject of Section 6.3. When proving stability of the method we assume perturbations
with respect to the sets Ci and Qi , assuming that only sets C ıi and Qıi are known,
having a Hausdorff distance less than ı from the exact sets Ci and Qi . Thus, in
Section 6.3.1, we consider the continuity of Bregman and metric projections with
respect to the Hausdorff distance

d%.C;D/ WD min¹� � 0 j C \ B% 
 D C B� and D \ B% 
 C CB�º ;
where B% D B%.0/, B� D B�.0/. We then present a regularization method for
SFP in Banach spaces, using a cyclic, iterative projection method. We show that this
method is in fact stable with respect to noise in the convex sets Ci and Qi . These
considerations are outlined in Section 6.3.2.

For better readability, we drop the superscripts X and Y of the duality mappings
JXq and j Yp , if they are clear from the context and writeDq.x; y/ instead ofDjq

.x; y/

for the Bregman distance in X and DX
�

q� for the Bregman distance on the dual X�.
Furthermore, we omit the subscripts X and Y and only write h�; �i, k � k for their dual
pairings and norms, respectively, since this is always clear from the context.



146 Chapter 6 Linear operator equations

6.1 The Landweber iteration

Among the most popular iterative methods for solving linear ill-posed problems in
Hilbert spaces are variations of the Landweber iteration

xnC1 D xn � �nA�.Axn � y/ (6.4)

with x0 2 X and �n > 0 appropriately. We refer the interested reader to the classical
article of Landweber [142], where this method was established.

The first iterative methods for solving (6.1) in a Banach space setting were restricted
to the case Y D X and the operator A was required to satisfy certain resolvent condi-
tions which, in concrete situations, may be difficult to verify, see [12, 137, 183]. Sub-
sequently, nonlinear iterative methods have been proposed, in the context of Bregman
projections and the minimization of convex functionals, and they have been shown to
be weakly convergent, see [35, 178]. We present an extension of the Landweber iter-
ation (6.4) to Banach spaces, that converges to the minimum norm solution of (6.1),
provided that certain conditions are satisfied. Thereby, X is assumed to be smooth
and uniformly convex, whereas Y can even be an arbitrary Banach space. Note that
now, by Theorem 2.53, jq D Jq is single valued, X is reflexive and X� is strictly
convex and uniformly smooth.

We consider two different situations: the case of noise-free measured data y and
operator A and the case where the data, as well as the operator, are contaminated by
noise. We adjust the choice of the step size �n in (6.2) to both situations so that it
yields convergence of the corresponding iterates to the minimum norm solution x
.

6.1.1 Noise-free case

At first, we consider the case of exact data y 2 R.A/. Let x
 be the minimum norm
solution of (6.1), which exists, according to Lemma 3.3. To recover x
, we propose
the following algorithm.

Algorithm 6.1 (Exact data y and operator A).

(1) If y D 0 then x
 D 0 and we are done. Else, we start with

(2) Fix p; q 2 .1;1/, choose a constant

C 2 .0; 1/ (6.5)

and an initial vector x0 2 X , such that

Jq.x0/ 2 R.A�/ and Dq.x

; x0/ � 1

q
kx
kq : (6.6)

For n D 0; 1; 2; : : : repeat
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(2) Set
Rn WD kAxn � yk : (6.7)

If Rn D 0, then stop iterating.

Else, choose the step size �n according to

(a) In case x0 D 0 set

�0 WD C .q
�/q�1

kAkq R
q�p
0 : (6.8)

(b) For all n � 0 (respectively n � 1 if x0 D 0), let

�n WD
�

�X�.1/
� ^

�

C

2q
�
Gq�kAk

Rn

kxnk
�

;

where Gq� > 0 is the constant from (2.9) (for p D p�).

Since X� is uniformly smooth, we find a �n 2 .0; 1	 with

�X�.�n/

�n
D �n (6.9)

due to Theorem 2.48. Then set

�n WD �n

kAk
kxnkq�1

R
p�1
n

: (6.10)

Compute the new iterate as

xnC1 D JX�

q�

�

Jq.xn/� �nA�jp.Axn � y/
�

: (6.11)

Remark 6.2.

(a) The choice of x0 (6.6) and the definition of the iterates (6.11) guarantee that
Jq.xn/ 2 R.A�/, for all n 2 N. The choice x0 D 0 is always possible, since
Dq.x


; 0/ D 1
q
kx
kq .

(b) If the stopping rule Rn D 0 is satisfied for a certain n 2 N then kA.xn�x
/k D
kAxn � yk D Rn D 0 and thus x � xn lies in N .A/. So, by (a) and Lemma 3.3,
xn D x
.

(c) In proving the convergence of the above method, we will see that (6.6) also en-
sures that xn 6D 0 for all n � 1 and thus the parameters �n (6.9) are always
well-defined.

It remains to prove the convergence of Algorithm 6.1.
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Theorem 6.3. Algorithm 6.1 either stops after a finite number of iterations with the
minimum norm solution x
 of (6.1) or the sequence of the iterates ¹xnº converges
strongly to x
.

Proof. If the method stops at step n with Rn D 0, we are done, due to Remark 6.2.
Otherwise Rn > 0, for all n � 0. The proof of convergence, in that case, will be
structured as follows: At first, we show that the sequence ¹�nº, with

�n WD Dq.x
; xn/ D 1

q� kxnkq C
1

q
kx
kq � hJq.xn/; x
i (6.12)

(see (2.10)) obeys a recursive inequality, which implies its convergence. We then
deduce that the sequence ¹xnº has a Cauchy-subsequence. Finally, we show that ¹xnº
converges strongly to x
.

From (6.1) and (2.3), together with (6.12), we deduce

�nC1 D 1

q�kJq.xn/ � �nA�jp.Axn � y/kq� C 1

q
kx
kq

� hJq.xn/ � �nA�jp.Axn � y/; x
i
D 1

q�kJq.xn/ � �nA�jp.Axn � y/kq�

C 1

q
kx
kq � hJq.xn/; x
i C �nhjp.Axn � y/;Ax
i :

(6.13)

In case x0 D 0, we have R0 D kyk > 0 and �0 D 1
qkx
kq and thus (6.13) gives

�1 D 1

q��
q�

0 kA�jp.y/kq� C�0 � �0hjp.y/;Ax
i

� 1

q��
q�

0 kAkq
�

R
.p�1/q�

0 C�0 � �0Rp0 ;

since Ax
 D y. Choosing �0 as in (6.8) yields the estimate

�1 � C q� q�q�1

kAkq R
q
0 C�0 � C

q�q�1

kAkq R
q
0

D �0 � C.1 � C q��1/q
�q�1

kAkq R
q
0

and therefore �1 < �0 D 1
q
kx
kq , which implies that x1 6D 0.

For all n � 0 (respectively n � 1 if x0 D 0), we apply Theorems 2.42 and 2.53 to
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equation (6.13) and obtain

�nC1 � 1

q�
�

kJq.xn/kq� � q�hxn; �nA�jp.Axn � y/i

C Q�q�

�

Jq.xn/; �nA
�jp.Axn � y/

�

�

C 1

q
kx
kq � hJq.xn/; x
i C �nhjp.Axn � y/;Ax
i :

With (6.12), this can be written as

�nC1 � �n � �nhjp.Axn � y/;Axn � Ax
i
C 1

q� Q�q�

�

Jq.xn/; �nA
�jp.Axn � y/

�

D �n � �nRpn C
1

q� Q�q�

�

Jq.xn/; �nA
�jp.Axn � y/

�

:

(6.14)

Now, we estimate the integrand in the explicit expression for Q�q� (2.9). Choosing �n
according to (6.10) and �n as in (6.9) yields, for all t 2 Œ0; 1	,

kJq.xn/ � t�nA�jp.Axn � y/k _ kJq.xn/k � kxnkq�1 C �nkAkRp�1
n

D kxnkq�1.1C �n/
� 2kxnkq�1

and

kJq.xn/� t�nA�jp.Axn � y/k _ kJq.xn/k � kJq.xn/k D kxnkq�1 :

Together with the monotonicity of �X� this gives

Q�q�

�

Jq.xn/; �nA
�jp.Axn � y/

� � q�Gq�

Z 1

0

�

2kxnkq�1�q�

t
�X�

�
 

t
�nkAkRp�1

n

kxnkq�1

!

dt

D 2q�

q�Gq�kxnkq
Z 1

0

1

t
�X�.t�n/dt

D 2q�

q�Gq�kxnkq
Z �n

0

1

t
�X�.t/dt

� 2q�

q�Gq�kxnkq�X�.�n/ :

Substituting the last estimate into (6.14) we get

�nC1 � �n � �nRpn C 2q
�

Gq�kxnkq�X�.�n/

D �n � 1

kAk�nkxnk
q�1Rn

�

1 � 2q�

Gq�kAkkxnk
Rn

�X�.�n/

�n

�

:
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The choice of C (6.5) and �n (6.9) finally gives the recursive inequality

�nC1 � �n � 1 � CkAk �nkxnk
q�1Rn : (6.15)

Hence, the relation �1 < �0 � 1
q
kx
kq holds also if x0 6D 0, compare (6.6).

Inductively, we obtain, for every admissible choice of the initial vector,

0 � �nC1 � �n � �1 < Dq.x
; 0/ D 1

q
kx
kq (6.16)

and conclude that xn 6D 0, for all n � 1, and that the sequence ¹�nº is non-increasing
and therefore convergent and, in particular, bounded. Theorem 2.60 (c) then ensures
that the sequence ¹xnº is bounded, which also implies the boundedness of the se-
quences ¹Jq.xn/º and ¹Rnº (6.7).

From (6.15), we further derive

0 � 1� C
kAk �nkxnk

q�1Rn � �n ��nC1

and thus, for all N 2 N, we have

0 � 1� C
kAk

N
X

nD0
�nkxnkq�1Rn �

N
X

nD0
.�n ��nC1/ D �0 ��NC1 � �0 ;

which gives
1
X

nD0
�nkxnkq�1Rn <1 : (6.17)

Suppose lim infn!1Rn > 0. Then there exist n0 2 N and " > 0, such that Rn � "
for all n � n0 and thus

"

1
X

nDn0

�nkxnkq�1 �
1
X

nDn0

�nkxnkq�1Rn <1 ;

which forces ¹xnº to be a null-sequence, since by the boundedness of ¹xnº and by
Rn � ", the sequence ¹�nº remains bounded away from zero, too (6.9). The continuity
of Dq.x
; �/, cf. Theorem 2.60 (d), and (6.16) result in

1

q
kx
kq D Dq.x
; 0/ D lim

n!1Dq.x

; xn/ D lim

n!1�n <
1

q
kx
kq ;

which is a contradiction. So, we have lim infn!1Rn D 0 and can thus choose a
subsequence .Rnk

/k with the property that

Rnk
! 0 for k !1 and Rnk

< Rn for all n < nk : (6.18)
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Then, the same property also holds for every subsequence of ¹Rnk
ºk . By the bound-

edness of ¹xnº and ¹Jq.xn/º we can thus find a subsequence ¹xnk
ºk , having the fol-

lowing properties

(S.1) the sequence of the norms ¹kxnk
kºk is convergent,

(S.2) the sequence ¹Jq.xnk
/ºk is weakly convergent,

(S.3) the sequence ¹Rnk
ºk satisfies (6.18).

Next, we show that ¹xnk
ºk is a Cauchy-sequence. With (2.10), for all l; k 2 N with

k > l , we have

Dq.xnk
; xnl

/ D 1

q�
�kxnl

kq � kxnk
kq�C hJq.xnk

/ � Jq.xnl
/; xnk

i :

Because of (S.1), the first summand converges to zero for l ! 1. The second
summand can be written as

hJq.xnk
/ � Jq.xnl

/; xnk
i D hJq.xnk

/� Jq.xnl
/; x
i

C hJq.xnk
/� Jq.xnl

/; xnk
� x
i :

By (S.2), The first summand converges to zero for l !1. The second summand can
be estimated as

jhJq.xnk
/� Jq.xnl

/; xnk
� x
ij D

ˇ

ˇ

ˇ

ˇ

ˇ

nk�1
X

nDnl

hJq.xnC1/� Jq.xn/; xnk
� x
i

ˇ

ˇ

ˇ

ˇ

ˇ

:

The recursive definition of iteration (6.11) yields

jhJq.xnk
/� Jq.xnl

/; xnk
� x
ij D

ˇ

ˇ

ˇ

ˇ

ˇ

nk�1
X

nDnl

�nhjp.Axn � y/;Axnk
� yi

ˇ

ˇ

ˇ

ˇ

ˇ

�
nk�1
X

nDnl

�nkjp.Axn � y/k kAxnk
� yk

D 1

kAk
nk�1
X

nDnl

�nkxnkq�1Rnk
:

Finally, (S.3) leads to

jhJq.xnk
/ � Jq.xnl

/; xnk
� x
ij � 1

kAk
nk�1
X

nDnl

�nkxnkq�1Rn :

By (6.17), the right-hand side converges to zero for l ! 1 and so does
Dq.xnk

; xnl
/. By Theorem 2.60, we conclude that ¹xnk

ºk is a Cauchy-sequence and
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thus convergent to an Qx 2 X . It remains to prove that Qx D x
 and
limn!1 kxn � x
k D 0. We have

Rnk
D kAxnk

� yk D kA.xnk
� x
/k ;

where the left-hand side converges to zero for k ! 1 (S.3). Since A is continuous,
the right-hand side converges to kA. Qx � x
/k for k ! 1 and we see that Qx � x
 2
N .A/. On the other hand, Jq

� Qx� 2 R.A�/, by Remark 6.2 and Theorem 2.53.
Together with Lemma 3.3, this shows that Qx D x
. So, by the continuity of Dq.x
; �/
and with Theorem 2.60, we have

lim
k!1

�nk
D lim
k!1

Dq.x

; xnk

/ D Dq.x
; x
/ D 0 :

Since the sequence ¹�nº is convergent and has a subsequence converging to zero, it
must be a null-sequence. By Theorem 2.60 (e), we finally conclude that ¹xnº con-
verges strongly to x
, which completes the proof.

6.1.2 Regularization properties

In this section, we analyze the regularization properties of the Landweber method
in detail. At first, suppose that, instead of exact data y 2 R.A/ and operator A 2
L.X; Y /, only some approximations ¹ykºk in Y and ¹Al ºl in L.X; Y / are available.
This is of relevance when we discretize an infinite-dimensional problem or when the
operators ¹Alºl allow for faster computations of Alxn. We assume that we know
estimates for the deviations

kyk � yk � ık ; ık > ıkC1 > 0; lim
k!1

ık D 0 ; (6.19)

kAl � Ak � �l ; �l > �lC1 > 0; lim
l!1

�l D 0 : (6.20)

Moreover, to properly include the second case (6.20), we need an a priori estimate for
the norm of x
, i.e., there is a constant R > 0, such that

kx
k � R : (6.21)

Further, set
S WD sup

l2N
kAlk : (6.22)

Algorithm 6.1 has to be modified appropriately to account for the approximations.

Algorithm 6.4 (Noisy data yı and operator A�).

(1) Fix q; p 2 .1;1/.
Choose constants

C;D 2 .0; 1/ (6.23)
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and an initial vector x0 2 X such that

Jq.x0/ 2 R.A�/ and Dq.x

; x0/ � 1

q
kx
kq : (6.24)

Set k�1 WD 0 and l�1 WD 0.
For n D 0; 1; 2; : : : repeat

(2) If, for all k > kn�1 and all l > ln�1,

kAlxn � ykk < 1

D
.ık C �lR/; (6.25)

stop iterating.
Else, find kn > kn�1 and ln > ln�1, with

ıkn
C �lnR � DRn (6.26)

where
Rn WD kAlnxn � ykn

k : (6.27)

Choose �n according to

(a) In case x0 D 0 set

�0 WD C.1�D/q�1 q�q�1

Sq
R
q�p
0 : (6.28)

(b) For all n � 0 (respectively n � 1 if x0 D 0), set

�n WD
�

�X�.1/
� ^

�

C.1 �D/
2q

�
Gq�S

Rn

kxnk
�

;

where Gq� > 0 is the constant from (2.9) and choose �n 2 .0; 1	, with

�X�.�n/

�n
D �n (6.29)

and set

�n WD �n

S

kxnkq�1

R
p�1
n

: (6.30)

Iterate
xnC1 D JX�

q�

�

Jq.xn/ � �nA�
ln
jp.Alnxn � ykn

/
�

: (6.31)
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Remark 6.5.

(a) If the stopping rule (6.25) is satisfied for a certain n 2 N, then for all k > kn�1
and all l > ln�1

kAlxn � ykk < 1

D
.ık C �lR/ :

By (6.19) and (6.20), letting l; k !1 leads to

kAxn � yk D kA.xn � x/k D 0
and, as in the case of exact data, we see that xn D x
.

(b) Condition (6.26) guarantees that the sequence .�n/n is non-increasing.

(c) Algorithm 6.4 suggests specific settings for the parameters �n, �n and �n, as
well as for the indices k and n. Note that the particular choice of �n, as given
in (6.30), is necessary to get the convergence in the proof of Theorem 6.6. This
is a crucial difference to the Landweber method in Hilbert spaces, where �n may
be chosen in a certain interval, depending on kAk, in order to get convergence
and the particular choice of the step size �n serves only to accelerate the method.

We prove that the assertions of Theorem 6.3 remain valid.

Theorem 6.6. Algorithm 6.4 either stops after a finite number of iterations, with the
minimum norm solution x
 of (6.1), or the sequence of the iterates ¹xnº converges
strongly to x
.

Proof. The proof is rather similar to the one for the case where we have exact data and
we only outline the main modifications. If the stopping rule (6.25) is never satisfied
then, according to (6.26), (6.19) and (6.20), we always have Rn > 0. For the case
x0 D 0, we compute

�1 D 1

q��
q�

0 kA�
l0
jp.yk0

/kq� C�0 � �0hjp.yk0
/; Al0x


i

D 1

q��
q�

0 kA�
l0
jp.yk0

/kq� C�0 � �0hjp.yk0
/; yk0

i
C �0hjp.yk0

/; yk0
� yi C �0hjp.yk0

/; Ax
 � Al0x
i :
Because of (6.19), (6.20), (6.21) and (6.22), we get

�1 � 1

q��
q�

0 S
q�

R
.p�1/q�

0 C�0 � �0Rp0 C �0Rp�1
0 .ık0

C �k0
R/ :
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Condition (6.26) and the choice of �0 (6.28) give the estimate

�1 � 1

q��
q�

0 S
q�

R
.p�1/q�

0 C�0 � �0Rp0 .1 �D/

D C q�

.1 �D/q q
�q�1

Sq
R
q
0 C�0 � C.1�D/q

q�q�1

Sq
R
q
0

D �0 � C.1 � C q��1/.1 �D/q q
�q�1

Sq
R
q
0

and thus �1 < �0 and, especially, x1 6D 0. With (6.26) and since

��nhjp.Alnxn � ykn
; Alnxn � Alnx
i

D ��nhjp.Alnxn � ykn
; Alnxn � ykn

i
� �nhjp.Alnxn � ykn

; ykn
� yi

� �nhjp.Alnxn � ykn
; Ax
 � Alnx
i

� ��nRpn C �nRp�1
n .ıkn

C �lnR/ ;
the estimate (6.14) becomes, for all n � 0 (respectively n � 1 if x0 D 0),

�nC1 � �n � �nRpn C �nRp�1
n .ıkn

C �lnR/
C 1

q� Q�q�

�

Jq.xn/; �nA
�
ln
jp.Alnxn � ykn

/
�

� �n � .1 �D/�nRpn C
1

q� Q�q�

�

Jq.xn/; �nA
�
ln
jp.Alnxn � ykn

/
�

:

The last summand can be estimated, analogously to the case of exact data, by

Q�q�

�

Jq.xn/; �nA
�
ln
jp.Alnxn � ykn

/
� � 2q�

q�Gq�kxnkq�X�.�n/

and thus we arrive at

�nC1 � �n � .1 �D/
S

�nkxnkq�1Rn

 

1� 2
q�

Gq�S

1 �D
kxnk
Rn

�X�.�n/

�n

!

:

By the choice of �n (6.29), we get

�nC1 � �n � .1 �D/.1 � C/
S

�nkxnkq�1Rn : (6.32)
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We now proceed as in the proof of Theorem 6.3, after estimate (6.15), while taking
into account that

jhJq.xnj
/�Jq.xni

/; xnj
�x
ij D

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

nj �1
X

nDni

�nhjp.Alnxn�ykn
/; Alnxnj

�Alnx
i
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

�
nj �1
X

nDni

�n

�

ˇ

ˇhjp.Alnxn�ykn
/; Alnj

xnj
�yknj

iˇˇ

C ˇˇhjp.Alnxn � ykn
/; yknj

� yiˇˇ
C ˇˇhjp.Alnxn � ykn

/; Ax
 � Alnx
i
ˇ

ˇ

C ˇˇhjp.Alnxn � ykn
/; Alnxnj

� Alnj
xnj
iˇˇ
�

:

With (6.19), (6.20) and (6.21) this leads to

jhJq.xnj
/� Jq.xni

/; xnj
� x
ij �

nj �1
X

nDni

�nR
p�1
n

�

Rnj
C ıkn

C �lnRC 2�lnkxnj
k� :

Let QR > 0 be a constant, such that kxnk � QR, for all n 2 N. Then, by (6.26) and
property (S.3) of the sequence .Rnj

/j , we obtain

jhJq.xnj
/ � Jq.xni

/; xnj
� x
ij �

nj �1
X

nDni

�nR
p�1
n

�

Rnj
CDRn C 2D

R
Rn QR

�

� 1CD C 2D QR
R

S

nj �1
X

nDni

�nkxnkq�1Rn :

Finally, we consider the case of noisy data yı and a perturbed operator A�, with
known noise-level

ky � yık � ı and kA � A�k � � : (6.33)

We apply Algorithm 6.4, with ık D ı and �l D �, for all k; l 2 N and use the
discrepancy principle, see e.g. [67, 150]. To that end, condition (6.25) supplies us
with a simple stopping rule: We terminate the iteration (6.31) at n D nı , where

nı WD min¹n 2 N W Rn < 1

D
.ı C �R/º: (6.34)

As long as Rn � 1
D
.ı C �R/, according to (6.32) and Remark 6.5 (b), xnC1 is a

better approximation to x
 than xn. As a consequence of this fact and Theorem 6.6
(for ı; �! 0), we obtain a regularizing property of the Landweber method (6.2) that
proves the stability of the method with respect to noise.
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Corollary 6.7. Together with the discrepancy principle (6.34) as stopping rule, Algo-
rithm 6.4 is a regularization method for problem (6.1).

Remark 6.8. Since the selection jp needs not to be continuous (and in fact cannot be
continuous if Jp is set-valued [48]), the method is an example for regularization with
non-continuous mappings.

6.2 Sequential subspace optimization methods

To overcome the slow convergence of the Landweber iteration (6.2) in numerical ap-
plications, we suggest using more than the single search direction A�j Yp .Axn � y/
in each iteration step. Inspired by the fast sequential subspace optimization methods
(SESOP), developed by Narkiss and Zibulevsky [169] for large-scale unconstrained
optimization and further analyzed in [65], it was shown in [214] that, in case of exact
data ı D 0, using multiple search directions A�wn;i , i 2 In speeds up the iteration
considerably. The iterates are then computed as

xnC1 WD JX�

q�

�

Jq.xn/ �
X

i2In

tn;i A
�wn;i

�

; (6.35)

where tn D .tn;i /i2In
2 RjInj is a minimizer of the function

hn.t/ WD 1

q�
�

�Jq.xn/�
X

i2In

ti A
�wn;i

�

�

q� C
X

i2In

ti hwn;i ; yi :

The key idea in obtaining a regularization technique considerably faster than the
Landweber method is to put this iteration in the context of Bregman projections. On
the one hand, this allows us to interpret the use of arbitrary initial values x0 2 X
in (6.2), as computing the Bregman projection x� D …

q
MAxDy

.x0/ of x0 onto the
solution set MAxDy WD ¹x 2 X W Ax D yº. On the other hand it was shown
in [216, Prop. 3.12], that minimizing hn.t/ is equivalent to computing the Bregman
projection xnC1 D …qT

i2In
Hn;i

.xn/ of xn onto the intersection of hyperplanes

Hn;i WD
®

x 2 X W hA�wn;i ; xi � hwn;i ; yi D 0
¯

:

This interpretation is the key to the regularizing sequential subspace optimization
methods (RESESOP), which combines acceleration with regularization. The prin-
ciple idea behind RESESOP is to replace the Bregman projections onto hyperplanes
Hn;i by Bregman projections onto stripes H ı

n;i , whose width is of the order of the
noise-level ı

H ı
n;i WD

®

x 2 X W jhA�wın;i ; xi � hwın;i ; yıij � ı kwın;ik
¯

:
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Throughout this section,X is supposed to be q-convex and uniformly smooth and thus
reflexive with q�-smooth and uniformly convex dual X�. Under these assumptions,
the duality mappings Jq and JX

�

q� are both single-valued, uniformly continuous on

bounded sets and bijective, with .Jq/�1 D JX
�

q� , which follows from Theorem 2.53.
Analogous to to (2.4), in the q�-smooth dual X� the following inequality is valid for
all x�; y� 2 X�, with some constant Gq� � 1

1

q� kx� � y�kq� � 1

q� kx�kq� � hJX�

q� .x
�/ ; y�i C Gq�

q� ky�kq�

: (6.36)

We furthermore note that the following useful estimates hold, with some constant
cq > 0

cq kx � ykq � Dq.y; x/ �
˝

Jq.x/ � Jq.y/ ; x � y
˛

; (6.37)

where the first inequality is due to the q-convexity of X and the second one follows
from the three-point identity, stated in Lemma 2.62.

6.2.1 Bregman projections

Let q � 2 and

fq.x/ WD 1

q
kxkq ; x 2 X :

Then Jq D @fq , cf. Theorem 2.28. Here again we write Dq instead of Djq
.

Definition 6.9 (Bregman projection). Let C 
 X be a nonempty, closed convex set.
The Bregman projection of x 2 X onto C , with respect to the function fq , is the
unique element …q

C .x/ 2 C such that

Dq
�

…
q
C .x/; x

� D min
z2C Dq.z; x/ :

Obviously, we have …qC .x/ D x iff x 2 C , k…qC .0/k D minz2C kzk and hence

x
 D …qMAxDy
.0/ :

Furthermore, we have the implication
�

C1 
 C2 and Qx WD …q
C2
.x/ 2 C1

� ) Qx D …q
C1
.x/ : (6.38)

Bregman projections are characterized by a variational inequality: An element Qx 2 C
is the Bregman projection of x onto C with respect to the function fq, iff

hJq. Qx/ � Jq.x/ ; z � Qxi � 0 for all z 2 C : (6.39)

The variational inequality (6.39) is equivalent to the descent property

Dq.z; Qx/ � Dq.z; x/ �Dq. Qx; x/ for all z 2 C : (6.40)
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In Hilbert spaces, the Bregman projection with respect to the function f2 coincides
with the metric projection, but in general they differ from each other. Properties of
this kind of Bregman projections and their relation to metric projections can be found
in [216]. In particular we have for a closed subspace U 
 X and x; y; z 2 X , the
equivalences

x D …qzCU .y/ ,
�

x � z 2 U and Jq.x/ � Jq.y/ 2 U?�

, Jq.x/ D …q�

Jq.y/CU? Jq.z/ ; (6.41)

are valid, where U? 
 X� is the annihilator of U (cf. Definition 2.5) and …q
�

de-
notes the Bregman projection in the dual X�, with respect to the function f �

q�.x
�/ D

1
q� kx�kq , cf. Lemma (6.10). To gain more insight into Bregman distances and pro-
jections with respect to more general functions than powers of the norm of a Banach
space, we refer to e.g. [4], Bauschke et. al. [16] and [35].
For 0 6D u� 2 X� and ˛; ı 2 R, ı � 0, we denote by H.u�; ˛/ the hyperplane

H.u�; ˛/ WD ®x 2 X W hu� ; xi D ˛¯:
We denote by H�.u�; ˛/ the halfspace

H�.u�; ˛/ WD ®x 2 X W hu�; xi � ˛¯ ;
and, analogously H�.u�; ˛/, H<.u�; ˛/, H>.u�; ˛/. Finally, we denote by
H.u�; ˛; ı/ the stripe.

H.u�; ˛; ı/ WD ®x 2 X W jhu�; xi � ˛j � ı¯ :
Obviously, we have H.u�; ˛; ı/ D H�.u�; ˛ C ı/ \ H�.u�; ˛ � ı/, H.u�; ˛; 0/
reduces to the hyperplane H.u�; ˛/ and H�.u�; ˛/ D H�.�u�;�˛/.

To prove the equivalence of the iteration (6.35) and Bregman projections onto in-
tersections of certain hyperplanes, we need some characterizations of Bregman pro-
jections, in connection with subspaces of X .

Lemma 6.10. Let U 
 X be a closed subspace and x; y; z 2 X be given. Then the
following three assertions are equivalent.

(a) x D …qzCU .y/,

(b) x � z 2 U and Jq.x/ � Jq.y/ 2 U?,

(c) Jq.x/ D …q
�

Jq.y/CU? Jq.z/.
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Proof. According to the variational inequality (6.39), we deduce from (a), that x�z 2
U and

hJq.x/ � Jq.y/; .z C u/� xi � 0 for all u 2 U
, hJq.x/ � Jq.y/; z � xi C hJq.x/ � Jq.y/; ui � 0 for all u 2 U: (6.42)

Suppose that there exists an u0 2 U , with hJq.x/ � Jq.y/; u0i 6D 0, say hJq.x/ �
Jq.y/; ui < 0. Since �u0 2 U for all � > 0, (6.42) yields

hJq.x/ � Jq.y/; z � xi C �hJq.x/ � Jq.y/; u0i � 0 :
But then the left-hand side converges to �1 for �!C1, leading to a contradiction.
Hence Jq.x/�Jq.y/ 2 U?. Thus, (a)) (b). Since (b) implies the validity of (6.42),
we also have (b)) (a). From Lemma 2.55, we have U D U D ?.U?/ and it follows
that (b), (c) is just the assertion (b), (a) in the dual space.

The building blocks of our sequential subspace optimization methods are based on
the following examples.

Example 6.11.

(a) LetH.u�
1 ; ˛1/; : : : ;H.u

�
N ; ˛N / be hyperplanes with nonempty intersection

H WD
N
\

kD1
H.u�

k ; ˛k/ :

Then, the Bregman projection of x onto H is given by

…
q
H .x/ D JX

�

q�

�

Jq.x/ �
N
X

kD1
Qtk u�

k

�

; (6.43)

where Qt D .Qt1; : : : ; QtN / is a solution of the N -dimensional optimization problem

min
t2RN

h.t/ WD 1

q�
�

�

�

Jq.x/ �
N
X

kD1
tk u

�
k

�

�

�

q�

C
N
X

kD1
tk ˛k ; (6.44)

where the function h is convex and has continuous partial derivatives

@jh.t/ D �
*

u�
j ; J

X�

q�

�

Jq.x/ �
N
X

kD1
tk u

�
k

�

+

C j̨ ; j D 1; : : : ; N :

Moreover, if the vectors u�
1; : : : ; u

�
N are linearly independent, h is strict-

ly convex and Qt is unique.
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(b) Let H1 WD H�.u�
1; ˛1/, H2 WD H�.u�

2; ˛2/ be two halfspaces, with linearly
independent vectors u�

1 and u�
2. Then, Qx is the Bregman projection of x onto

H1 \ H2 iff it satisfies the Karush–Kuhn–Tucker conditions for
minz2H1\H2

Dq.z; x/:

Jq. Qx/ D Jq.x/ � t1 u�
1 � t2 u�

2; t1; t2 � 0 ;
hu�
1 ; Qxi � ˛1; hu�

2 ; Qxi � ˛2 ; (6.45)

t1
�

˛1 � hu�
1 ; Qxi

� � 0; t2
�

˛2 � hu�
2 ; Qxi

� � 0 :
(c) For x 2 H>.u

�; ˛/ the Bregman projection of x onto the halfspace
H�.u�; ˛/ is given by

…
q

H�.u�;˛/
.x/ D …q

H.u�;˛/
.x/ D JX�

q�

�

Jq.x/ � tC u�� ; (6.46)

where tC > 0 is the unique, necessarily positive solution of

min
t2R

1

q�
�

�Jq.x/ � t u��
�

q� C ˛ t : (6.47)

(d) The Bregman projection onto a stripe H.u�; ˛; ı/ is given by

…
q

H.u�;˛;ı/
.x/ D

8

ˆ

<

ˆ

:

…
q

H�.u�;˛Cı/.x/; x 2 H>.u�; ˛ C ı/
x ; x 2 H.u�; ˛; ı/

…
q

H�.u�;˛�ı/.x/; x 2 H<.u�; ˛ � ı/
: (6.48)

Proof. We prove (a) and (b) and refer to [35] for the proof of (c). Example (d) is an
immediate consequence of (c).

The convexity of h is obvious. Differentiability and continuity of the partial deriva-
tives are consequences of parts of Theorem 2.53. For any z 2 H , we can write

H D z C � span¹u�
1; : : : ; u

�
N º
�?
:

Thus, in view of Proposition 6.10, an element Qx 2 X is the Bregman projection of x0
onto H iff Qx 2 H and Jq. Qx/ 2 Jq.x0/C span¹u�

1; : : : ; u
�
N º, i.e.,

Jq. Qx/ D Jq.x0/ �
N
X

kD1
Qtk u�

k

with some Qt1; : : : ; QtN 2 R, such that hu�
k
; Qxi D ˛k for all k D 1; : : : ; N . The

coefficients Qtk are uniquely determined in the case where the vectors u�
1; : : : ; u

�
N are

linearly independent. This is equivalent to

Jq. Qx/ D …q
�

Jq.x0/Cspan¹u�
1
;:::;u�

N
º
�

Jq.z/
�

;
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i.e., Qt D .Qt1; : : : ; QtN / 2 RN is a solution of the optimization problem

min
t2RN

DX
�

q�

 

Jq.x0/�
N
X

kD1
tk u

�
k ; Jq.z/

!

D min
t2RN

1

q
kzkq � ˝z ; Jq.x0/

˛C
N
X

kD1
tk
˝

z ; u�
k

˛C 1

q�

�

�

�

�

�

Jq.x0/ �
N
X

kD1
tk u

�
k

�

�

�

�

�

q�

;

which in turn is equivalent to (6.44), since
˝

z ; u�
k

˛ D ˛k for z 2 H . This proves (a).
If Qx satisfies (6.45), then we have Qx 2 H1\H2 and, with (6.39), it is straightforward

to see that indeed Qx D …
q
H1\H2

.x/. Conversely, let Qx WD …
q
H1\H2

.x/ and U WD
span¹u�

1; u
�
2º. Then we have Qx C U? 
 H1 \ H2 and it follows with (6.39), that

Jq. Qx/ � Jq.x/ 2 ?.U?/ D U (cf. Lemma 2.55), i.e.,

Jq. Qx/ D Jq.x/ � t1 u�
1 � t2 u�

2; t1; t2 2 R :

Since u�
1 , u�

2 are linearly independent, we find, for all " � 0, some z" 2 X with
hu�
1 ; z"i D ˛1 � " and hu�

2 ; z"i D hu�
2 ; Qxi. Hence, z" 2 H1 \H2 and, with (6.39),

we get
0 � hJq. Qx/� Jq.x/ ; z" � Qxi D �t1

�

.˛1 � "/ � hu�
1 ; Qxi

�

;

The assertion follows by, on the one hand, putting " D 0 and, on the other hand,
letting "!1.

Remark 6.12. The metric projection of x 2 X onto a closed convex set C is the
unique element PC .x/ 2 C , such that

kx � PC .x/k D min
y2C kx � yk :

The metric projection is characterized by the variational inequality

hJq.PC .x/ � x/ ; y � PC .x/i � 0 for all y 2 C (6.49)

and the connection to the Bregman projection is given by

PC .x/ � x D …qC�x.0/ ; x 2 X
which, together with (6.41), for any x 2 X gives the interesting splitting

x D PC .x/C JX�

q� …C?JXq .x/: (6.50)

In particular, we have PC .0/ D …
q
C .0/ and in Hilbert spaces PC D …2C holds,

but in general the metric and Bregman projections differ from each other. We refer
to [216] for a proof and to [181] for a general treatment of metric projections. One
decisive reason why we consider Bregman projections, rather than metric projections,
is that an analogue of the important descent property (6.40) does not exist for metric
projections.
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6.2.2 The method for exact data (SESOP)

We summarize the following general iteration method, considered in [216], to com-
pute the Bregman projection

x� D …qMAxDy
.x0/

of x0 2 X onto the solution set

MAxDy WD
®

x 2 X W Ax D y¯

in the case of exact data y 2 R.A/. Here, Y is allowed to be an arbitrary, real Banach
space. Note that x� D x
 if x0 D 0, but that, in general, x� 6D x
.

In Y , we use the normalized duality mapping j WD j2 and in the set-valued case
we simply write j.y/ for an arbitrary but fixed element in the set J.y/ D J2.y/.

Algorithm 6.13 (SESOP). Take x0 as initial value. At iteration n 2 N, choose some
finite index set In and search directionsA�wn;i , withwn;i 2 Y �, i 2 In, and compute
the new iterate as

xnC1 WD …qHn
.xn/ (6.51)

with
Hn WD

\

i2In

H
�

A�wn;i ; hwn;i ; yi
�

: (6.52)

Note that MAxDy 
 Hn and therefore, for all z 2MAxDy , we have

hwn;i ; AxnC1 � yi D
˝

A�wn;i ; xnC1 � z
˛ D 0 for all i 2 In : (6.53)

By Example 6.11 (a), the iterates xnC1 can be computed by minimizing a convex,
continuously differentiable function h W RjInj ! R. During minimization, the search
directions A�wn;i are fixed and hence function and gradient evaluations of h are in-
dependent of the costly applications of the operators A and A�. Therefore, for large-
scale problems, the additional cost of minimizing h with a small number of search
directions, instead of only one, is comparatively minor.

Due to (6.41), computing xnC1 by (6.51) is also equivalent to

Jq.xnC1/ D …q
�

Jq.xn/CUn

�

Jq.z/
�

; z 2MAxDy ; (6.54)

where Un 
 R.A�/ denotes the search space

Un WD span
®

A�wn;i W i 2 In
¯

:

This implies Jq.xnC1/ � Jq.xn/ 2 Un and an immediate consequence of (6.53) is

˝

Jq.xnC1/ � Jq.xn/ ; xnC1 � z
˛ D 0; z 2MAxDy : (6.55)
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For weak convergence of the iterates, it is essential to include the current (sub-)gra-
dient A�j.Axn � y/ of the functional x 7! 1

2
kAx � yk2 in the search space Un,

because then an estimate of the form

Dq.z; xnC1/ � Dq.z; xn/ � R
q
n

q G
q�1
q� kAkq

for all z 2MAxDy (6.56)

holds, whereGq� � 1 is the constant appearing in (6.36) andRn WD kAxn�yk is the
residual. This estimate implies that

®

Dq.z; xn/
¯

n
converges decreasingly, that ¹xnº

is bounded and has weak cluster points, and that limn!1Rn D 0 and consequently
each weak cluster point x is a solution x 2MAxDy .

To obtain strong convergence in the infinite-dimensional case, the condition
Un�1 
 Un is sufficient, resulting in increasing dimensions of the search spaces.
Next, we show that this stringent condition is in fact not necessary; we simply have to
assure that we include the direction Jq.xn/�Jq.xn0

/ of a fixed iterate Jq.xn0
/ to the

current iterate Jq.xn/ in the search space Un, for infinitely many n � n0. Observe,
that by induction we then have Jq.xn/� Jq.xn0

/ 2 R.A�/.

Proposition 6.14. Let A�j.Axn � y/ 2 Un for all n 2 N. Then, the sequence
¹xnº, generated by Algorithm 6.13, converges strongly to x� D …qMAxDy

.x0/ if it has
a strongly convergent subsequence. This holds if any of the following conditions is
satisfied:

(a) X is finite-dimensional,

(b) Y is finite-dimensional,

(c) Jq.xn/� Jq.xn0
/ 2 Un for some fixed n0 2 N and infinitely many n � n0.

Proof. The limit x of a strongly convergent subsequence ¹xnk
ºk satisfies

x 2MAxDy D x� CN .A/ and Jq.x/ � Jq.x0/ 2 R.A�/ ;

because, by (6.54) and the continuity of the duality mapping, Jq.x/ � Jq.x0/ is the
limit of Jq.xnk

/ � Jq.x0/ 2 R.A�/. Hence we have x D …
q
MAxDy

.x0/ D x�

by (6.41). Furthermore, the strong convergence implies limk!1Dq.x
� ; xnk

/ D 0.
Since ¹Dq.z; xn/ºn converges for all z 2MAxDy , we have limn!1Dq.x

� ; xn/ D 0
and thus limn!1 kxn � x�k D 0. In a finite-dimensional space X , the bounded-
ness of ¹xnº implies the existence of a strongly convergent subsequence. In case
dim.Y / < 1, we also have dim

�

R.A�/
�

< 1. Hence, Jq.xn/ � Jq.x0/ 2 R.A�/
has a strongly convergent subsequence, from which we deduce that ¹xnº has a strongly
convergent subsequence too. Finally we assume, without loss of generality, that
Jq.xnk

/ � Jq.xn0
/ 2 Unk

, for all k 2 N and that ¹xnkC1ºk converges weakly to
some x 2MAxDy . Inserting A�wnk;i D Jq.xnk

/ � Jq.xn0
/ into (6.53) yields

˝

Jq.xnk
/ � Jq.xn0

/ ; xnkC1 � x
˛ D 0 ;
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and, together with (6.55), we get

˝

Jq.xnkC1/� Jq.x/ ; xnkC1 � x
˛ D ˝Jq.xnkC1/� Jq.xnk

/ ; xnkC1 � x
˛

C ˝Jq.xnk
/ � Jq.xn0

/ ; xnkC1 � x
˛

C ˝Jq.xn0
/ � Jq.x/ ; xnkC1 � x

˛

D ˝Jq.xn0
/� Jq.x/ ; xnkC1 � x

˛

:

Since the right hand side converges to zero for k !1, so does the left hand side and,
by (6.37), we conclude that ¹xnkC1ºk converges strongly to x.

6.2.3 The regularization method for noisy data (RESESOP)

In case only noisy data yı 2 Y is given, with known noise-level ky � yık � ı, we
propose the following modification of Algorithm 6.13, in order to compute a regular-
ized version of x� D …qMAxDy

.x0/. As in the previous section, Y is allowed to be an
arbitrary real Banach space.

Algorithm 6.15 (RESESOP). Take xı0 D x0 as initial value and fix some constant
� > 1. At iteration n 2 N, choose some finite index set I ın and search directions
A�wın;i 2 Gın \Dın, see (6.61) and (6.62) below. If the residual Rın WD kAxın � yık
satisfies the discrepancy principle

Rın � � ı (6.57)

stop iterating. Otherwise, compute the new iterate as

xınC1 WD JX
�

q�

�

Jq.x
ı
n/ �

X

i2I ı
n

tın;i A
�wın;i

�

; (6.58)

where tın D .tın;i /i2I ı
n

is chosen such that

xınC1 2 H ı
n WD

\

i2I ı
n

H
�

A�wın;i ; hwın;i ; yıi; ı kwın;ik
�

(6.59)

and such that an inequality of the form

Dq.z; x
ı
nC1/ � Dq.z; xın/ � C .Rın/q for all z 2MAxDy (6.60)

holds, for some constant C > 0.

Here, we consider in particular the canonical sets of search directions (see also
[169])

Gın WD
®

A�j.Axık � yı/ W 0 � k � n
¯

; (6.61)
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and
Dın WD

®

Jq.x
ı
k/� Jq.xıl / W 0 � l < k � n

¯

: (6.62)

This means that, for A�wın;i 2 Gın, we have

wın;i D j.Axık � yı/; 0 � k � n (6.63)

with

kwın;ik D Rık and hwın;i ; yıi D hA�wın;i ; xıki � .Rık/2 : (6.64)

Hence, for this kind of search directions, we actually only need the vectors A�wın;i
and do not have to store the vectors wın;i .

For A�wın;i 2 Dın we have

wın;i D vık;l such that A�vık;l D Jq.xık/ � Jq.xıl /; 0 � l < k � n (6.65)

with the recursion vı
l;l
WD 0 and

vık;l D vık�1;l �
X

i2I ı
k�1

tık�1;i w
ı
k�1;i : (6.66)

We can exploit this recursion to compute hwın;i ; yıi without using wın;i , which is

convenient in the noise-free case (6.52). However, to compute kwın;ik, we actually

need the vector wın;i . Hence, for noisy data, using this kind of search directions,
seems a little more involved.

Note that MAxDy 
 H ı
n because, for all z 2MAxDy , we have

jhA�wın;i ; zi � hwın;i ; yıij D jhwın;i ; y � yıij � ı kwın;ik : (6.67)

For exact data, we haveH ıD0
n D Hn. This implies, by (6.58) and (6.41), that xıD0

nC1 D
…
q
Hn
.xıD0
n /, i.e., Algorithm 6.15 coincides with Algorithm 6.13. Therefore, in the

noise-free case, we simply drop the index ı everywhere.
Inequality (6.60) assures that the sequence ¹Dq.z; xın/ºn decreases for fixed ı.

Hence, the discrepancy principle (6.57) indeed yields a finite stopping index

n� D n�.ı/ WD min¹n 2 N ; Rın � � ıº : (6.68)

To avoid exceptions, we define xın WD xın�
for all n � n�.

An admissible strategy to choose tın such that (6.59) and (6.60) are valid is, for
instance, the following: Consider (6.59) as a convex feasibility problem (CFP), which
can be solved by cyclically projecting

H ı
n;i WD H

�

A�wın;i ; hwın;i ; yıi; ı kwın;ik
�

;
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onto the individual sets as

z0 WD xın; zjC1 WD …q
Hı

n;.j mod jIı
n j/

.zj /; xınC1 WD lim
j!1 zj :

Projecting first onto the stripe, corresponding to the current subgradient
A�j.Axın � yı /, assures that (6.60) holds. We do not want to go into detail here
but refer to Section 6.3 for the solution of CFPs in Banach spaces. In Subsection 6.2.3
we furthermore present a fast method to compute xınC1 such that (6.59) and (6.60)
hold for the special case of two search directions.

We proceed now by analyzing under which conditions the iterates xın depend con-
tinuously on ı, for fixed index n. In doing so, we need a well-known fact about
invertibility of linear operators.

Lemma 6.16. Let E be a bijective continuous linear operator between Banach
spaces. Then, all continuous linear operators Eı , with kE � Eık < 1

kE�1k , are
also bijective and we have

k.Eı/�1k � 1
1

kE�1k � kE �Eık
(6.69)

as well as
kE�1 � .Eı/�1k � kE�1k k.Eı /�1k kE �Eık : (6.70)

The next proposition contains the desired continuity result with respect to ı.

Proposition 6.17. Let Y be uniformly smooth. For fixed index n we have

lim
ı!0
kxın � xnk D 0 ; (6.71)

if we assume that in previous iterations k � n � 1, we use the same number and kind
of search directions for all noise-levels ı1; ı2 � 0 and the respective search directions
for exact data ı D 0 are linearly independent. More precisely, we assume I ı1

k
D I ı2

k

and that, if A�wı1

k;i
is of the form A�j.Axı1

j �yı1/ (respectively Jq.x
ı1

j /�Jq.xı1

l
/),

A�wı2

k;i
is of the form A�j.Axı2

j � yı2/ (respectively Jq.x
ı2

j / � Jq.xı2

l
/) as well.

Proof. We inductively show limı!0 x
ı
k
D xk and limı!0w

ı
k;i
D wk;i , for all k � n,

i 2 Ik . For the latter, it suffices to show limı!0 j.Ax
ı
k
� yı/ D j.Axk � y/ and

limı!0 v
ı
k;l
D vk;l , with vı

k;l
such that A�vı

k;l
D Jq.xık/ � Jq.xıl /, l � k.

For k D 0 we have, trivially, vı0;0 D 0 D v0;0 and xı0 D x0. Since the duality

mapping is continuous in a uniformly smooth Y , we also have limı!0 j.Ax
ı
0�yı / D

j.Ax0 � y/.
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Next, we prove the induction step k ! k C 1. By (6.58), we have

Jq.x
ı
k/ � Jq.xıkC1/ D

X

i2Ik

tık;i A
�wık;i ; (6.72)

where, according to our assumption, the search directions ¹A�wk;i W i 2 Ikº 
 X�
for exact data are linearly independent. Hence, we find a dual basis ¹uk;i W i 2 Ikº 

X such that

hA�wk;i ; uk;j i D
²

1; i D j
0; i 6D j : (6.73)

Applying the dual basis to (6.72), we obtain the equations

hJq.xık/� Jq.xıkC1/ ; uk;j i D
X

i2Ik

tık;i hA�wık;i ; uk;j i; j 2 Ik : (6.74)

We can write these equations in the more convenient form

Eı tı D d ı (6.75)

with the matrix Eı WD .hA�wı
k;i
; uk;j i/j;i2Ik

and the vectors tı WD .tı
k;i
/i2Ik

and

d ı WD .hJq.xık/ � Jq.xıkC1/ ; uk;j i/j2Ik
. By (6.73), the matrix E D E0, corre-

sponding to exact data ı D 0, is the identity matrix and, by the induction hypothesis,
we have

lim
ı!0
kE �Eık D 0 ;

where we may take as matrix norm the one induced by the max-norm in RjIk j. From
Lemma 6.16, we infer thatEı is bijective for ı small enough and, together with (6.69)
and (6.70), we may assume

k.Eı/�1k � 2 and kE � .Eı/�1k � 2 kE �Eık : (6.76)

Since, by (6.60), the vectors d ı remain bounded with respect to ı, we deduce
from (6.75) and (6.76) that the coefficients tı also remain bounded. Thus, to ev-
ery null-sequence of noise-levels ¹ılºl , we can find a convergent subsequence of the
coefficients tı so that, without loss of generality, liml!1 tıl D Qt for some Qt 2 RjIk j.
Together with (6.72) and the induction hypothesis, existence of the strong limit

Jq. QxkC1/ WD lim
l!1

Jq.x
ıl

kC1/ D Jq.xk/�
X

i2Ik

Qtk;i A�wk;i

follows. Consequently, xıl

kC1 converges strongly to QxkC1 for l ! 1 and,
by (6.59), we get

jhA�wk;i ; QxkC1i � hwk;i ; yij D lim
l!1

jhA�wıl

k;i
; x

ıl

kC1i � hwıl

k;i
; yıl ij

� lim
l!1

ıl kwıl

k;i
k D 0 :
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Hence, QxkC1 2 Hk D x� C U?
k

and Jq. QxkC1/ � Jq.xk/ 2 Uk which, by (6.41),
implies QxkC1 D …

q
Hk
.xk/ D xkC1. Since this holds for every null-sequence ¹ılºl ,

we conclude that indeed
lim
ı!0

xıkC1 D xkC1 :

From this, we infer that

lim
ı!0

j.AxıkC1 � yı / D j.AxkC1 � y/

and that limı!0 d
ı D d . Together with (6.75) and (6.76), we further get

limı!0 t
ı D t , from which, with (6.66) and the induction hypothesis, we finally

deduce
lim
ı!0

vıkC1;l D vkC1;l ; l � k C 1 :

We give two possible choices for search directions, guaranteeing that the assump-
tion of linear independence in Proposition 6.17 is satisfied.

Lemma 6.18. In case of exact data, as long as Rn 6D 0, the following choices yield
sets of linearly independent search directions:

(a) Choose
®

A�j.Axk � y/ W kn � k � n
¯

, with 0 � kn�1 � kn, for all n 2 N.

(b) ChooseA�j.Ax0�y/ and then
®

A�j.Axn�y/; Jq.xn/�Jq.x0/
¯

, for all n � 1.

Proof. Choice (a): Because of the orthogonality relations (6.53), applying xn�x� to

0 D
n
X

kDkn

�k A
�j.Axk � y/; �k 2 R ;

yields 0 D �n hA�j.Axn � y/ ; xn � x� i D �nR
2
n. Hence, �n D 0 and, by subse-

quently applying xk � x� , it follows inductively that �k D 0 for k D n� 1; : : : ; kn.
Choice (b): By (6.56), we have Jq.xn/ � Jq.x0/ 6D 0 for n � 1 and, by (6.53) and

(6.55), we get
˝

Jq.xn/ � Jq.x0/ ; xn � x�
˛ D 0 :

Therefore, applying xn � x� to

0 D �A�j.Axn � y/C �
�

Jq.xn/� Jq.x0/
�

; �; � 2 R ;

yields 0 D � hA�j.Axn � y/ ; xn � x� i D �R2n. Hence, � D 0 D �.

Proposition 6.19 contains the main result of Section 6.2.3, showing that Algo-
rithm 6.15 turns into a regularization method for the computation of x� D
…
q
MAxDy

.x0/.
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Proposition 6.19. Let A�j.Axın � yı / 2 U ın for all n 2 N and ı � 0, and let
n� D n�.ı/ be the stopping index (6.68), according to the discrepancy principle.
Then,

lim
ı!0
kxın�.ı/

� x�k D 0
if any of the conditions (a)–(c) holds true:

(a) X is finite-dimensional

(b) Y is finite-dimensional

(c) We have limn!1 kxn � x�k D 0 and limı!0 kxın � xnk D 0, for fixed indices
n. According to Propositions 6.14 and 6.17 and Lemma 6.18 (b), this holds e.g.,
if Y is uniformly smooth and if we choose as search directions A�j.Ax0 � yı /
and then

®

A�j.Axın � yı/; Jq.xın/� Jq.x0/
¯

, for all n � 1.

Proof. Let ¹ılºl be an arbitrary null-sequence of noise-levels. For the reader’s conve-
nience, we define nl WD n�.ıl / and xl WD x

ıl
nl

. From (6.60), we deduce that ¹xl ºl is
bounded. Furthermore, each weak cluster point x is a solution x 2 MAxDy because,

by (6.57), we have Rıl
nl
� � ıl ! 0 for l ! 1. For strong convergence of ¹xl ºl to

x� , it suffices again to show that every subsequence in turn has a subsequence con-
verging strongly to x� . In the finite-dimensional cases (a) and (b), this follows by
showing that, as in the case of exact data, each subsequence has a strong cluster point
x, satisfying Jq.x/ � Jq.x0/ 2 R.A�/, which implies x D …

q
MAxDy

.x0/ D x� . It
remains to show the assertion for (c). Without loss of generality, we may assume that
the sequence ¹nlºl is increasing. Due to (6.60) and the assumptions in (c), we then
find to every k 2 N some nk; lk 2 N such that, for all l � max¹k; lkº, the following
chain of inequalities holds

Dq.x
� ; xl / D Dq

�

x� ; xıl
nl

� � Dq
�

x� ; xıl
nk

� � Dq.x� ; xnk
/C 1

k
� 2

k
;

which implies strong convergence of ¹xl ºl to x� .

Remark 6.20. We emphasize, that in the finite-dimensional cases (a) and (b), we
did not make any smoothness assumption about Y and regularization can be shown
without continuous dependence of the iterates xın on ı, for fixed indices n.

We conclude this section, by describing a fast way to compute xınC1 in Algo-
rithm 6.15, such that (6.59) and (6.60) hold, in case only two search directions are
used. This strategy is based on a geometrical fact, which is quite obvious in Hilbert
spaces and which is illustrated in Figure 6.1.
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x

x1 x2 D Qx

x

x1 D Qx
H1

H2

H1 \H2

x

x2Qx
H1

H2
H1 \H2

Figure 6.1. The orthogonal, respectively Bregman projection, Qx D …H1\H2
.x/ of x onto the

intersection of the halfspaces H1 and H2 can be computed by at most two projections onto
(intersections of) the bounding hyperplanes, if x is already contained in one of the halfspaces
(left); otherwise this need not to be true (right).1

Proposition 6.21. Let H1 WD H�.u�
1; ˛1/, H2 WD H�.u�

2; ˛2/ be two halfspaces
with nonempty intersection. If x 2 H>.u�

1; ˛1/ \ H2, the Bregman projection of x
ontoH1\H2 can be computed by at most two Bregman projections onto (intersections
of) the bounding hyperplanes, with the following two steps:

(1) Compute
x1 WD …qH.u�

1
;˛1/

.x/ :

Then, for all z 2 H1, we have

Dq.z; x1/ � Dq.z; x/ � 1

p G
q�1
q�

�hu�
1 ; xi � ˛1
ku�
1k

�q

; (6.77)

where Gq� � 1 is the constant appearing in (6.36). If x1 2 H2, we already have
x1 D …qH1\H2

.x/, i.e., we are done. Otherwise, go to step

(2) Compute
x2 WD …qH.u�

1 ;˛1/\H.u�
2 ;˛2/

.x1/ :

Then, we have x2 D …qH1\H2
.x/ and, for all z 2 H1 \H2,

Dq.z; x2/ � Dq.z; x/ � 1

q G
q�1
q�

�
��hu�

1 ; xi � ˛1
ku�
1k

�q

C
�hu�

2 ; x1i � ˛2
� ku�

2k
�q�

(6.78)

1 This figure is reproduced from the article of F. Schöpfer and T. Schuster, Fast regularizing sequen-
tial subspace optimization in Banach spaces, published in Inverse Problems, vol. 25(1), 015013,
doi:10.1088/0266-5611/25/1/015013, 2009, with kind allowance of IoP Publishing, Bristol, UK.
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with

� WD
 

1� 1

.q � 1/Gq�1
q�

 jhu�
1 ; J

X�

q� .u
�
2/ij

ku�
1k kJX�

q� .u
�
2/k

!q!
1

q�

2 .0; 1	 : (6.79)

Proof. Step (1). Let x1 WD …qH.u�
1
;˛1/

.x/. Since x 2 H>.u�
1; ˛1/, we know, by (6.46)

and (6.48), that we also have x1 D …qH�.u
�
1 ;˛1/

.x/ D …
q
H1
.x/. If x1 2 H2, we have

x1 2 H1 \ H2 
 H1 and, by (6.38), we conclude that indeed x1 D …
q
H1\H2

.x/.
By (6.46) we furthermore know that

Jq.x1/ D Jq.x/ � t1 u�
1; t1 > 0 ;

where t1 minimizes the function

h1.t/ WD 1

q�
�

�Jq.x/ � t u�
1

�

�

q� C t ˛1 :

Hence, h1.t1/ � h1.Qt1/, with

Qt1 WD
�hu�

1 ; xi � ˛1
Gq� ku�

1kq�

�q�1
> 0 (6.80)

and, since t1 > 0, we get, for all z 2 H1

Dq.z; x1/ D 1

q�
�

�Jq.x/ � t1 u�
1

�

�

q� C t1 hu�
1 ; zi � hJq.x/ ; zi C

1

q
kzkq

� 1

q�
�

�Jq.x/ � t1 u�
1

�

�

q� C t1 ˛1 � hJq.x/ ; zi C 1

q
kzkq

� h1.Qt1/ � hJq.x/ ; zi C 1

q
kzkq : (6.81)

We estimate h1.Qt1/ with (6.36) and get

h1.Qt1/ � 1

q� kxkq � Qt1
�hu�

1 ; xi � ˛1
�C Gq�

q� Qt
q�

1 ku�
1kq

�

D 1

q� kxkq �
1

q G
q�1
q�

�hu�
1 ; xi � ˛1
ku�
1k

�q

: (6.82)

Inserting this estimate into (6.81) yields (6.77).
Step (2). At first we show that, if u�

1 and u�
2 are linearly dependent, we must have

x1 2 H2, i.e., we already finish in Step (1). Let u�
2 D �u�

1 , � 2 R. If � < 0, we get
for z 2 H1 \H2

˛2 � hu�
2 ; zi D � hu�

1 ; zi � �˛1 ;
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and for � > 0 we get, with x 2 H>.u�
1 ; ˛1/ \H2,

˛2 � hu�
2 ; xi D � hu�

1 ; xi > �˛1 :
Hence, �˛1 � ˛2 and hu�

2 ; x1i D � hu�
1 ; x1i D �˛1 � ˛2, showing that x1 2 H2.

Let x1 … H2, i.e., x1 2 H>.u�
2; ˛2/. As we have just shown, u�

1 and u�
2 must then

be linearly independent, implying that the intersection H.u�
1 ; ˛1/ \H.u�

2 ; ˛2/ is not
empty. Therefore, we can compute

x2 D …qH.u�
1 ;˛1/\H.u�

2 ;˛2/
.x1/

and (6.43) yields

Jq.x2/ D Jq.x1/ � t2;1 u�
1 � t2;2 u�

2; t2;1; t2;2 2 R :

Hence, on the one hand we get

0 < hJq.x2/ � Jq.x1/ ; x2 � x1i D �t2;1 hu�
1 ; x2 � x1i � t2;2 hu�

2 ; x2 � x1i
D �t2;2

�

˛2 � hu�
2 ; x1i

�

;

implying t2;2 > 0. And on the other hand we get

0 < hJq.x2/� Jq.x/ ; x2 � xi
D �.t2;1 C t1/ hu�

1 ; x2 � xi � t2;2 hu�
2 ; x2 � xi

D �.t2;1 C t1/
�

˛1 � hu�
1 ; xi

� � t2;2
�

˛2 � hu�
2 ; xi

�

:

From this we deduce, with x 2 H>.u�
1; ˛1/\H2,

�.t2;1 C t1/
�

˛1 � hu�
1 ; xi

�

> t2;2
�

˛2 � hu�
2 ; xi

� � 0
implying t2;1 C t1 > 0. With (6.45), we conclude that indeed x2 D …

q
H1\H2

.x/. It
remains to show (6.78). Since t2;1C t1 > 0 and t2;2 > 0 we get, for all z 2 H1\H2,

Dq.z; x2/ � 1

q�
�

�Jq.x/ � .t2;1 C t1/ u�
1 � t2;2 u�

2

�

�

q� C .t2;1 C t1/ ˛1

C t2;2 ˛2 � hJq.x/ ; zi C 1

q
kzkq

D h1;2.t2;1; t2;2/C t1 ˛1 � hJq.x/ ; zi C 1

q
kzkq ; (6.83)

where, by (6.43), we know that .t2;1; t2;2/ minimizes the function

h1;2.s1; s2/ WD 1

q�
�

�Jq.x1/� s1 u�
1 � s2 u�

2

�

�

q� C s1 ˛1 C s2 ˛2 :
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Hence, we can estimate h1;2.t2;1; t2;2/ � h1;2.Qs1 � Qt2;2; Qt2;2/ with

Qs1 WD �
 jhu�

1 ; J
X�

q� .u
�
2/ij

Gq� ku�
1kq�

!q�1
� sgn

�hu�
1 ; J

X�

q� .u
�
2/i
�

(6.84)

and

Qt2;2 WD
� hu�

2 ; x1i � ˛2
Gq� �q

� ku�
2kq�

�q�1
> 0 (6.85)

with the factor � of (6.79). Note that � 2 .0; 1	, because

jhu�
1 ; J

X�

q� .u
�
2/ij � ku�

1k kJX
�

q� .u
�
2/k (6.86)

and we have equality in (6.86) iff u�
1 and u�

2 are linearly dependent. With (6.36) and
hu�
1 ; x1i D ˛1, we get

h1;2.Qs1 � Qt2;2; Qt2;2/ � 1

q� kx1kq � Qt2;2
�hu�

2 ; x1i � ˛2
�C Gq�

q� Qt
q�

2;2 ku�
2 C Qs1 u�

1kq
�

:

Similar to the upper estimate for h1.Qt1/ in the proof of Step (1), we see that Qs1 yields
the estimate

1

q� ku�
2 C Qs1 u�

1kq
� � 1

q� ku�
2kq

� � 1

p G
q�1
q�

 jhu�
1 ; J

X�

q� .u
�
2/ij

ku�
1k

!q

D 1

q��
q� ku�

2kq
�

:

Hence, we get

h1;2.Qs1 � Qt2;2; Qt2;2/ � 1

q� kx1kq � Qt2;2
�hu�

2 ; x1i � ˛2
�C Gq�

q� Qt
q�

2;2 �
q� ku�

2kq
�

D 1

q� kx1kq �
1

q G
q�1
q�

�hu�
2 ; x1i � ˛2
� ku�

2k
�q

:

Inserting this estimate into (6.83), we finally arrive at

Dq.z; x2/ � 1

q� kx1kq C t1 ˛1 � hJq.x/ ; zi C
1

q
kzkq

� 1

q G
q�1
q�

�hu�
2 ; x1i � ˛2
� ku�

2k
�q

;

and, together with h1.t1/ D 1
q� kx1kqC t1 ˛1 � h1.Qt1/ and estimate (6.82), we finally

obtain (6.78).
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Note that this two-step method is guaranteed to work only if x is already con-
tained in one of the halfspaces. If this is not the case, it might fail, as can be seen in
Figure 6.1. Proposition 6.21 confirms that in many cases Bregman projections con-
veniently behave like orthogonal projections in Hilbert spaces. However, we point
out that in a Hilbert space it can be shown that in Step (2) we also have x2 D
…
q
H1\H2

.x1/, which is not necessarily true in general Banach spaces.

Together with (6.38), (6.48) and (6.64), we obtain a strategy for computing xınC1
in Algorithm 6.15.

Algorithm 6.22 (RESESOP with two search directions). Take uı0 and then
¹uın; uın�1º, for all n � 1, as search directions in Algorithm 6.15 with

uın WD A�wın; wın WD j.Axın � yı / ;
Define H ı�1 WD X and, for n 2 N, the stripes

H ı
n WD H

�

uın; ˛
ı
n; ı R

ı
n

�

with ˛ın WD huın ; xıni � .Rın/2 :

Then, as long as Rın > � ı, we have

xın 2 H>
�

uın; ˛
ı
n C ı Rın

� \H ı
n�1 :

Hence, compute xınC1 by the following two steps:

(1) Compute
QxınC1 WD …qH.uı

n;˛
ı
nCı Rı

n/
.xın/ ;

i.e.,
Jq. QxınC1/ D Jq.xın/� tın uın

such that tın minimizes

h1.t/ WD 1

q�
�

�

�

Jq.x
ı
n/ � t uın

�

�

�

q�

C t .˛ın C ı Rın/ :

Then, for all z 2MAxDy (recall that MAxDy 
 H ı
n by (6.67)), we have

Dq.z; QxınC1/ � Dq.z; xın/ �
1

p G
q�1
q�

 

Rın .R
ı
n � ı/

kuınk

!q

:

If QxınC1 2 H ı
n�1, we have QxınC1 D …

q

Hı
n\Hı

n�1

.xın/ i.e., define xınC1 WD QxınC1
and we are done. Otherwise, go to step
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(2) Depending on QxınC1 2 H?
�

uın�1; ˛ın�1 ˙ ı Rın�1
�

, compute

xınC1 WD …qH.uı
n;˛

ı
nCı Rı

n/\H.uı
n�1;˛

ı
n�1˙ı Rı

n�1/
. QxınC1/ ;

i.e.,
Jq. QxınC1/ D Jq. QxınC1/ � tın;n uın � tın;n�1 uın�1

such that .tın;n; t
ı
n;n�1/ minimizes

h2.t1; t2/ WD 1

q�
�

�

�

Jq.x
ı
n/ � t1 uın � tı2 uın�1

�

�

�

q�

C t1 .˛ın C ı Rın/C t2 .˛ın�1 ˙ ı Rın�1/ :

Then, we have xınC1 D …qHı
n\Hı

n�1

.xın/ and for all z 2MAxDy ,

Dq.z; x
ı
nC1/ � Dq.z; xın/ �

1

p G
q�1
q�

Sın

with

Sın WD
 

Rın .R
ı
n � ı/

kuınk

!q

C
 

ˇ

ˇhuın�1 ; QxınC1i � .˛ın�1 ˙ ı Rın�1/
ˇ

ˇ

�n kuın�1k

!q

and

�n WD
 

1 � 1

.q � 1/Gq�1
q�

 jhuın ; JX�

q� .u
ı
n�1/ij

kuınk kJX�

q� .u
ı
n�1/k

!q!
1

q�

2 .0; 1	 : (6.87)

Since
Rın � ı
kuınk

� 1 � 1
�

kAk
for Rın > � ı, we see that both (6.59) and (6.60) hold.

Remark 6.23.

(a) The factor �n (6.87), whose magnitude is determined by jhuın ; JX�

q� .u
ı
n�1/ij,

contains some information about the additional speedup we gain, by using two
search directions instead of only one: The larger jhuın ; JX�

q� .u
ı
n�1/ij, the smaller

�n and hence, the larger the decrease in the Bregman distance. If the search di-
rections uın and uın�1 are orthogonal, in the sense that huın ; JX�

q� .u
ı
n�1/i D 0,

the improvement, compared to using only uın, might be negligible; in a Hilbert
space this would in fact imply that we already finish in Step (1). But, if the
distance between xın and H ı

n \ H ı
n�1 is large and the search directions are al-

most linearly dependent, i.e., jhuın ; JX�

q� .u
ı
n�1/ij � kuınk kJX

�

q� .u
ı
n�1/k, then

the improvement, when passing to xınC1, might be significant.
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(b) If we have a good estimate for the constant Gq� , (6.80), (6.84) and (6.85) yield
good initial guesses for the minimization problems, namely

Qtın WD
 

Rın .R
ı
n � ı/

Gq� kuınkq�

!q�1

for the minimization of h1 and

Qtın;n�1 WD
 

ˇ

ˇhuın�1 ; QxınC1i � .˛ın�1 ˙ ı Rın�1/
ˇ

ˇ

Gq� �
q�

n kuın�1kq�

!q�1

� sgn
�huın�1 ; QxınC1i � .˛ın�1 ˙ ı Rın�1/

�

;

Qtın;n WD �Qtın;n�1 �
 jhuın ; JX�

q� .u
ı
n�1/ij

Gq� kuınkq�

!q�1
� sgn

�huın ; JX
�

q� .u
ı
n�1/i

�

for the minimization of h2. In a Hilbert space these values are already optimal.

6.3 Iterative solution of split feasibility problems (SFP)

We are concerned with the solution of the split feasibility problem (SFP) in a Banach
space X , by an iterative regularization method. The SFP is a special kind of con-
vex feasibility problem (CFP). Formally, it consists of finding a common point in the
intersection of finitely many convex sets Ci 
 X , i 2 I D ¹1; : : : ; N º, i.e.,

find x 2 C WD
\

i2I
Ci ; (6.88)

where some of the sets Ci arise by imposing convex constraints Qi 
 Yi in the range
of linear operators Ai W X �! Yi , with Banach spaces Yi ,

Ci D ¹x 2 X W Aix 2 Qiº : (6.89)

Many inverse problems can be modeled as an SFP. E.g., if N D 1 and Q1 D
¹yº, (6.88) is equivalent to solving (6.1). If one is interested in a positive solution
of Ax D y, where only noisy data yı are available, this can be written as

find x 2 ¹x 2 X W x � 0º \ ¹x 2 X W Ax 2 Bı.y/º ;
where Bı.y/ denotes the ball with radius ı around y. An extensive overview of
applications of the CFP/SFP and solution methods in Hilbert spaces can be found
in [40, 43] and [51, 52].

One strategy for solving (6.88) is to project cyclically onto the individual sets. In
Banach spaces, the convergence of the resulting algorithm, in the general framework
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of Bregman projections, was analyzed by Alber and Butnariu [4]. In applications
such projection algorithms are efficient, if the projections onto the individual sets
are simple to calculate. If the sets are of the form (6.89) then it is, in general, too
difficult or too costly to project onto these sets in each iteration. In finite dimensional
spaces, Byrne [37] suggested the CQ-algorithm, to solve the problem of finding a
point x 2 C such that Ax 2 Q; it has the iterative form

xnC1 D PC
�

xn � tn A��Axn � PQ.Axn/
�

�

with appropriately chosen parameters tn > 0. Here,PC andPQ denote the orthogonal
projections onto the respective sets. The special case of Q D ¹yº being a singleton is
also known as the projected Landweber method. The advantage is that the difficulty
of directly projecting onto the set ¹x W Ax 2 Qº is avoided by using the gradient of
the functional f .x/ D 1

2
kAx � PQ.Ax/k2 and thus only the projection onto Q is

involved. Here, we consider a generalization of this method to Banach spaces which,
in case of two sets C , Q, reads as

xnC1 D …qC JX
�

q�

�

JXq .xn/ � tn A�J Y2
�

Axn � PQ.Axn/
�

�

; (6.90)

where …qC denotes the Bregman projection onto C and PQ is the metric projection
onto Q.

Often only noisy data C ıi , Qıi is available and hence it is important to analyze the
regularizing properties of a solution method for SFPs and to modify them if necessary.
Some results in this direction were given in e.g., [64], for the projected Landweber
method in Hilbert spaces, or [244], where a relaxed version of the CQ-algorithm,
for the use of approximately given convex sets, has been studied. In this context,
continuity properties of the projection operators, with respect to both the argument
and the sets onto which we project, play a decisive role. Resmerita [195] showed
continuity for a wide class of Bregman projections, with respect to set convergence
in the sense of Mosco [166], which can be used to prove stability of the projection
methods. Here, we intend to analyze the regularizing properties in connection with
a discrepancy principle. For our purpose, it is therefore more convenient to use a
notion of convergence induced by local versions of the Hausdorff distance, allowing
us to quantitatively measure the distance between two convex sets C , D on bounded
parts

d%.C;D/ WD min¹� � 0 j C \B% 
 DCB� and D \B% 
 C CB�º ; (6.91)

where B% D B%.0/, B� D B�.0/. Note that the minimum defining d%.C;D/ is
actually attained, which can be proved by the boundedness of B% and B� and the
application of weakly convergent subsequences. We prove a uniform continuity re-
sult with respect to these distances in Section 6.3.1. This notion of convergence has
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already been used by Penot [180], in the context of metric projections. Its advan-
tage, compared to the standard Hausdorff distance, is that it does not exclude many
important classes of unbounded convex sets, like cones or halfspaces.

Throughout this section, we assume X to be a real q-convex and uniformly smooth
and thus reflexive Banach space, with then q�-smooth and uniformly convex dualX�,
see Theorem 2.52 (b), (d). Furthermore, we denote by

C.X/ WD ¹C 
 X W C closed, convex and nonempty º
the set consisting of all closed, convex subsets of X .

6.3.1 Continuity of Bregman and metric projections

Let again q � 2, C 2 C.X/ and

fq.x/ D 1

q
kxkq ; x 2 X :

We recall that the metric projection PC W X ! C is defined by

kx � PC .x/k D min
y2C kx � yk ;

whereas the Bregman projection …qC W X ! C minimizes the distance of a given
x 2 X to C , with respect to the Bregman distance

Dp
�

…
p
C .x/; x

� D min
y2C Dq.y; x/ :

We give and recall specific Bregman and metric projections of elementary convex
subsets.

Example 6.24.

(a) The metric projection onto a hyperplane H.u�; ˛/ is given by

PH.u� ;˛/.x/ D x � hu
� ; xi � ˛
ku�kq� JX

�

q� .u
�/ : (6.92)

If x is not yet contained inH�.u�; ˛/, then PH�.u�;˛/.x/ is also given by (6.92).

(b) The Bregman projection onto a hyperplane H.u�; ˛/ is given by

…
q

H.u�;˛/
.x/ D JX�

q�

�

Jq.x/ � top u�� ; (6.93)

where top is the unique solution of the optimization problem

min
t2R

h.t/ WD 1

q�
�

�Jq.x/ � t u��
�

q� C ˛ t : (6.94)
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Note that the function h is strictly convex and continuously differentiable, with
increasing derivative

h0.t/ D �
D

u� ; JX�

q�

�

Jq.x/ � t u��EC ˛ :

This was proved in Section 6.2.1. If x is not yet contained inH�.u�; ˛/, we have
h0.0/ D �hu� ; xiC˛ < 0 and thus…q

H�.u�;˛/
.x/ is also given by (6.93), where

t op is the then necessarily positive solution of the optimization problem (6.94).

(c) If X is an Lq (`q)-space (1 < q <1) and Œa; b	 WD ¹x 2 Lq .`q/ W a � x � bº
is a closed box, with extended real valued functions respectively sequences a; b,
we have

…
q

Œa;b�
.x/ D PŒa;b�.x/ D max

®

a;min¹x; bº¯ ; (6.95)

where “�”, “min” and “max” are to be understood point-wise and component-
wise, respectively, a.e., and the index q in …q

Œa;b�
must be the same as in Lq

(`q).

Our aim is to use d% (6.91), to measure the distance between convex sets and prove
continuity of the Bregman and metric projections, with respect to their arguments and
the sets they project onto. For more information about set convergence, we refer to
the book of Rockafellar and Wets [203].

Example 6.25.

(a) For all % > 0 we have

d%
�

H.u�; ˛/;H.v�; ˇ/
� � j˛ � ˇj C % ku

� � v�k
min¹ku�k; kv�kº : (6.96)

The same estimate holds for d%
�

H�.u�; ˛/;H�.v�; ˇ/
�

.

(b) In an Lq (`q)-space, we have

d%
�

Œa; b	; Œ Qa; Qb	� � min
®kmax¹ja� Qaj; jb � Qbjºk; %Cmax¹kck; k Qckº¯ (6.97)

with any c 2 Œa; b	 and Qc 2 Œ Qa; Qb	. Note that kmax¹ja � Qaj; jb � Qbjºk may be
infinite.

Boundedness properties of the projections indicate that it indeed suffices to know
the distance between convex sets on bounded parts. Recall, that the metric projection
maps bounded sets onto bounded sets because

kPC .x/k � kx � PC .x/k C kxk � kx � PC .0/k C kxk � 3 max¹kPC .0/k; kxkº :
The same holds for the Bregman projection.
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Lemma 6.26. The Bregman projection maps bounded sets onto bounded sets. More
precisely, we have

k…qC .x/k � 3 max¹k…qC .0/k; kxkº : (6.98)

Proof. From the variational inequality (6.39) with y D …qC .0/, we deduce that

k…qC .x/kq � k…qC .x/kq�1 k…qC .0/k
C kxkq�1 k…qC .0/k C kxkq�1 k…qC .x/k :

(6.99)

In case k…qC .x/k � 2 k…qC .0/k we are done. Otherwise, we get from (6.99)

k…qC .x/kq �
1

2
k…qC .x/kq C

3

2
kxkq�1 k…qC .x/k ;

from which we infer that, for q � 2
k…q

C
.x/k � max¹2 k…q

C
.0/k; 3q�1kxkº � 3 max¹k…q

C
.0/k; kxkº :

Next, we prove that the metric, as well as the Bregman projection, are uniformly
continuous on bounded sets, with respect to simultaneous variations of the argu-
ment and the sets onto which we project. For the case of metric projections, see
also [5], where similar estimates have been proved with the standard Hausdorff dis-
tance, and [180], where local versions of the Hausdorff distance have been used to
obtain estimates, with respect to either variations of the argument or variations of the
sets projected onto, but under weaker assumptions on X .

Proposition 6.27. There exist constants c > 0 such that, for all x; y 2 X and C;D 2
C.X/, the following estimates hold for all % � 3M with

M WD max¹kPC .0/k; kPD.0/k; kxk; kykº :
(a) For the Bregman projection we have

�

�…
q
C .x/ �…qD.y/

�

�

� c
�

M q�1d%.C;D/CM
�

�Jq.x/ � Jq.y/
�

�

�

1
q
:

(6.100)

(b) For the metric projection we have

kPC .x/ � PD.y/k � c M
1

q�
�

d%.C;D/C kx � yk
�

1
q C kx � yk : (6.101)

Proof. Part (a). Because of (6.98) we have, for all % � 3M ,

…
q
C .x/ 2 C \ B% and …

q
D.y/ 2 D \ B% :
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Due to the definition of d%.C;D/ (6.91) we therefore find xD 2 D and yC 2 C , such
that

k…qC .x/ � xDk � d%.C;D/ ; k…qD.y/ � yCk � d%.C;D/
and write

˝

Jq…
q
C .x/ � Jq…qD.y/ ; …qC .x/ �…qD.y/

˛

D ˝Jq…qC .x/ � Jq.x/ ; …qC .x/ � yC
˛

C ˝Jq…qC .x/ � Jq.x/ ; yC �…qD.y/
˛

C ˝Jq.x/ � Jq.y/ ; …qC .x/ �…qD.y/
˛

C ˝Jq.y/ � Jq…qD.y/ ; …qC .x/ � xD
˛

C ˝Jq.y/ � Jq…qD.y/ ; xD �…qD.y/
˛

:

Since xD 2 D and yC 2 C , the variational inequality (6.39) assures that the first and
the last summand are less than or equal to zero and we can estimate

˝

Jq…
q
C .x/ � Jq…qD.y/ ; …qC .x/ �…qD.y/

˛

� ��Jq…qC .x/ � Jq.x/
�

� d%.C;D/

C ��Jq.x/ � Jq.y/
�

�

�

�…
q
C
.x/ �…q

D
.y/
�

�

C ��Jq.y/ � Jq…qD.y/
�

� d%.C;D/ :

Inequality (6.100) now follows from (6.98) and (6.37).
Part (b). The inequality (6.101) for the metric projection can be proved in a similar

way by at first estimating the term
˝

Jq
�

PC .x/ � x
� � Jq

�

PD.y/ � y
�

;
�

PC .x/ � x
� � �PD.y/ � y

�˛

with variational inequality (6.49) and then using (6.37), as well as the triangle inequal-
ity

kPC .x/ � PD.y/k �
�

�

�

PC .x/ � x
� � �PD.y/ � y

�

�

�C kx � yk :
The following lemma assures that cluster points of sequences generated by Algo-

rithm 6.29, introduced in the next section, are solutions of (6.88).

Lemma 6.28. Let x; xn 2 X and C;Cn 2 C.X/ be such that the sequence ¹xnº
converges weakly to x and limn!1 d%n

.C;Cn/ D 0 for %n � 3Mn with

Mn WD max¹kPC .0/k; kPCn
.0/k; kxk; kxnkº :

If, additionally,

lim
n!1 kxn �…

q
Cn
.xn/k D 0 or lim

n!1 kxn � PCn
.xn/k D 0

then we have x 2 C .
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Proof. At first, we show that ¹Mnºn is bounded, i.e.,

M WD sup
n2N

Mn <1 :

The sequence ¹xnº is bounded, because it converges weakly. To PC .0/ 2 C \ B%n

we find some cn 2 Cn such that kPC .0/ � cnk � d%n
.C;Cn/ and we get

kPCn
.0/k � kcnk � kPC .0/k C d%n

.C;Cn/ ;

which is uniformly bounded for all n 2 N, since
®

d%n
.C;Cn/

¯

n
converges. Hence,M

is indeed finite. Next, we show that x D …qC .x/ 2 C , respectively x D PC .x/ 2 C .
In case of Bregman projections, we write

˝

Jq.x/ � Jq…qC .x/ ; x �…qC .x/
˛

D ˝Jq.x/ � Jq…qC .x/ ; x � xn
˛

C
D

Jq.x/ � Jq…qC .x/ ; xn �…qCn
.xn/

E

C
D

Jq.x/ � Jq…qC .x/ ; …qCn
.xn/ �…qC .xn/

E

C ˝Jq.x/ � Jq…qC .x/ ; …qC .xn/�…qC .x/
˛

:

Because
˝

Jq.x/ � Jq…qC .x/ ; …qC .xn/ �…qC .x/
˛ � 0, we obtain, with (6.100),

˝

Jq.x/ � Jq…qC .x/ ; x �…qC .x/
˛

� ˝Jq.x/ � Jq…qC .x/ ; x � xn
˛

C kJq.x/ � Jq…qC .x/k kxn �…qCn
.xn/k

C kJq.x/ � Jq…qC .x/k c M
1

q� d%n
.C;Cn/

1
q :

Since the right hand side converges to zero, we conclude, with (6.37), that x D
…
q
C .x/ 2 C . The proof for the metric projection can be done similarly, by estimating

kx � PC .x/kq D
˝

Jq
�

x � PC .x/
�

; x � PC .x/
˛

:

6.3.2 A regularization method for the solution of SFPs

We turn to the method for the solution of problem (6.88). Let IQ 
 I D ¹1; : : : ; N º
be the set of all indices i , belonging to sets Ci , of the form Ci D ¹x 2 X W Aix 2 Qiº
and denote by IC WD I n IQ the set of the remaining indices. We assume that all
Ai W X �! Yi are continuous linear operators, with adjoints A�

i and that all Yi
are real pi -convex and uniformly smooth Banach spaces. For simplicity we take,
for all spaces Yi , the normalized duality mapping J D JY2 , which is also uniformly
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continuous on bounded sets. Suppose we are given only noisy data C ıi 2 C.X/,
Qı
i 2 C.Yi/, with known noise-level ı D .ıi /i2I 2 RN ,

d%i
.Ci ; C

ı
i / � ıi ; i 2 IC ; d%i

.Qi ;Q
ı
i / � ıi ; i 2 IQ (6.102)

for sufficiently large %i . Doing so, we assume that we know an upper estimate % > 0
for the norm of some members of the solution set, i.e.,

kzk � % for some z 2 C :

We define
M WD 6 max¹kx0k; %º ;

where x0 2 X will be an initial guess for the iteration. Then, we postulate

%i � 3 max¹kPCi
.0/k; kPC ı

i
.0/k;M º; i 2 IC ;

%i � 3 max¹kPQi
.0/k; kPQı

i
.0/k;M kAikº; i 2 IQ : (6.103)

Let i W N �! I be the cyclic control mapping

i.n/ WD .n mod N/C 1 :

Algorithm 6.29 (SFP). Choose some constant � > 1, an initial value xı0 D x0 2 X
and for n D 0; 1; 2; : : : repeat the following steps:

If the residual Rın with

Rın WD

8

ˆ

ˆ

<

ˆ

ˆ

:

Dq

�

…
q

Cı
i.n/

.xı
n/;x

ı
n

�

�

�Jq.x
ı
n/�Jq …

q

Cı
i.n/

.xı
n/
�

�

; i.n/ 2 IC

kAi.n/xın � PQı
i.n/
.Ai.n/x

ı
n/k; i.n/ 2 IQ

(6.104)

satisfies
Rın � � ıi.n/ (6.105)

then define xınC1 WD xın. Otherwise, define

xınC1 WD
8

<

:

…
q

C ı
i.n/

.xın/; i.n/ 2 IC
…
q

H�.A
�
i.n/

wı
n;˛

ı
n/
.xın/; i.n/ 2 IQ (6.106)

with
wın WD J

�

Ai.n/x
ı
n � PQı

i.n/
.Ai.n/x

ı
n/
�

(6.107)

and
˛ın WD

˝

A�
i.n/w

ı
n ; x

ı
n

˛ �Rın
�

Rın � ıi.n/
�

: (6.108)
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Note that
˝

A�
i.n/

wın ; x
ı
n

˛

> ˛ın C .1 � 1
�
/.Rın/

2 > ˛ın for Rın > � ıi.n/. Hence, in

this case, the iterate xın is not yet contained in the halfspaceH�.A�
i.n/

wın; ˛
ı
n/ and, by

Example 6.24 (b), we have

xınC1 D JX
�

q�

�

Jq.x
ı
n/� top

n A�
i.n/w

ı
n

�

; (6.109)

where top
n > 0 is the solution of the one-dimensional optimization problem

min
t2R

hn.t/ WD 1

q�
�

�

�

Jq.x
ı
n/� t A�

i.n/w
ı
n

�

�

�

q�

C t ˛ın : (6.110)

If the metric projection onto a set Ci , i 2 IC is easier to compute than the Bregman
projection, one may use (6.109), with Yi D X and Ai being the identity operator,
resulting in

xınC1 D JX
�

q�

�

Jq.x
ı
n/ � top

n Jq
�

xın � PC ı
i.n/
.xın/

�

�

: (6.111)

This can be interpreted as a relaxed metric projection because, in a Hilbert space, it
reads as

xınC1 D .1 � top
n / x

ı
n C top

n PC ı
i.n/
.xın/ :

Relaxed projections have also been used by e.g., Byrne [38], Censor et al. [41, 42],
Qu and Xiu [187] and Yang [240, 241].

We proceed by proving that Algorithm 6.29 generates iterates, whose Bregman
distances to any element of C are decreasing. Recall that, in caseRın � � ıi.n/, we set
xınC1 WD xın and therefore it holds trivially that

Dq
�

z; xınC1
� � Dq.z; xın/; z 2 C :

Otherwise, the Bregman distances are even strictly decreasing.

Lemma 6.30. If Rın > � ıi.n/ then we have

Dq
�

z; xınC1
� � Dq.z; xın/ � Sn for all z 2 C \ BM ; (6.112)

where, in case i.n/ 2 IC , this holds for Sn D SCn , with

SCn WD .1 � 1
�
/Dq.x

ı
nC1; xın/ > .1 � 1

�
/ cq .R

ı
n/
q > 0 (6.113)

and, in case i.n/ 2 IQ, this holds for both Sn D SQ;�n and Sn D SQ;Rn , with

SQ;�n WD Dq.xınC1; xın/ and SQ;Rn WD 1

q G
q�1
q�

 

.1 � 1
�
/Rın

kAi.n/k

!q

> 0 : (6.114)
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Proof. At first, we consider the case i.n/ 2 IC . Note that, by (6.37), we have

Rın D
Dq.x

ı
nC1; xın/

kJq.xın/ � Jq.xınC1/k
� kxınC1 � xınk �

�

1

cq
Dq.x

ı
nC1; xın/

�

1
q

and thus the first inequality in (6.113) holds. To z 2 C \ BM 
 Ci.n/ \ B%i.n/
, we

find some zı 2 C ı
i.n/

with kz � zık � ıi.n/ and write

Dq.z; x
ı
nC1/ D Dq.zı ; xınC1/C

1

q

�

kzkq � kzıkq
�

C ˝Jq.xınC1/ ; zı�z
˛

: (6.115)

In case ıi.n/ <
Rı

n

�
, we have xınC1 D …

q

C ı
i.n/

.xın/ and hence, by the descent property

of the Bregman projection (6.40),

Dq.z
ı ; xınC1/ � Dq.zı ; xın/ �Dq.xınC1; xın/ :

Inserting this into (6.115) yields

Dq.z; x
ı
nC1/ � Dq.zı ; xın/ �Dq.xınC1; xın/

C 1

q

�

kzkq � kzıkq
�

C ˝Jq.xınC1/ ; zı � z
˛

D Dq.z; xın/ �Dq.xınC1; xın; /C
˝

Jq.x
ı
nC1/ � Jq.xın/ ; zı � z

˛

� Dq.z; xın/ �Dq.xınC1; xın/C ıi.n/kJq.xınC1/� Jq.xın/k
� Dq.z; xın/ � .1 � 1

�
/Dq.x

ı
nC1; xın/ :

In case i.n/ 2 IQ, we get for the Bregman distance

Dq.z; x
ı
nC1/ D

1

q�
�

�

�

Jq.x
ı
n/ � top

n A�
i.n/w

ı
n

�

�

�

q�

C top
n

˝

A�
i.n/w

ı
n ; z

˛ � ˝Jq.xın/ ; z
˛C 1

q
kzkq :

We aim at replacing
˝

A�
i.n/
wın ; z

˛

by an expression independent of the unknown z.

Since Ai.n/z 2 Qi.n/ \ B%i.n/
for z 2 C \ BM , we find some qı 2 Qı

i.n/
with

kAi.n/z � qık � ıi.n/ and write
˝

A�
i.n/w

ı
n ; z

˛ D ˝

A�
i.n/w

ı
n ; x

ı
n

˛ � ˝wın ; Ai.n/xın � PQı
i.n/
.Ai.n/x

ı
n/
˛

C˝wın ; Ai.n/z � qı
˛C ˝wın ; qı � PQı

i.n/
.Ai.n/x

ı
n/
˛

:

Due to (6.49), we have
˝

wın ; q
ı �PQı

i.n/
.Ai.n/x

ı
n/
˛ � 0, because qı 2 Qı

i.n/
. There-

fore, with kwınk D Rın (6.107) and the definition of ˛ın (6.108), we can estimate
˝

A�
i.n/w

ı
n ; z

˛ � ˝A�
i.n/w

ı
n ; x

ı
n

˛ �Rın
�

Rın � ıi.n/
� D ˛ın : (6.116)
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Thus, since top
n > 0, we get

Dq.z; x
ı
nC1/ �

1

q�
�

�

�

Jq.x
ı
n/ � top

n A�
i.n/w

ı
n

�

�

�

q�

C top
n ˛ın �

˝

Jq.x
ı
n/ ; z

˛C 1

q
kzkq :

Recalling that top
n minimizes the function

hn.t/ D 1

q�
�

�

�

Jq.x
ı
n/� t A�

i.n/w
ı
n

�

�

�

q�

C t ˛ın

we have hn.t
op
n / � hn.Qtn/, for

Qtn WD
.1 � 1

�
/q�1.Rın/q�2

G
q�1
q� kAi.n/kq

: (6.117)

We use inequality (6.36) for the q�-smooth dual X� to estimate

hn.Qtn/ � 1

q� kxınkq
� � Qtn

˝

A�
i.n/w

ı
n ; x

ı
n

˛C Gq�

q� Qtq
�

n kA�
i.n/w

ı
nkq

� C Qtn ˛ın

D 1

q� kxınkq
� � QtnRın

�

Rın � ıi.n/
�C Gq�

q� Qtq
�

n kA�
i.n/w

ı
nkq

�

� 1

q� kxınkq
� � Qtn .1 � 1

�
/.Rın/

2 C Gq�

q� Qtq
�

n kAi.n/kq
�

.Rın/
q�

:

A short calculation confirms that Qtn is just the value which minimizes the right hand
side of the above inequality. Inserting this Qtn finally yields

Dq.z; x
ı
nC1/ � hn.Qtn/ �

˝

Jq.x
ı
n/ ; z

˛C 1

q
kzkq

� Dq.z; x
ı
n/�

1

q G
q�1
q�

 

.1 � 1
�
/Rın

kAi.n/k

!q

;

proving that (6.112) holds, with Sn D S
Q;R
n . It remains to show that (6.112) also

holds with Sn D S
Q;�
n . Recall that xınC1 D …qH�.A

�
i.n/

wı
n;˛

ı
n/
.xın/. From (6.116) we

infer that
C \ BM 
 H�.A�

i.n/w
ı
n; ˛

ı
n/ : (6.118)

Hence, as a direct consequence of the descent property of the Bregman projec-
tion (6.40), we get, for all z 2 C \ BM ,

Dq.z; x
ı
nC1/ � Dq.z; xın/�Dq.xınC1; xın/ :

Lemma 6.30 further assures that the iterates xın remain bounded.
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Lemma 6.31. The iterates xın, generated by Algorithm 6.29, remain bounded with

kxınk �M D 6 max¹kx0k; %º : (6.119)

Proof. Since inequalityDq.z; xın/ � Dq.z; x0/ is valid for all z 2 C\B%, we deduce
that

1

q� kxınkq �
1

q� kx0kq C kx0kq�1 %C kxınkq�1 % :

If kxınk � 2 q� % � 4 % for q� � 2, we are done. Otherwise, we get

1

2 q� kxınkq �
1

q� kx0kq C kx0kq�1 % � 1C q�
q� max¹kx0kq ; %qº :

For exact data ı D 0, we simply write xn WD xıD0
n .

Proposition 6.32. The sequence ¹xnº, generated by Algorithm 6.29 with exact data,
has the following properties:

(a) It is bounded and thus has weak cluster points. Furthermore, the sequence
¹Dq.z; xn/ºn converges decreasingly, for all z 2 C \ BM .

(b) Every weak cluster point is a solution of the SFP (6.88).

(c) It converges weakly, if the duality mapping of X is sequentially weak-to-weak-
continuous, i.e.,

®

Jq.xn/
¯

n
converges weakly to Jq.x/, if ¹xnº converges weakly

to x.

(d) It converges strongly, if it has a strongly convergent subsequence. In particular,
this is the case, if X is finite dimensional or one of the sets Ci is boundedly
compact, i.e., every bounded closed subset is compact.

Proof. Using Lemma 6.28 and Lemma 6.30, the proof can be done along the lines
of [4].

Part (a). This follows from Lemma 6.30 and Lemma 6.31.
Part (b). Let z1 2 X be a weak cluster point and ¹xnl

ºl a subsequence converging
weakly to z1. Since i is the cyclic control mapping, we may assume, without loss of
generality, i.nlCk/ D kC1 for k D 0; : : : ; N�1. Hence, we haveCi.nl Ck/ D CkC1.
By passing to subsequences, we may further assume that each sequence ¹xnl Ckºl
converges weakly to some zkC1 2 X . The decrease of the Bregman distances (6.112)
leads to liml!1 Snl Ck D 0. From (6.113), (6.114), together with (6.37), we deduce
that, on the one hand, the weak limits zkC1 and zkC2 of ¹xnl Ckºl and ¹xnl CkC1ºl
must coincide and, on the other hand,

lim
l!1

kxnl Ck �…qCkC1
.xnl Ck/k D 0
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and
lim
l!1

kAkC1xnl Ck � PQkC1
.AkC1xnl Ck/k D 0 :

Lemma 6.28 then assures that zkC1 2 CkC1, AkC1zkC1 2 QkC1, respectively.
Hence, we inductively get z1 D zi 2 Ci for all i 2 I and thus z1 2 C.

Part (c). Suppose that Jq is sequentially weak-to-weak-continuous and let z1; z2 2
C \ BM be two weak cluster points. We show z1 D z2. We have

Dq.z1; xn/ �Dq.z2; xn/� 1
q
kz1kq C 1

q
kz2kq D

˝

Jq.xn/ ; z2 � z1
˛

:

Since the left hand side has a limit, say�, so does the right hand side. Let ¹xnk
ºk con-

verge weakly to z1 and ¹xml
ºl converge weakly to z2. Then,

®

Jq.xnk
/
¯

k
converges

weakly to Jq.z1/ and
®

Jq.xml

¯

l
converges weakly to Jq.z2/. We get

˝

Jq.z2/ � Jq.z1/ ; z2 � z1
˛ D ˝Jq.z2/ ; z2 � z1

˛ � ˝Jq.z1/ ; z2 � z1
˛

D lim
l!1

˝

Jq.xml
/ ; z2 � z1

˛

� lim
k!1

˝

Jq.xnk
/ ; z2 � z1

˛

D � �� D 0 ;
from which we infer that z1 D z2.

Part (d). Let a subsequence ¹xnl
ºl converge strongly to some z 2 X . From (6.37),

we deduce that, in this case, liml!1Dq.z; xnl
/ D 0. By part (b) and (6.119), we

know that z 2 C \ BM and therefore, by part (a), the sequence
®

Dq.z; xn/
¯

n
con-

verges. Hence, we must have limn!1Dq.z; xn/ D 0, i.e., ¹xnº converges strongly
to z.

In the presence of noise, we employ a discrepancy principle as stopping rule: Ter-
minate the iteration with stopping index n� D n�.ı/ when, for the first time in N
consecutive iterations, all residuals Rın satisfy (6.105), i.e.,

n� D min¹n 2 N W RınCk � � ıi.nCk/ for all k D 0; : : : ; N � 1º : (6.120)

Observe that the way the iterates are defined then implies

xın�Ck D xın�
for k D 0; : : : ; N � 1 : (6.121)

This stopping rule indeed provides us with a finite stopping index n�.

Lemma 6.33. If ı > 0, the minimum in (6.120) exists.

Proof. Suppose, to the contrary, that, for all n 2 N, there exists some
kn 2 ¹0; : : : ; N � 1º such that Rı

nCkn
> � ıi.nCkn/. Since kn and i.n C kn/ can

only achieve finitely many different values, there is a subsequence ¹nlºl such that

RınlCk > � ıi > 0 (6.122)
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for some fixed k 2 ¹0; : : : ; N � 1º and i 2 I . But then the decrease of the Breg-
man distances (6.113), respectively (6.114), implies that liml!1Rı

nl Ck D 0, which
contradicts (6.122).

The discrepancy principle renders Algorithm 6.29 a regularization method.

Proposition 6.34. Together with the discrepancy principle as stopping rule, Algo-
rithm 6.29 is a regularization method for the solution of (6.88) in the following sense:
Let ¹ıl ºl be any null-sequence of noise-levels in RN and let ¹xıl

n ºn be sequences,

generated by Algorithm 6.29, with the same initial guess xı
l

0 D x0 and correspond-

ing to noisy data C ı
l

i , Qı
l

i , such that (6.102) and (6.103) hold. If nl WD n�.ıl / is

the stopping index, then, according to (6.120), the sequence
®

xı
l

nl

¯

l
has the following

properties:

(a) It is bounded and therefore has weak cluster points.

(b) Every weak cluster point is a solution of (6.88).

(c) If, for exact data, the sequence ¹xnº converges strongly to x, then
®

xı
l

nl

¯

l
con-

verges strongly to x as well, i.e.,

lim
ı!0
kxın�.ı/

� xk D 0 :

The principle idea of the proof of (c) – showing continuity of xın, with respect to ı,
for a fixed index n and then using the decrease of the distance of xın to solution points
– is taken from [88], where the regularizing properties of the nonlinear Landweber
method in Hilbert spaces are analyzed.

Proof. Part (a). This follows from (6.119).
Part (b). The definition of the stopping index nl D n�.ıl / by (6.120), together with
¹ıl ºl being a null-sequence, leads to

lim
l!1

Rı
l

nl Ck D 0 for all k D 0; : : : ; N � 1 :

From (6.121) we then deduce that, for all i 2 I ,

lim
l!1

kxıl

nl
�…q

C ıl

i

�

xı
l

nl

�k D 0

respectively
lim
l!1

kAixıl

nl
� P

Qıl

i

�

Aix
ıl

nl

�k D 0 :

By Lemma 6.28 it follows that any weak cluster point x of
®

xı
l

nl

¯

l
is contained in Ci ,

for all i 2 I , i.e. x 2 C.
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Part (c). At first we note that, for a fixed index n, an iterate xın, generated by
Algorithm 6.29, depends continuously on ı, i.e.,

lim
ı!0

xın D xn : (6.123)

This is due to the continuity properties of all mappings involved. We have a closer
look at this for the case i.n/ 2 IQ and prove (6.123) inductively. Recall that the
initial guess xı0 D x0 is the same for all ı. Suppose that (6.123) holds for some
n � 0. For Rn D 0, we have xnC1 D xn and Axn 2 Qi.n/ \ B%i.n/

. Inspecting
the proof of Lemma 6.30 for Rın > � ıi.n/, we see that here (6.112) also holds for
z D xn D xnC1, i.e.,

Dq.xnC1; xınC1/ � Dq.xn; xın/
and, for Rın � � ıi.n/, we have set xınC1 D xın anyway. Hence,

lim
ı!0

Dq.xnC1; xınC1/ � lim
ı!0

Dq.xn; x
ı
n/ D 0 :

Now consider the case Rn > 0. Here, we also have limı!0R
ı
n D Rn > 0 and thus

Rın > � ıi.n/, for ı small enough. By (6.118), we know that, for all ı � 0,

kPH�.A
�
i.n/

wı
n;˛

ı
n/
.0/k � M:

Putting ı D 0 in (6.116) implies

R2n � 2M kA�
i.n/wnk :

We thus get

lim
ı!0
kA�

i.n/w
ı
nk D kA�

i.n/wnk �
R2n
2M

> 0 ;

which, together with (6.96), yields

lim
ı!0

d3M
�

H�.A�
i.n/w

ı
n; ˛

ı
n/;H�.A�

i.n/wn; ˛n/
� D 0 :

Hence, with Proposition 6.27, it follows that

lim
ı!0

xınC1 D lim
ı!0

…
q

H�.A
�
i.n/

wı
n;˛

ı
n/
.xın/ D …qH�.A

�
i.n/

wn;˛n/
.xn/ D xnC1 :

Let ¹xnº converge strongly to x. Since for the convergence of
®

xı
l

nl

¯

l
to x it suffices to

show that every subsequence in turn has a subsequence converging to x, we assume,
without loss of generality, that the sequence ¹nlºl is increasing. To k 2 N, we then
find nk; lk 2 N such that, for all l � max¹k; lkº, the following chain of inequalities
holds

Dq
�

x; xı
l

nl

� � Dq
�

x; xı
l

nk

� � Dq.x; xnk
/C 1

k
� 2

k
;

which implies convergence.
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Remark 6.35. The same results can also be proved for the use of Bregman projections
onto the sets Qi , by applying the modifications

Rın WD
˝

JqY
.Axın/� JqY

�

…
qY

Qı .Ax
ı
n/
�

; Axın �…qY

Qı .Ax
ı
n/
˛

�

�

�

JqY
.Axın/ � JqY

�

…
qY

Qı.Ax
ı
n/
�

�

�

�

;

wın WD JqY
.Axın/� JqY

�

…
qY

Qı .Ax
ı
n/
�

;

˛ın WD
˝

A�wın ; xın
˛ � kwınk

�

Rın � ıi.n/
�

:



Chapter 7

Nonlinear operator equations

In this chapter, we will consider iterative regularization methods for nonlinear ill-
posed operator equations

F.x/ D y; (7.1)

where F maps between Banach spacesX and Y . As in the previous chapters, we will
assume that the noise level ı in

ky � yık � ı (7.2)

is known and provide convergence results in the sense of regularization methods, i.e.,
as ı tends to zero. In the following, x0 is some initial guess. Throughout this chapter,
we will assume that a solution to (7.1) exists which, by Proposition 3.14 in Chapter 3,
implies existence of an x0-minimum norm solution x
 (cf. Definition 3.10), provided
Assumption 3.11 is satisfied (see also Proposition 7.1 below).

The iterative methods discussed in this chapter will be either of gradient (Land-
weber and iteratively regularized Landweber) or of Newton type (iteratively regular-
ized Gauss–Newton method). Before going into detail about the methods themselves,
we will dwell on the assumptions playing a role in their formulation and their conver-
gence analysis. For better readability, these conditions will be recalled in the individ-
ual subsections where they are actually utilized.

7.1 Preliminaries

7.1.1 Conditions on the spaces

Throughout this section, we will assume that X is a reflexive Banach space, which
will indeed be sufficient for showing convergence rates with respect to the Bregman
distance (but not norm convergence) for the Newton type method, with a priori pa-
rameter choice in Subsection 7.3.1. In Subsection 7.3.2, on a Newton type method
with a posteriori parameter choice, and for the analysis of the gradient type methods
of Subsection 7.2, we will assume X to be smooth and uniformly convex which, by
Theorems 2.52, 2.53, and 2.60, implies that X is reflexive, its dual X� is uniformly
smooth, that the duality mappings JXq and JX

�

q� are single-valued, and that bound-
edness or convergence with respect to the Bregman distance implies boundedness or
convergence with respect to the norm, respectively. In part of Section 7.2, we will
additionally assume that X is q-convex which, by Theorems 2.52 (b), 2.60 (g), (h),
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implies the estimates
Djq

.x; y/ � cqkx � ykq (7.3)

for some constant cq > 0 and

Djq� .x
�; y�/ � Cq�kx� � y�kq�

: (7.4)

The data space Y will be an arbitrary Banach space in most of what follows, except
for Theorem 7.4 and case (7.74) of Theorems 7.10, 7.11, 7.13.

In the following, B�.x0/ denotes the closed ball of radius � > 0 around x0, and

B
D

� .x

/ D

8

<

:

¹x 2 X W Djq
.x
; x/ � �2º in Subsection 7.2.1

¹x 2 X W Dx0
q .x


; x/ � �2º in Subsection 7.2.2
¹x 2 X W Dx0

q .x; x

/ � �2º in Section 7.3

(7.5)

is a ball with respect to the Bregman distance around some solution x
 of (7.1). More-
over,

B D

8

ˆ

<

ˆ

:

B
D

� .x

/ in Section 7.2

and Subsection 7.3.1
D.F / \ B�.x0/ in Subsection 7.3.2,

(7.6)

where � D1 and B D D.F / are possible. Here, we use the notation

Dx0
q . Qx; x/ WD Djq

. Qx � x0; x � x0/ :

7.1.2 Variational inequalities

Referring to Sections 3.2.2, 3.2.3, we consider here �.x/ D 1
q
kxkq and hence the

following variational inequalities for proving convergence rates:
For 0 < � < 1

9ˇ > 0 8x 2 B W
jhjXq .x
 � x0/; x � x
iX��X j � ˇDx0

q .x; x

/

1��
2 kF 0.x
/.x � x
/k� : (7.7)

or

9ˇ > 0 8x 2 B W
jhjXq .x
 � x0/; x � x
iX��X j � ˇDx0

q .x

; x/

1��
2 kF 0.x
/.x � x
/k� : (7.8)

By avoiding kF.x/ � F.x
/k on the right hand side, compared to (3.32), we are to
some extent independent of the �-condition (3.42) (i.e., (7.19) below). In particular,
we will, e.g, prove optimal rates under a mere Lipschitz condition on F 0, provided the
benchmark source condition (3.29) corresponding to the case � D 1 in the variational
inequalities (7.7), (7.8), holds.
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More generally, we will consider index functions � W .0;1/! .0;1/, satisfying


 WD .�2/�1 is convex (7.9)

and assume the variational inequality

8x 2 B; x 6D x
 W jhjXq .x
 � x0/; x � x
iX��X j

� Dx0
q .x; x


/1=2� �
 

kF 0.x
/.x � x
/k2
D
x0
q .x; x
/

!

(7.10)

to hold, cf. (3.39) . This includes e.g., logarithmic source conditions, as appropriate
for exponentially ill-posed problems, cf., [114].

7.1.3 Conditions on the forward operator

We will assume

� continuity of F and of F 0, as well as

B
D

� .x

/ � D.F / (7.11)

for some � > 0, and boundedness of F 0 on B
D

� .x

/, in case of the gradient type

methods of Section 7.2 and the Newton type method of Subsection 7.3.1

� (weak) sequential closedness, in the sense that either

.xn * x ^ F.xn/! f /

) .x 2 D.F / ^ F.x/ D f / (7.12)

or
.JXq .xn � x0/ * x� ^ F.xn/! f /

) .x WD JX�
q� .x�/C x0 2 D.F / ^ F.x/ D f / (7.13)

for all ¹xnºn2N � X , in case of the Newton type method of Section 7.3.

Note that, by JX
�

q� D JXq �1
, we have JXq .x � x0/ D x� in (7.13).

We further remark that non-emptiness of the interior (with respect to the norm) of
D.F / is sufficient for (7.11); in a q-convex X , this is an immediate consequence
of (7.3) and in the general uniformly convex case this follows e.g., from the proof of
Theorem 2.60 (f) (see also Theorem 2.12 (e) in [213]).

To prove convergence rates, we make the following additional assumption on the
nonlinearity of F at some solution x
; see also (3.48) and note the relation to the
concept of degree of nonlinearity, see, e.g, [97].

�

�

�

.F 0.x
 C v/ � F 0.x
//v
�

�

�

� K
�

�

�

F 0.x
/v
�

�

�

c1

Dx0
q .x


; v C x
/c2 ;

v 2 X; x
 C v 2 B
(7.14)
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with B as in (7.6). As already mentioned in Subsection 3.2.4, there is a close con-
nection between the exponents used for the norms, the smoothness prescribed by the
variational inequality and the condition on the nonlinearity of F . In (7.14), the expo-
nents c1, c2 have to satisfy two conditions, depending on the exponent p of the data
term and on the smoothness index � (cf. (7.7), (7.8)):

c1 D 1 or c1 C c2p > 1 or .c1 C c2p � 1 and K is sufficiently small/ (7.15)

c1 C c2 2�

� C 1 � 1 : (7.16)

Here, F 0 is the Gâteaux derivative of F , which we assume to exist and to be a bounded
linear operator X ! Y , whenever (7.14) appears. With this, a Taylor remainder
estimate

�

�

�

F.xın/� F.x
/ � F 0.x
/.xın � x
/
�

�

�

(7.17)

D
�

�

�

g.1/ � g.0/ � F 0.x
/.xın � x
/
�

�

�

D
�

�

�

�

Z 1

0

g0.t/ dt � F 0.x
/.xın � x
/
�

�

�

�

D
�

�

�

�

Z 1

0

F 0.x
 C t .xın � x
//.xın � x
/ dt � F 0.x
/.xın � x
/
�

�

�

�

� K
�

�

�

F 0.x
/.xın � x
/
�

�

�

c1

Dx0
q .x


; xın/
c2 ; (7.18)

where g W t 7! F.x
 C t .xın � x
//, follows from (7.14), cf. (3.48).
We wish to point out that (7.14), (7.15), (7.16) gets weaker for larger smoothness

index �, which corresponds to results in Hilbert spaces, where – as here – for � D 1 a
Lipschitz condition suffices to prove optimal convergence rates, see e.g. [68]. Indeed,
condition (7.14), with (7.16) for � D 1, follows from the usual Lipschitz condition on
F 0 in terms of the Bregman distance in X :

�

�

�

.F 0.x
 C v/ � F 0.x
//
�

�

�

2 � L2Dx0
q .x


; v C x
/ ;
v 2 X; x
 C v 2 B :

If the exponent � in the source condition is not known, we require a nonlinearity
assumption corresponding to the strongest case � D 0 in (7.14), (7.16), (7.15), namely
the �-condition
�

�F.x/ � F. Nx/ � F 0.x/.x � Nx/�� � � kF.x/ � F. Nx/k 8x; Nx 2 B (7.19)

for some 0 < � < 1, cf. (3.42). Note that (7.14) for � D 0, with K sufficiently small,
becomes (7.19) at x D x
, with � D K

1�K .
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In Subsection 7.3.1, we will use the following nonlinearity condition, which is
slightly stronger, compared to (7.14).

�

�

�

.F 0.x
 C Qv/ � F 0.x
//v
�

�

�

� K
�

�

�

F 0.x
/v
�

�

�

Qc1

Dx0
q .v C x
; x
/Qc2

�

�

�

F 0.x
/ Qv
�

�

�

Qc3

Dx0
q . Qv C x
; x
/Qc4 ;

v; Qv 2 X; x
 C v 2 B x
 C Qv 2 B (7.20)

with

Qc1 C Qc2 2�

� C 1 �
1

2
; Qc3 C Qc4 2�

� C 1 �
1

2
(7.21)

as well as

. Qc1 D 1

2
and Qc3 D 1

2
/ or (7.22)

. Qc1 C Qc2p > 1

2
and Qc3 C Qc4p > 1

2

or
�

Qc1 C Qc2p � 1

2
and Qc3 C Qc4p � 1

2
and K sufficiently small

�

:

Note that (7.20), with (7.21) and (7.22) implies (7.14), with (7.15), (7.16), c1 D Qc1C
Qc3, c2 D Qc2C Qc4, up to reversal of the roles of x
 and x
Cv in the Bregman distance.
Here, as in (7.14), (7.15), (7.16), we deal with stronger conditions for smaller �. In
case of a general (possibly only logarithmic) index function �, we have to restrict
ourselves to the strongest case in (7.20), (7.21), (7.22), corresponding to � D 0.

In our methods, we will use the abbreviation

An D F 0.xın/ ;

where xın is the current iterate and F 0 is not necessarily the Fréchet derivative of F ,
but just

� the Gâteaux derivative, if we assume (7.14) or

� a bounded linear operator, satisfying (7.19), if we assume the latter.

We will suppose the same kind of definition of F 0 to be used in the respective formu-
lation of the variational inequalities (7.7), (7.10).

The �- condition (7.19) allows to show not only existence of an x0-minimum norm
solution, cf. Proposition 3.14, but also a characterization via the nullspace of the
linearized forward operator, like in the Hilbert space situation, cf. Proposition 2.1
in [128], see also Lemma 3.3 here, for the linear case.

Proposition 7.1. Let X be strictly convex, let (7.19) hold in B D B�.x0/, for some
0 < � < 1, and let D.F / \ B�.x0/ D B�.x0/, i.e., D.F / has a nonempty interior.
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(a) Then, for all x 2 B�.x0/

Mx WD ¹ Qx 2 B�.x0/ W F. Qx/ D F.x/º D
�

x CN .F 0.x//
�

\ B�.x0/ (7.23)

and
N .F 0.x// D N .F 0. Qx// for all Qx 2Mx:

Moreover,
N .F 0.x// 
 ¹�. Qx � x/ W Qx 2Mx; � 2 Rº ; (7.24)

where, instead of 
, equality holds, if x 2 int.B�.x0//.

(b) If F.x/ D y is solvable in B�.x0/, then an x0-minimum norm solution x
 exists
and is unique.

For x
 2 int.B�.x0//, we have

JXq .x

/ 2 R.F 0.x
/�/ (7.25)

and if, for some Qx 2 B�.x0/,

JXq . Qx/ 2 R.F 0.x
/�/ and Qx � x
 2 N .F 0.x
//

holds, then Qx D x
.

Proof. Part (a) follows analogously to part (i) of the proof of Proposition 2.1 in [128],
which remains valid in Banach spaces, without any modification. For the convenience
of the reader, we here provide the full argument:

From (7.19), we immediately obtain

kF.x/ � F. Nx/k � 1

1� �
�

�F 0.x/.x � Nx/�� (7.26)
�

�F 0.x/.x � Nx/�� � .1C �/ kF.x/ � F. Nx/k (7.27)

8x; Nx 2 B�.x0/ ;
which implies (7.23) as well as (7.24).

Now let x; Qx 2 B�.x0/ be arbitrary, such that F.x/ D F. Qx/, i.e., Qx 2 Mx and,
by (7.27), Qx � x 2 N .F 0. Qx// \ N .F 0.x//. There exists an s 2 R such that xs WD
xCs. Qx�x/ 2 int.B�.x0//. Namely, if x or Qx are in int.B�.x0//, we may set s D 0 or
s D 1, respectively. If x; Qx 2 B�.x0/, by strict convexity ofX , s D 1

2
gives an interior

point. Thus, for any h 2 N .F 0.x//, there exists a t > 0 and an s 2 R, such that
xt;s WD xCs. Qx�x/Cth 2 int.B�.x0//. Additionally, we have xt;s 2 xCN .F 0.x//,
hence by (7.26), F.xt;s/ D F.x/ D F. Qx/, which, by (7.27), implies xt;s � Qx 2
N .F 0. Qx//, and with that, h D 1

t .xt;s� QxC.1�s/. Qx�x// 2 N .F 0. Qx//. This and the
same argument, with the roles of x and Qx reversed, yield N .F 0.x// D N .F 0. Qx//. To
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obtain equality of the sets in the sixth line of assertion (a), for x 2 int.B�.x0//, note
that this argument can be used with s D 0. I.e., for any h 2 N .F 0.x//, there exists
a t > 0 such that xt;0 WD x C th 2 int.B�.x0// \ x CN .F 0.x//, hence by (7.26),
xt;0 2Mx , which implies that h D 1

t
.xt;0 � x/ 2 ¹�. Qx � x/ W Qx 2Mx; � 2 Rº.

Part (b) can be seen to be exactly the respective assertion in the linear case, as
stated and proved in Lemma 3.3, up to the following small modification in the proof
of (7.25), due to the restriction to a neighborhood of x0:

For any z 2 N .F 0.x
//, there exists an � > 0 such that

x
 ˙ �z 2
�

x
 CN .F 0.x
//
�

\ B�.x0/ D ¹ Qx 2 B�.x0/ W F. Qx/ D yº :
Hence, by Theorem 2.53 (k)

hJXq .x
/; x
iX��X � hJXq .x
/; x
 ˙ �ziX��X ;

i.e. hJXq .x
/; ziX��X D 0.

7.2 Gradient type methods

In this section, we study iterative methods, resulting from the application of gradient
descent to the misfit functional kF.xın/ � yıkp. We will prove convergence (without
rates) for the resulting Landweber method, with the discrepancy principle under an
�-condition, in Subsection 7.2.1, cf. [129]. To show convergence rates, we will have
to modify the Landweber iteration in Subsection 7.2.2 slightly and use an a priori
stopping rule. For an accelerated Landweber iteration, with a particular choice of the
step sizes we refer to [98].

7.2.1 Convergence of the Landweber iteration with the discrepancy
principle

Analogous to the Landweber method in Hilbert spaces from [88], we will study the
generalization of the method (6.2), to solve nonlinear problems (7.1)

JXq .x
ı
nC1/ D JXq .xın/ � �nA�

nj
Y
p .F.x

ı
n/� yı / ; (7.28)

xınC1 D JX
�

q� .J
X
q .x

ı
nC1// ; n D 0; 1; : : :

where we abbreviate
An D F 0.xın/ :

The step size �n has to be chosen appropriately, so as to guarantee convergence of
the method, see (7.32) below. The stopping index n�, which acts as a regularization
parameter, is chosen according to the discrepancy principle

n�.ı/ D min¹n 2 N W
�

�

�

F.xın/ � yı
�

�

�

� �ıº ; (7.29)

with a constant � > 1.
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The assumption here imposed on F , for showing convergence, is the �-condition
�

�F.x/ � F. Nx/ � F 0.x/.x � Nx/�� � � kF.x/ � F. Nx/k 8x; Nx 2 B (7.30)

for some 0 < � < 1.

Proposition 7.2. Assume that X is smooth and q-convex, that x0 is sufficiently close

to x
, i.e., x0 2 BD� .x
/, that F satisfies (7.30) with � sufficiently small, that F and
F 0 are continuous, and that (7.11) holds. Let � be chosen sufficiently large, so that

c.�; �/ WD �C 1C �
�

< 1 : (7.31)

Then, with the choice

�n WD q�.1 � c.�; �//q�1

C
q�1
q�

�

�

�

F.xın/ � yı
�

�

�

q�p

kAnkq � 0 (7.32)

with Cq� being the constant in (7.4), monotonicity of the Bregman distances

Djq
.x
; xınC1/�Djq

.x
; xın/ � �
q�.1 � c.�; �//q
q.Cq�q�/q�1

�

�

�

F.xın/ � yı
�

�

�

q

kAnkq (7.33)

as well as xınC1 2 D.F / holds for all n � n�.ı/� 1, with n�.ı/ according to (7.29).

Proof. Following the lines of the proof of the first part of Theorem 6.3, and using
�

�

�

F.xın/ � yı � An.xın � x
/
�

�

�

� �
�

�

�

F.xın/ � y
�

�

�

C ı
� �

�

�

�

F.xın/ � yı
�

�

�

C .1C �/ı
and (7.29), we have

Djq
.x
; xınC1/�Djq

.x
; xın/

D 1

q�
�

�

�

�

xınC1
�

�

�

q �
�

�

�

xın

�

�

�

q� � hJXq .xınC1/ � JXq .xın/; x
iX��X

D Djq
.xın; x

ı
nC1/� �nhj Yp .F.xın/ � yı /; An.xın � x
/iX��X

D Djq
.xın; x

ı
nC1/

��n
�

�

�

�

F.xın/ � yı
�

�

�

p�hj Yp .F.xın/�yı /; F .xın/�yı � An.xın � x
/iY ��Y
�

� Djq
.xın; x

ı
nC1/� �n

0

B

B

B

@

1 �
�

�C 1C �
�

�

„ ƒ‚ …

Dc.�;�/

1

C

C

C

A

�

�

�

F.xın/� yı
�

�

�

p

;
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where, by inequality (7.4), we estimate

Djq
.xın; x

ı
nC1/ � Cq� �q

�

n kAnkq
� kF.xın/ � yıkq

� .p�1/ : (7.34)

Hence, we arrive at

Djq
.x
; xınC1/�Djq

.x
; xın/

� ��n .1 � c.�; �//
�

�

�

F.xın/�yı
�

�

�

pCCq� �q
�

n kAnkq
� kF.xın/�yıkq

� .p�1/ :

and, with the choice of �n (7.32), assertion (7.33) is proven. By (7.11) and the as-

sumption that x0 2 BD� .x
/, this yields xınC1 2 B
D

� .x

/ � D.F /.

Adapting the proof of the second part of Theorem 6.3 to the nonlinear case, the
convergence result, Theorem 2.3 in [88] (see also Theorem 2.4 in [128]), can be gen-
eralized to the Banach space setting:

Theorem 7.3. Let the assumptions of Proposition 7.2 and additionally boundedness

of F 0 on B
D

� .x

/ be satisfied. Then, the Landweber iterates xn, according to (7.28),

applied to exact data y, converge to a solution of F.x/ D y. If R.F 0.x// �
R.F 0.x
//, for all x 2 B�.x
/ and JXq .x0/ 2 R.F 0.x
//, then xn converges to

x
 as n!1.

Proof. Summing (7.33) yields

1
X

nD0

R
q
n

kAnkq <1 ;

1
X

nD0
�nR

p
n <1; (7.35)

where we have used the abbreviation Rn D kF.xın/ � yk and the definition of �n.

Hence, due to the boundedness of F 0 on B
D

� .x

/ � ¹xnºn2N ,

Rn ! 0 ; n!1 : (7.36)

Defining n0 D 0, nkC1 minimal, such that RnkC1
< minn�nk

Rn, we obtain (by
minimality) that also RnkC1

< minn<nkC1
Rn.

Monotonicity (7.33) of the errors yields boundedness of the iterates, first of all with
respect to the Bregman distance but, by Theorem 2.60 (c), also with respect to the
norm, so by possibly taking a sub-subsequence (again labeled with nk) we get that
¹kxnk

kºk2N converges and JXq .xnk
/ converges weakly, cf. (S.1), (S.2), (S.3) in the

proof of Theorem 6.3.
Thus, we are prepared to transfer the proof of ¹xnk

ºk2N being a Cauchy sequence
(with respect to the Bregman distance) to the nonlinear setting. Since, just as in the
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proof of Theorem 6.3, we have, for all l; k 2 N with k > l ,

Djq
.xnk

; xnl
;/ D 1

q�
�kxnl

kq � kxnk
kq�C hJXq .xnk

/ � JXq .xnl
/; x
i

C hJXq .xnk
/ � JXq .xnl

/; xnk
� x
i ;

where the first two summands converge to zero for l !1 by (S.1), (S.2), it remains
only to estimate the last term:

jhJXq .xnk
/� JXq .xnl

/; xnk
� x
iX��X j

D
ˇ

ˇ

ˇ

ˇ

ˇ

nk�1
X

nDnl

�nhA�
nj
Y
p .F.xn/ � y/; xnk

� x
iX��X

ˇ

ˇ

ˇ

ˇ

ˇ

�
nk�1
X

nDnl

�n

�

�

�

j Yp .F.xn/ � y/
�

�

�

�

�

�

An.xnk
� x
/

�

�

�

;

where we can estimate
�

�

�

An.xnk
� x
/

�

�

�

� ��An.xnk
� xn/

�

�C
�

�

�

An.xn � x
/
�

�

�

� ��F.xnk
/ � F.xn/

�

�C kF.xn/ � yk
C �

�F.xnk
/� F.xn/ � An.xnk

� xn/
�

�C
�

�

�

F.xn/ � F.x/ � An.xn � x
/
�

�

�

� .1C �/.��F.xnk
/ � F.xn/

�

�C kF.xn/ � yk/
� 3.1C �/ kF.xn/ � yk

by (S.3). Thus, we end up with

lim sup
l!1

sup
k>l

Djq
.xnk

; xnl
/ � C lim sup

l!1
sup
k>l

nk�1
X

nDnl

�nR
p
n D 0

by (7.35), hence, by Theorem 2.60 (e), also lim supl!1 supk>l
�

�xnk
� xnl

�

� ! 0.
Thus ¹xnk

ºk converges to some Qx 2 X which, by (7.36) and continuity of F , has to
solve F. Qx/ D y.

In case R.F 0.x//�R.F 0.x
// for all x 2 B�.x
/ and JXq .x0/2R.F 0.x
//, all

dual iterates JXq .xn/ remain in R.F 0.x
//. Hence, also JXq . Qx/ 2 R.F 0.x
//, so that
Proposition 7.1 yields Qx D x
.

For the sake of simplicity, we here restricted ourselves to the case of a q�-smooth
dual. Let us mention that the same results can be proved in a more technical way, if
we only require uniform smoothness, by adapting a similar technique of proof and a
parameter choice as in Section 6.1 (see also [22, 213]).
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Theorem 7.4. Let the assumptions of Theorem 7.3 hold, with additionally Y being
uniformly smooth and let n�.ı/ be chosen according to the stopping rule (7.29),
(7.31). Then, according to (7.28), the Landweber iterates xı

n�.ı/
converge to a so-

lution of (7.1) as ı ! 0. If R.F 0.x// � R.F 0.x
// for all x 2 B�.x0/ and

JXq .x0/ 2 R.F 0.x
//, then xı
n�.ı/

converges to x
 as ı ! 0.

Proof. By the uniform smoothness of Y , the duality mapping j Yp is also single-valued
and uniformly continuous on bounded sets (cf. Theorem 2.41). Hence, for a fixed
iteration index n, by continuity of F , F 0, JXq , JX

�

q� and j Yp , the coefficient �n, and

hence the iterate xın, continuously depend on the data yı .
Let ¹ıkºk2N be an arbitrary null sequence and ¹nk WD n�.ık/ºk2N the correspond-

ing sequence of stopping indices.
The case of ¹nkºn2N having a finite accumulation point can be treated in the Ba-

nach space case, as in the proof of Theorem 2.6 of [128], without any changes. For
the convenience of the reader, we here provide the argument: There exists an n� 2 N

and a subsequence such that nkj
D n� for all j 2 N. As n� is fixed, xık

n�
depends

continuously on yık , and hence x
ıkj
n�
! xn�

as j ! 1. On the other hand, by the
definition of the stopping index nkj

, it follows that

�

�

�

�

y
ıkj � F.xıkj

n�
/

�

�

�

�

� �ıkj
! 0 as j !1 :

By continuity of F , this implies that x
ıkj

n�
converges to a solution of (7.1) as j !1,

namely xn�
.

As a matter of fact, the proof of Theorem 2.6 of [128] also carries over for nk !1
as k ! 1 although, at first glance, it looks as if the triangle inequality would be
required, which we do not have for the Bregman distance: Let x be a solution to (7.1).
For arbitrary � > 0, by Theorem 7.3, we can find n such that Djq

.x; xn/ <
�
2

and,
by Theorem 2.60 (d), there exists k0 such that, for all k � k0, we have nk � n and
jDjq

.x; x
ık
n /�Djq

.x; xn/j < �
2

. Hence, by Proposition 7.2

Djq
.x; xık

nk
/ � Djq

.x; xık
n / � Djq

.x; xn/C jDjq
.x; xık

n /�Djq
.x; xn/j < � :

7.2.2 Convergence rates for the iteratively regularized Landweber
iteration with a priori stopping rule

In the Hilbert space case, the proof of convergence rates for Landweber iteration under
source conditions

x
 � x0 2 R.F 0.x
/�F 0.x
//�=2/; (7.37)

cf. (3.17), relies on the fact that the iteration errors xın � x
 remain in the range of
.F 0.x
/�F 0.x
//�=2 and their preimages under .F 0.x
/�F 0.x
//�=2 form a bounded
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sequence (cf., Proposition 2.11 in [128]). It seems that this approach cannot be carried
over to the Banach space setting, unless more restrictive assumptions are made on
the structure of the spaces than in the proof of convergence only (see the previous
subsection), even in the special case � D 1 corresponding to the benchmark source
condition (3.29).

Therefore, we here consider the iteratively regularized Landweber iteration

JXq .x
ı
nC1 � x0/ D .1 � ˛n/JXq .xın � x0/ � �nA�

nj
Y
p .F.x

ı
n/ � yı/ ; (7.38)

xınC1 D x0 C JX
�

q� .J
X
q .x

ı
nC1 � x0// ; n D 0; 1; : : :

which, for an appropriate choice of the sequence ¹˛nºn2N 2 Œ0; 1	, has been shown
to be convergent in a Hilbert space setting, with rates under a source condition (3.29),
in [207].

In place of the Hilbert space source condition (7.37), like in Section 4.2 on rates for
Tikhonov regularization, we consider variational inequalities

9ˇ > 0 8x 2 B W
jhjXq .x
 � x0/; x � x
iX��X j � ˇDx0

q .x

; x/

1��
2 kF 0.x
/.x � x
/k� : (7.39)

According to (7.39), due to the presence of additional regularity, we can relax the
nonlinearity condition on F , compared to (7.30), to

�

�

�

.F 0.x
 C v/ � F 0.x
//v
�

�

�

� K
�

�

�

F 0.x
/v
�

�

�

c1

Dx0
q .x


; v C x
/c2 ;

v 2 X; x
 C v 2 B ; (7.40)

c1 D 1 or c1 C c2p > 1 or .c1 C c2p � 1 and K is sufficiently small/ (7.41)

c1 C c2 2�

� C 1 � 1 : (7.42)

We will assume that in each step the step size �n > 0 in (7.38) is chosen such that

�n
1� 3C.c1/K
3.1 � C.c1/K/kF.x

ı
n/� yıkp � 2q

�Cq�2

� Cq��q
�

n kA�
nj
Y
p .F.x

ı
n/� yı/kq

� � 0;
(7.43)

where C.c1/ D cc1

1 .1�c1/1�c1 , and c1,K are as in (7.40), which is possible, e.g., by

a choice 0 < �n � C� kF.x
ı
n/�yık q�p

q�1

kAnkq� DW �n with C� WD 22�q��q

3
1�3C.c1/K

.1�C.c1/K/Cq�
.

If
p � q (7.44)

and F , F 0 are bounded on B
D

� .x

/, it is possible to bound �n away from zero

�n � C�
0

@ sup
x2BD

� .x
�/

.kF.x/ � yk C ı/p�qkF 0.x/kq
1

A

�1=.q�1/
DW � (7.45)



Section 7.2 Gradient type methods 205

for ı 2 Œ0; ı	, provided the iterates remain inB
D

� .x

/. We will show this by induction,

in the proof of Theorem 7.5. Hence, there exist �;� > 0, independent of n and ı,
such that we can choose

0 < � � �n � � : (7.46)

Moreover, we will use an a priori choice of the stopping index n�, according to

n�.ı/ D min¹n 2 N W ˛
�C1

p.�C1/�2�

n � �ıº ; (7.47)

where � 2 Œ0; 1	 is the exponent in the variational inequality (7.39).

Theorem 7.5. Assume that X is smooth and q-convex, that x0 is sufficiently close to

x
, i.e., x0 2 BD� .x
/, which, by (7.3), implies that kx
 � x0k is also small, that a
variational inequality (7.39), with � 2 .0; 1	 and ˇ sufficiently small, is satisfied, that
F satisfies (7.40), with (7.41) and (7.42), that F and F 0 are continuous and uniformly

bounded in B
D

� .x

/, that (7.11) holds and that

q� � 2�

p.� C 1/ � 2� C 1 : (7.48)

Let n�.ı/ be chosen according to (7.47), with � sufficiently large. Moreover, assume
that (7.44) holds and the sequence ¹�nºn2N is chosen such that (7.46) holds for 0 <
� < �, according to (7.45), and assume that the sequence ¹˛nºn2N � Œ0; 1	 is chosen
such that

�

˛nC1
˛n

�

2�
p.�C1/�2� C 1

3
˛n � 1 � c˛n (7.49)

for some c 2 .0; 1
3
/ independent of n, and ˛max D maxn2N ˛n is sufficiently small.

Then, the iterates xınC1 remain in B
D

� .x

/ for all n � n�.ı/�1, with n� according

to (7.47). Moreover, we obtain optimal convergence rates

Dx0
q .x


; xn�
/ D O

�

ı
2�

�C1

�

; as ı ! 0 (7.50)

as well as in the noise-free case ı D 0

Dx0
q .x


; xn/ D O
�

˛
2�

p.�C1/�2�

n

�

as n!1 : (7.51)

Proof. First of all, for xın 2 BD� .x
/, (7.40) allows us to estimate as follows (see
also (7.17)) for c1 2 Œ0; 1/:

�

�

�

F.xın/ � F.x
/ � A.xın � x
/
�

�

�

� K
�

�

�

A.xın � x
/
�

�

�

c1

Dx0
q .x


; xın/
c2

� C.c1/K
�

�

�

�

A.xın � x
/
�

�

�

CDx0
q .x


; xın/
c2

1�c1

�

; (7.52)
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where we have used the abbreviation A D F 0.x
/ and the elementary estimate

a1��b� � C.�/.aC b/ with

C.�/ D ��.1 � �/1�� for a; b � 0 ; � 2 .0; 1/; (7.53)

and with that, by the second triangle inequality,

�

�

�

A.xın � x
/
�

�

�

� 1

1� C.c1/K
�
�

�

�

�

F.xın/ � F.x
/
�

�

�

C C.c1/KDx0
q .x


; xın/
c2

1�c1

� (7.54)

as well as analogously
�

�

�

F.xın/ � F.x
/� An.xın � x
/
�

�

�

� 2C.c1/K
�

�

�

�

A.xın � x
/
�

�

�

CDx0
q .x


; xın/
c2

1�c1

�

� 2C.c1/K

1 � C.c1/K
�

�

�

�

F.xın/ � F.x
/
�

�

�

CDx0
q .x


; xın/
c2

1�c1

�

: (7.55)

For any n � n�, according to (7.47), by Lemma 2.62, we have

Dx0
q .x


; xınC1/ �Dx0
q .x


; xın/

D Dx0
q .x

ı
n; x

ı
nC1/C hJXq .xın � x0/� JXq .xınC1 � x0/; x
 � xıniX��X

D Dx0
q .x

ı
n; x

ı
nC1/ � �nhjYp .F.xın/ � yı/; An.xın � x
/iY ��Y

C ˛nhJXq .x
 � x0/; x
 � xıniX��X
� ˛nhJXq .x
 � x0/� JXq .xın � x0/; x
 � xıniX��X (7.56)

where the terms on the right hand side can be estimated as follows.
By (7.4) and Lemma 2.63 we have

Dx0
q .x

ı
n; x

ı
nC1/ (7.57)

� Cq�kJXq .xınC1 � x0/ � JXq .xın � x0/kq
�

D Cq�k˛nJXq .xın � x0/C �nA�
nj
Y
p .F.x

ı
n/ � yı /kq

�

� 2q��1Cq�

�

˛q
�

n kxın � x0kq C �q
�

n kA�
nj
Y
p .F.x

ı
n/ � yı /kq

�
�

� 2q��1Cq�

�

˛q
�

n 2
q�1

�

kx
 � x0kq C 1

cq
Dx0
q .x


; xın/

�

C �q�

n kA�
nj
Y
p .F.x

ı
n/ � yı/kq

�
�

; (7.58)
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where we have used the triangle inequality in X� and X , the inequality

.aC b/� � 2��1.a� C b�/ for a; b � 0 ; � � 1 ; (7.59)

and (7.3).
For the second term on the right hand side of (7.56), we get, using (7.55), (7.53),

(7.59),

hj Yp .F.xın/� yı /; An.xın � x
/iY ��Y
D hj Yp .F.xın/ � yı /; F .xın/� yıiY ��Y
� hj Yp .F.xın/� yı /; F .xın/ � yı � An.xın � x
/iY ��Y

� 1� 3C.c1/K
1� C.c1/K kF.x

ı
n/ � yıkp

� kF.xın/ � yıkp�1
�

2C.c1/K

1� C.c1/KD
x0
q .x


; xın/
c2

1�c1 C 1C C.c1/K
1� C.c1/K ı

�

D 1 � 3C.c1/K
1� C.c1/K kF.x

ı
n/� yıkp

�
0

@

1� 3C.c1/K
3C

�

p�1
p

�

.1 � C.c1/K/
kF.xın/ � yıkp

1

A

p�1
p

0

B

@

�

3C
�

p�1
p

��p�1

.1 � C.c1/K/

1

C

A

1
p

�
�

2C.c1/KD
x0
q .x


; xın/
c2

1�c1 C .1C C.c1/K/ı
�

� 1 � 3C.c1/K
1 � C.c1/K kF.x

ı
n/� yıkp

� C
�

p � 1
p

�

´

1 � 3C.c1/K
3C

�

p�1
p

�

.1 � C.c1/K/
kF.xın/� yıkp

C
�

3C
�

p�1
p

��p�1

.1 � C.c1/K/ 2p�1

�
�

.2C.c1/K/
pDx0

q .x

; xın/

c2p

1�c1 C .1C C.c1/K/pıp
�

μ

: (7.60)

Using the variational inequality (7.39), the estimate (7.54), and

.aC b/� � .a� C b�/ for a; b � 0 ; � 2 Œ0; 1	 ; (7.61)
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we get

j˛nhJXq .x
 � x0/; x
 � xıniX��X j
� ˇ˛nDx0

q .x

; xın/

1��
2 kF 0.x
/.xın � x
/k�

� ˇ˛nDx0
q .x


; xın/
1��

2
1

.1 � C.c1/K/�
�

�

�

�

F.xın/ � yı
�

�

�

C ı C C.c1/KDx0
q .x


; xın/
c2

1�c1

��

� ˇ˛nDx0
q .x


; xın/
1��

2 ���
�

�
1

.1 � C.c1/K/� .kF.x
ı
n/ � yık C ı/

��

C ˇ˛n
�

C.c1/K

.1 � C.c1/K/
��

Dx0
q .x


; xın/
1��

2
C �c2

1�c1

� C
�

�

p

�

° �

ˇ˛nD
x0
q .x


; xın/
1��

2 ����
p

p��

C
�

�
1

.1� C.c1/K/� .kF.x
ı
n/� yık C ı/

�p
±

C ˇ˛n
�

C.c1/K

.1 � C.c1/K/
��

Dx0
q .x


; xın/
1��

2
C �c2

1�c1

D C. �
p
/
°

.ˇ���/
p

p��

�

3C

�

�

p

�

C

�

p.1 � �/
2.p � �/

��

p.1��/
2.p��/

� ˛
p.1C�/
2.p��/

n

0

@

˛nD
x0
q .x


; xın/

3C
�

�
p

�

C
�

p.1��/
2.p��/

�

1

A

p.1��/
2.p��/

C
�

�
1

.1� C.c1/K/� .kF.x
ı
n/� yık C ı/

�p
±

C ˇ˛n
�

C.c1/K

.1 � C.c1/K/
��

Dx0
q .x


; xın/
1���c1C�c1C2�c2

2.1�c1/

� C
�

�

p

�

´

C

�

p.1��/
2.p��/

�

" 

ˇ���
�

3C

�

�

p

�

C

�

p.1��/
2.p��/

��

1��
2

!

2p
p.�C1/�2�

� ˛
p.1C�/

p.�C1/�2�
n C

0

@

˛nD
x0
q .x


; xın/

3C
�

�
p

�

C
�

p.1��/
2.p��/

�

1

A

#

C
�

�
1

.1� C.c1/K/� .kF.x
ı
n/� yık C ı/

�p
μ

C 1

3
˛nD

x0
q .x


; xın/ ; (7.62)



Section 7.2 Gradient type methods 209

where we have used (7.53) twice and � > 0 will be chosen to be a sufficiently small
number below. Moreover, by (7.42), the exponent

1 � � � c1 C �c1 C 2�c2
2.1 � c1/ D 1C 1C �

2.1 � c1/.c1 C
2�

� C 1c2 � 1/

is larger or equal to one and ˇ is sufficiently small, so that

ˇ.
C.c1/K

.1 � C.c1/K//
��

1���c1C�c1C2�c2
2.1�c1/

�1
<
1

3
:

Finally, we have that

hJXq .x
 � x0/ � JXq .xın � x0/; x
 � xıniX��X D Dx0
q .x


; xın/CDx0
q .x

ı
n; x


/

� Dx0
q .x


; xın/ : (7.63)

Inserting estimates (7.57)-(7.63) with

� D 2p�1�1=pn .
1 � 3C.c1/K
3.1 � C.c1/K//

1=p .1 � C.c1/K/�
C. �p /

into (7.56) and using boundedness away from zero of �n and the abbreviations

dn D Dx0
q .x


; xın/
1=2 ;

C0 D 6p�1C
�

p � 1
p

�p .2C.c1/K/
p

.1 � C.c1/K/ ;

C1 D 2q�Cq�2Cq�

cq
;

C2 D C
�

�

p

�

C

�

p.1 � �/
2.p � �/

�

0

B

@

ˇ���
 

3C

�

�

p

�

C

�

p.1 � �/
2.p � �/

�

1��
2

!

2p
p.�C1/�2�

;

C3 D 2q�Cq�2Cq�kx
 � x0kq ;
C4 D 2p�1C. �

p
/�

1

.1 � C.c1/K/� C 6
p�1C.p � 1

p
/p
.1C C.c1/K/p
1 � C.c1/K ;

� D 2p�1�1=p
�

1� 3C.c1/K
3.1 � C.c1/K/

�1=p .1 � C.c1/K/�
C. �

p
/

;

� D 2p�1�1=p
�

1� 3C.c1/K
3.1 � C.c1/K/

�1=p .1 � C.c1/K/�
C. �

p
/
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we obtain

d2nC1 � C0d
2c2p

1�c1
n C

�

1 � 1
3
˛n C C1˛q�

n

�

d2n C C2˛
p.1C�/

p.�C1/�2�

n C C3˛q�

n

C C4ıp �
�

�n
1 � 3C.c1/K
3.1 � C.c1/K/kF.x

ı
n/ � yıkp

� 2q�Cq�2Cq��q
�

n kA�
nj
Y
p .F.x

ı
n/ � yı /kq

�
�

:

Here, the last term is non-positive, due to the choice (7.43) of �n, so that we arrive at

d2nC1 � C0d
2c2p

1�c1
n C

�

1 � 1
3
˛n C C1˛q�

n

�

d2n

C .C2 C C3 C C4��p/
„ ƒ‚ …

DWC5

˛
p.1C�/

p.�C1/�2�

n ; (7.64)

where we have used (7.48) and the stopping rule (7.47). Denoting

�n WD d2n

˛
2�

p.�C1/�2�

n

we get the following recursion

�nC1 (7.65)

� C0
�

˛n

˛nC1

��

˛�!n �!n C
�

˛n

˛nC1

�� �

1 � 1
3
˛n C C1˛q�

n

�

�n

C C5
�

˛n

˛nC1

��

˛n

with

� D 2�

p.� C 1/ � 2� ! D c2p

1 � c1 ;
where

! � 1
by (7.41) and

�! D p

p � 2�
�C1

c2
2�
�C1

1 � c1 � 1;

due to assumption (7.42). Hence, as sufficient conditions for uniform boundedness of

¹�nºn�n�
by � and for xınC1 2 B

D

� .x

/ we get

� � �2 (7.66)

C0˛
�!�1
n �! �

´

�

˛nC1
˛n

��

C 1

3
˛n � 1� C1˛q�

n

μ

˛�1
n � C C5 � 0 ; (7.67)
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where, by q� > 1, (7.42), the factors C0˛�!�1
n , C1˛

q��1
n and C5 can be made small,

for small ˛max, ˇ, kx
 � x0k and large � . We use this fact to arrive at

C0˛
�!�1
n �!�1 C C1˛q��1

n � Qc < c;
with Qc independent of n, which, together with (7.49), yields sufficiency of

C5

c � Qc � � � �
2;

for (7.66), (7.67), which, for any (even small) prescribed �, is indeed enabled by
possibly decreasing ˇ, kx
 � x0k, ��1, and therewith C5.

In case c1 D 1, estimates (7.54), (7.55) simplify to
�

�

�

A.xın � x
/
�

�

�

� 1

1� �2c2K

�

�

�

F.xın/ � F.x
/
�

�

�

(7.68)

and
�

�

�

F.xın/ � F.x
/ � An.xın � x
/
�

�

�

� 2�2c2K

1� �2c2K

�

�

�

F.xın/� F.x
/
�

�

�

: (7.69)

With this, the terms containing Dx0
q .x


; xın/
c2

1�c1 are removed and C.c1/ is replaced
by �2c2 in (7.57)–(7.63), so that we end up with a recursion of the
form (7.65) as before, with C0 replaced by zero. Hence, the remainder of the proof of
uniform boundedness of �n can be done in the same way as for c1 < 1.

In case ı D 0, i.e., n� D 1, uniform boundedness of ¹�nºn2N implies (7.51). For
ı > 0, we get (7.50) by using (7.47) in

Dx0
q .x


; xn�
/ D �n�

˛
2�

p.�C1/�2�

n�
� �˛

2�
p.�C1/�2�

n�
� �.�ı/ 2�

�C1 :

Remark 7.6. Note that the rate exponent in (7.51)

2�

p.� C 1/ � 2� D
2�

� C 1
�

p � 2�

� C 1
��1

always lies in the interval Œ0; 1
p�1 	, since 2�

�C1 2 Œ0; 1	.
Moreover, note that Theorem 7.5 provides a result on rates only, but produces no

convergence result without variational inequality. This corresponds to the situation
from [207] in a Hilbert space setting.

Remark 7.7. In view of estimate (7.64), an optimal choice of ˛n would be one that
minimizes the right hand side. At least in the special case where the same power of
˛n appears in the last two terms, i.e., p.1C�/

p.�C1/�2� D q�, elementary calculus yields

.˛optn /
2�

p.�C1/�2� D D
x0
q .x


; xın/

3q�.C1Dx0
q .x


; xın/C C5/
;
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which shows that the obtained relation Dx0
q .x


; xın/ � ˛
2�

p.�C1/�2�

n is indeed reason-
able and probably even optimal.

Remark 7.8. A possible choice of ¹˛nºn2N , satisfying (7.49) and smallness of ˛max,
is given by

˛n D ˛0

.nC 1/x
with x 2 .0; 1	 such that 3x� < ˛0 sufficiently small, since in this case, with c WD
1
3
� x�
˛0
> 0, using the abbreviation � D 2�

p.�C1/�2� 2 Œ0; 1
p�1 	 we get by the Mean

Value Theorem
�

˛nC1
˛n

��

C
�

1

3
� c

�

˛n � 1

D ˛n

˛0

´

˛0

�

1

3
� c

�

� .nC 2/
x� � .nC 1/x�
.nC 2/x� .nC 1/x

μ

D ˛n

˛0

´

˛0

�

1

3
� c

�

� x�.nC 1C t /
x��1

.nC 2/x� .nC 1/x
μ

� ˛n

˛0

²

˛0

�

1

3
� c

�

� x� .nC 1/
x

nC 1C t
³

� 0 ;

for some t 2 Œ0; 1	.

7.3 The iteratively regularized Gauss–Newton method

The iteratively regularized Gauss–Newton method (IRGNM) can be generalized to a
Banach space setting by computing iterates xınC1 D xınC1.˛n/ in a variational form,
as a minimizer xınC1.˛/ of

�

�

�

An.x�xın/C F.xın/�yı
�

�

�

pC˛ kx�x0kq!min; subject to x2D.F / ;

n D 0; 1; : : : ; (7.70)

where q; p 2 .1;1/; ¹˛nºn is a sequence of regularization parameters, x0 is some a
priori guess, and we abbreviate

An D F 0.xın/ :

Thus, each Newton step is defined as a convex minimization problem (7.70) of the
type already extensively studied in Chapter 5 of this book. Well-definedness of
xınC1.˛/ for fixed ˛ > 0 is implied by Proposition 4.1, where the case of a linear
operator F D An was considered. We provide an extension to the following result,
which will also be useful in the convergence analysis below.
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Lemma 7.9.

(a) Let X be a reflexive Banach space, let D � X be nonempty, and assume that
either

(i) A W D � X ! Y is weakly closed and Y reflexive

or

(ii) A W D � X ! Y is weak-to-weak continuous and D weakly closed.

Then, for ˛ > 0, the functional ˆ˛ , defined on D by ˆ˛.x/ WD kAxkpY C
˛ kx � x0kqX , has a minimizer over D, which is unique, if X is additionally
strictly convex.

(b) Let the assumptions of (a) and strict convexity of X hold and x.˛/, for ˛ > 0,
denote the minimizer of

ˆ˛.x/! min; subject to x 2 D :

Then, O W ˛ 7! kAx.˛/kpY is a continuous function on .0;1/. Furthermore, the
mapping ˛ 7! x.˛/ is continuous, if X is uniformly convex.

Proof. By standard arguments, existence of x.˛/ follows from (i) or (ii) and its
uniqueness follows from strict convexity of X .

At first, we prove monotonicity of the mappings O and ˛ 7! kx.˛/ � x0kX , in the
sense that

˛1 � ˛2 )
² kx.˛1/ � x0kX � kx.˛2/ � x0kXO .˛1/ � O .˛2/ : (7.71)

Monotonicity of ˛ 7! kx.˛/ � x0kX follows from

ˆ˛1
.x.˛1// � ˆ˛1

.x.˛2// (7.72)

D ˆ˛2
.x.˛2//C .˛1 � ˛2/ kx.˛2/ � x0kqX

� ˆ˛2
.x.˛1//C .˛1 � ˛2/ kx.˛2/ � x0kqX

which implies .˛1�˛2/.kx.˛2/ � x0kqX � kx.˛1/� x0kqX / � 0. Monotonicity of O 
follows from (7.72) and the monotonicity of ˛ 7! kx.˛ � x0/kX .

To show continuity, let ˛ > 0, ˛n ! ˛, which implies ˛ � ˛n � ˛ for some
˛; ˛ > 0. For all n 2 N we have, by minimality of x.˛n/,

ˆ˛n
.x.˛n// � ˆ˛n

.x.˛// � C :
Hence, kx.˛n/kX , kAx.˛n/kY are uniformly bounded by C , C=˛, respectively, and
there exists a subsequence ˛nk

, such that x.˛nk
/ converges weakly to some Nx 2 D.
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In case (i), by reflexivity of Y , a subsequence of Ax.˛nk
/, denoted again by

Ax.˛nk
/, converges weakly to some Ny 2 Y and, by weak closedness Nx 2 D, A Nx D Ny

holds.
In case (ii), by weak closedness of D, we have Nx 2 D and, by weak continuity of

A, Ax.˛nk
/, converges weakly to A Nx.

By the weak lower semicontinuity of the norms, we get

ˆ˛. Nx/ � lim inf
k!1

ˆ˛nk
.x.˛nk

// � lim sup
k!1

ˆ˛nk
.x.˛nk

//

� lim sup
k!1

ˆ˛nk
.x.˛// D ˆ˛.x.˛// ;

where we used minimality of the x.˛nk
/ in the third inequality. Since, in a strictly

convex X , the minimizer of ˆ˛ is unique, we must have Nx D x.˛/ and thus it also
follows that

lim
k!1

ˆ˛nk
.x.˛nk

// D ˆ˛.x.˛// : (7.73)

In case ˛nk
� ˛ for all k, we get, by weak convergence of x.˛nk

/ to Nx D x.˛/, weak
lower semicontinuity of the norm and (7.71)

kx.˛/ � x0kqX � lim inf
k!1

�

�x.˛nk
/� x0

�

�

q

X

� lim sup
k!1

�

�x.˛nk
/ � x0

�

�

q

X
� kx.˛/ � x0kqX :

Hence, limk!1
�

�x.˛nk
/� x0

�

�

q

X
D kx.˛/ � x0kqX and from (7.73) we further de-

duce limk!1 O .˛nk
/ D O .˛/.

In case ˛nk
� ˛ for all k, we similarly conclude at first, by the monotonicity of

O (7.71), that limk!1 O .˛nk
/ D O .˛/ and then, again with (7.73), that

lim
k!1

�

�x.˛nk
/ � x0

�

�

q

X
D kx.˛/ � x0kqX :

Finally, subsequence arguments yield continuity of ˛ 7! O .˛/ and
˛ 7! kx.˛/ � x0kX . The latter, together with the weak convergence of x.˛n/ to
x.˛/, implies strong convergence in a uniformly convex X .

Throughout the remainder of this section, we will assume, in view of Lemma 7.9,
that

F 0.x/ W X ! Y weakly closed for all x 2 D.F / and Y reflexive (7.74)

or

D.F / weakly closed (7.75)

holds.
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In the following Subsection 7.3.1, we will consider the IRGNM (7.70), with a pri-
ori choice of ¹˛nºn2N and n�. Combination of (7.70) with an a posteriori choice of
¹˛nºn2N and n�, according to the discrepancy principle, will be studied in Subsec-
tion 7.3.2. In both cases, we will prove optimal convergence rates under Hölder type
source conditions

9ˇ > 0 8x 2 B W
jhjXq .x
 � x0/; x � x
iX��X j � ˇDx0

q .x; x

/

1��
2 kF 0.x
/.x � x
/k� (7.76)

with 0 < � < 1 and under general variational inequalities

8x 2 B; x 6D x
 W
jhjXq .x
 � x0/; x � x
iX��X j

� Dx0
q .x; x


/1=2�

 

kF 0.x
/.x � x
/k2
D
x0
q .x; x
/

!

(7.77)

with � as in (7.9). The presentation partly follows [129] and [126].

7.3.1 Convergence with a priori parameter choice

The results of this subsection are based on an a priori choice of ¹˛nºn2N and n�,
according to

˛0 � 1 ; ˛n ! 0 as n!1 ; 1 � ˛n

˛nC1
� OC for all n (7.78)

and

n�.ı/ D min
²

n 2 N W ˛
�C1

p.�C1/�2�
n � �ı

³

; in case of (7.76) (7.79)

n�.ı/ D min¹n 2 N W ˛n � 'p.�ı/º; in case of (7.77) (7.80)

with
'p.t/ D tp�2‚�1.t/ ; ‚.�/ WD �.�/

p
�: (7.81)

In this subsection, like in Subsection 7.2.2, see Remark 7.6 there, we obtain only
convergence rates, but no convergence without source conditions. Note that, in Sub-
section 7.3.2 below, with an a posteriori choice of ˛n and n�, we will be able to prove
both convergence and convergence rates.

First of all, we will study rates under Hölder type source conditions (7.76). As
for the iteratively regularized Landweber iteration with a priori parameter choice, the
nonlinearity conditions may again depend on the smoothness index � in (7.76), with
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weaker conditions for larger �:
�

�

�

.F 0.x
 C Qv/� F 0.x
//v
�

�

�

� K
�

�

�

F 0.x
/v
�

�

�

Qc1

Dx0
q .v C x
; x
/Qc2

�

�

�

F 0.x
/ Qv
�

�

�

Qc3

Dx0
q . Qv C x
; x
/Qc4

v; Qv 2 X; x
 C v 2 B x
 C Qv 2 B (7.82)

with

Qc1 C Qc2 2�

� C 1 �
1

2
; Qc3 C Qc4 2�

� C 1 �
1

2
(7.83)

as well as
�

Qc1 D 1

2
and Qc3 D 1

2

�

or (7.84)

�

Qc1 C Qc2p > 1

2
and Qc3 C Qc4p > 1

2

�

or
�

Qc1 C Qc2p � 1

2
and Qc3 C Qc4p � 1

2
and K sufficiently small

�

:

The necessity of using a slightly stronger condition here, compared to Subsec-
tion 7.2.2, results from the need to estimate the difference between the derivatives
of F in the proof of Theorem 7.10, see (7.91) below.

Theorem 7.10. Assume thatX is reflexive, that x0 is sufficiently close to x
, i.e., x0 2
B
D

� .x

/, and that F satisfies (7.82), with (7.83) and (7.84) for some � 2 Œ0; 1	, (7.11),

and (7.74) or (7.75). Moreover, let q; p 2 .1;1/, and � be chosen sufficiently large.
Let a variational inequality (7.76), with � 2 Œ0; 1	 and ˇ sufficiently small, hold.

Then, with the a priori choice (7.47), the iterates remain in B
D

� .x

/ and we obtain

optimal convergence rates

Dx0
q .xn�

; x
/ D O.ı 2�
�C1 / ; as ı! 0 (7.85)

as well as in the noise-free case ı D 0
�

�

�

T .xn � x
/
�

�

�

D O
�

˛
�C1

p.�C1/�2�

n

�

;

Dx0
q .xn; x


/ D O
�

˛
2�

p.�C1/�2�
n

�

as n!1 : (7.86)
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Proof. Observe that, under the assumption (7.76), we get, with the notation T D
F 0.x
/
�

�

�

xınC1 � x0
�

�

�

q �
�

�

�

x
 � x0
�

�

�

q

D pDjq
.xınC1 � x0; x
 � x0/C phjXq .x
 � x0/; xınC1 � x
iX��X

� pDx0
q .x

ı
nC1; x
/ � qˇDx0

q .x
ı
nC1; x
/.1��/=2

�

�

�

T .xınC1 � x
/
�

�

�

�

� pDx0
q .x

ı
nC1; x
/

� qˇ
�

�Dx0
q .x

ı
nC1; x
/C C

�

�;
� C 1
2

�

�

�

�

T .xınC1 � x
/
�

�

�

2�=.�C1/�
(7.87)

with � > 0 to be chosen sufficiently small later on,

C.�; 1/ D 1 ;
and

C.�;�/ D max

´

1; 


 

�

�

1� �
�1=�

!μ

D max
²

1;
�

.1 � �/.�C1/=� �
�.1��/=�

³

for � 2 .0; 1/, where 
.�/ D ����
�

, so that

�� � � C C.�;�/� for all � > 0 : (7.88)

Due to minimality in (7.70), we have, for any solution x
 2 D.F / of (7.1), which
needs not necessarily be an x0-minimum norm solution,

�

�

�

An.x
ı
nC1 � xın/C F.xın/ � yı

�

�

�

p C ˛n
�

�

�

xınC1 � x0
�

�

�

q

�
�

�

�

An.x

 � xın/C F.xın/ � yı

�

�

�

p C ˛n
�

�

�

x
 � x0
�

�

�

q
: (7.89)

Combining (7.87) and (7.89), we get, by the simple inequality .a � b/p C bp �
1

2p�1a
p ,

1

2p�1
�

�

�

T .xınC1 � x
/
�

�

�

p C ˛np.1 � ˇ�/Dx0
q .x

ı
nC1; x
/

�
�

�

�

An.x

 � xın/C F.xın/ � yı

�

�

�

p

C
�

�

�

�

.An � T /.xınC1 � x
/
�

�

�

C
�

�

�

An.x

 � xın/C F.xın/ � yı

�

�

�

�p

C ˛npˇC
�

�;
� C 1
2

�

�

�

�

T .xınC1 � x
/
�

�

�

2�=.�C1/
:



218 Chapter 7 Nonlinear operator equations

The terms on the right hand side can be estimated using (7.82),
�

�

�

An.x

 � xın/C F.xın/� yı

�

�

�

�
�

�

�

.An � T /.xın � x
/
�

�

�

C
�

�

�

F.xın/ � F.x
/� T .xın � x
/
�

�

�

C ı

� 2K
�

�

�

T .xın � x
/
�

�

�

Qc1CQc3

Dx0
q .x

ı
n; x


/Qc2CQc4 C ı (7.90)

�

�

�

.An � T /.xınC1 � x
/
�

�

�

(7.91)

� K
�

�

�

T .xınC1 � x
/
�

�

�

Qc1
�

�

�

T .xın � x
/
�

�

�

Qc3

Dx0
q .x

ı
nC1; x
/Qc2Dx0

q .x
ı
n; x


/Qc4

which, together with the simple inequality .aC b/p � 2p�1.ap C bp/, yields

1

2p�1
�

�

�

T .xınC1 � x
/
�

�

�

p C ˛nq.1 � ˇ�/Dx0
q .x

ı
nC1; x
/

� .1C 2p�1/
�

2K
�

�

�

T .xın � x
/
�

�

�

Qc1CQc3

Dx0
q .x

ı
n; x


/Qc2CQc4 C ı
�p

C 2p�1
�

K
�

�

�

T .xınC1 � x
/
�

�

�

Qc1

Dx0
q .x

ı
nC1; x
/Qc2

�
�

�

�

T .xın � x
/
�

�

�

Qc3

Dx0
q .x

ı
n; x


/Qc4

�p

C ˛nqˇC
�

�;
� C 1
2

�

�

�

�

T .xınC1 � x
/
�

�

�

2�=.�C1/
:

Applying the estimate

a�b � Q�aC C.Q�; 1 � �/b1=.1��/ (7.92)

for � 2 .0; 1	, which follows from (7.88), with � WD b1=.1�	/

a and � D 1 � � in the
last term, and ab � 1

2
a2 C 1

2
b2 in the second term on the right hand side, we get

�

1

2p�1 � Q�
�

�

�

�

T .xınC1 � x
/
�

�

�

p C ˛nq.1 � ˇ�/Dx0
q .x

ı
nC1; x
/ (7.93)

� .1C 2p�1/
�

2K
�

�

�

T .xın � x
/
�

�

�

Qc1CQc3

Dx0
q .x

ı
n; x


/Qc2CQc4 C ı
�p

(7.94)

C 2p�1Kp
2

�

�

�

T .xınC1 � x
/
�

�

�

2p Qc1

Dx0
q .x

ı
nC1; x
/2p Qc2 (7.95)

C 2p�1Kp
2

�

�

�

T .xın � x
/
�

�

�

2p Qc3

Dx0
q .x

ı
n; x


/2p Qc4 (7.96)

C C
�

Q�; p.� C 1/ � 2�
p.� C 1/

��

˛nqˇC

�

�;
� C 1
2

��

p.�C1/
p.�C1/�2�

; (7.97)
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where we choose Q� < 1
2p�1 . Considering (7.93) and (7.97) and neglecting the rest for

a moment, which is just an estimate of the nonlinearity error, we expect that (7.86)

can be obtained, which we prove as follows: Dividing (7.93)–(7.97) by ˛
p.�C1/

p.�C1/�2�

nC1 ,
using (7.78), (7.83), (7.47), and defining

�n WD max

8

ˆ

<

ˆ

:

�

�

�

T .xın � x
/
�

�

�

p

˛
p.�C1/

p.�C1/�2�

n

;
D
x0
q .x

ı
n; x


/

˛
2�

p.�C1/�2�

n

9

>

=

>

;

;

we get the following estimate

min
²

1

2p�1 � Q�; q.1 � ˇ�/
³

�nC1

� .1C 2p�1/2p�1.2K/p OC p.�C1/
p.�C1/�2� � Qc1CQc3C.Qc2CQc4/p

n

C 2p�1Kp
2

�
2.Qc1Cp Qc2/
nC1

C 2p�1Kp
2

OC p.�C1/
p.�C1/�2� �2.Qc3Cp Qc4/

n

C C
�

Q�; p.� C 1/ � 2�
p.� C 1/

��

qˇC

�

�;
� C 1
2

��

p.�C1/
p.�C1/�2� OC p.�C1/

p.�C1/�2�

C .1C 2p�1/2p�1
�p

:

With this, we get a recursive estimate of the form
�

1 �E�2.Qc1Cp Qc2/�1
nC1

�

�nC1 � B.� Qc1CQc3C.Qc2CQc4/p�1
n (7.98)

C �2.Qc3Cp Qc4/�1
n / �n C c ;

where c can be made small by making ˇ small and � large.
From this, we can now derive an induction step of the form

�n � N� ) �nC1 � N� (7.99)

as follows: Using (7.84) and the fact that E and B will be small if K is small, we can
conclude first of all that, for N�; N� sufficiently small, the function

h.�/ W .0; N�/ ! .0; N�/
� 7!

�

1 �E�2.Qc1Cp Qc2/�1
�

�

is strictly monotonically increasing and invertible, with

h�1.�/ � 2� :
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By using the induction hypothesis �n � N� , with a possibly reduced value of N� , we can
cause the right hand side in (7.98) to be smaller than N�, so that, by applying h�1 to
both sides of (7.98), we can conclude

�nC1 � 2B.� .Qc1CQc3/C.Qc2CQc4/p�1
n C �2.Qc3CQc4p/�1

n / �n C 2c
� 2B. N� .Qc1CQc3/C.Qc2CQc4/p�1 C N�2.Qc3CQc4p/�1/ N� C 1

2
N� ; (7.100)

where we use the fact that we can make ˇ small and � large, so that c < N�
4 . Now, we

use (7.84) again to arrive at

2B. N� .Qc1CQc3/C.Qc2CQc4/p�1 C N�2.Qc3Cp Qc4/�1/ � 1

2
;

by possibly decreasing N� . Inserting this into (7.100), this yields �nC1 � N� .
Applying (7.99) as an induction step, we can conclude that

�n � N� for all n � n�

and therewith, by possibly decreasing N� to below �2,

Dx0
q .x

ı
n; x


/ � �n˛
2�

p.�C1/�2�

n � N� � �2 for all n � n�;

provided �0 and Dx0
q .x0; x


/ are sufficiently small. By the assumption (7.11), this
yields well-definedness of the iterates. Moreover

Dx0
q .x

ı
n�
; x
/ � N�˛

2�
p.�C1/�2�

n�
� N�.�ı/ 2�

�C1 :

In the case of the general variational inequality (7.77), we have to apply some-
what different techniques, compared to the special case (7.76). Moreover, in (7.82),
we have to assume the strongest case Qc1 D Qc3 D 1

2
, Qc2 D Qc4 D 0; as well as K

sufficiently small:

�

�

�

.F 0.x
 C Qv/ � F 0.x
//v
�

�

�

� K
�

�

�

F 0.x
/v
�

�

�

1=2 �
�

�

F 0.x
/ Qv
�

�

�

1=2

v; Qv 2 X; x
 C v 2 B x
 C Qv 2 B ; (7.101)

which makes sense, in light of the fact that we may thus take a logarithmic function
�, with slower decay at zero than any function of the form t 7! t� , � > 0.

Theorem 7.11. Assume that X is reflexive, that x0 is sufficiently close to x
, i.e.,

x0 2 BD� .x
/, and that F satisfies (7.101) (7.11), and (7.74) or (7.75). Moreover, let
q; p 2 .1;1/, and let � be chosen sufficiently large.
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Let a variational inequality (7.77), with

t 7! �.t/p
t

monotonically decreasing (7.102)

hold and assume that there exists a Nt > 0 sufficiently large, such that, for all C > 0,
there exists C	 > 0, satisfying

80 < t � Nt W �.CC 2�p
	 t / � C	�.t/ : (7.103)

Then, with the a priori choice (7.80), the iterates remain in B
D

� .x

/ and we obtain

optimal convergence rates

Dx0
q .xn�

; x
/ D O ��2.‚�1.ı//
� D O

�

ı2

‚�1.ı/

�

as ı! 0 (7.104)

with ‚ as in (7.81), as well as in the noise-free case ı D 0
�

�

�

T .xn � x
/
�

�

�

D O �'�1
p .˛n/

�

;

Dx0
q .xn; x


/ D O ��.‚�1.'�1
p .˛n///

2
�

as n!1 : (7.105)

Remark 7.12. It can be seen from the proof that it suffices to assume the rescaling
condition (7.103) for specific constants C , namely

80 < t � Ot W �.. OC OC 2�p
	 /2=pt / � OC	�.t/ (7.106)

80 < t � Qt W �.. QC QC 2�p
	 /2=pt / � QC	�.t/ (7.107)

with

1 � OC' WD . OC OC 2	 /1=p < C
� 1

p

0 ; 1 � QC' WD . QC QC 2	 /1=p ;
QC D .2C2/2�p OC; OC;C0; C2 as in (7.78), (7.112), (7.113)

Ot D ‚�1. OC''�1
p .˛0//. OC OC 2�p

	 /�2=p ;
Qt D ‚�1. QC''�1

p ..2C2/
p�2˛0//. QC QC 2�p

	 /�2=p;

(7.108)

where C0 can be made small by making K small.
Condition (7.102) implies the inequality

�.‚�1.C t// � max¹pC; 1º �.‚�1.t// 8t � 0 8C > 0 ; (7.109)

a fact which can be seen as follows. Because of the monotonicity of the index func-
tions � and ‚�1, we have �.‚�1.C t// � �.‚�1.t// for 0 < C � 1. On the other

hand, by substituting u WD ‚.t/, we have 	.‚�1.�//p
�

D 	.u/p
‚.u/

D
q

	.u/p
u

showing

that these quotient functions, with positive arguments � and u, respectively, are both
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monotonically increasing, in light of (7.102). Consequently, we have 	.‚�1.C t//p
Ct

�
	.‚�1.t//p

t
for C > 1. Both facts together imply (7.109).

Moreover, condition (7.102) means that the variational inequality condition, deter-
mined by the index function f , is not too strong, i.e., the decay rate of �.t/ ! 0 as
t ! 0 is not faster than the corresponding decay rate of

p
t : A sufficient condition for

this is the concavity of �2, which is equivalent to condition (7.9).

Proof. In place of (7.87), we get the estimate
�

�

�

xınC1 � x0
�

�

�

q �
�

�

�

x
 � x0
�

�

�

q

D pDjq
.xınC1 � x0; x
 � x0/C qhjXq .x
 � x0/; xınC1 � x
iX��X

� qDx0
q .x

ı
nC1; x
/� qDx0

q .x
ı
nC1; x
/1=2�

0

B

@

�

�

�

F 0.x
/.xınC1 � x
/
�

�

�

2

D
x0
q .x

ı
nC1; x
/

1

C

A

; (7.110)

which, together with (7.89), (7.90) and (7.91), implies

1

2p�1
�

�

�

T .xınC1 � x
/
�

�

�

p C ˛nqDx0
q .x

ı
nC1; x
/

� .1C 2p�1/
�

2K
�

�

�

T .xın � x
/
�

�

�

C ı
�p

C 2p�1Kp
2

�

�

�

T .xınC1 � x
/
�

�

�

p

C 2p�1Kp
2

�

�

�

T .xın � x
/
�

�

�

p

C ˛nqDx0
q .x

ı
nC1; x
/1=2�

0

B

@

�

�

�

T .xınC1 � x
/
�

�

�

2

D
x0
q .x

ı
nC1; x
/

1

C

A

in place of (7.93)–(7.97), which, by moving the second term on the right-hand side to
the left-hand side, using Kp < 2

2p�1 and (7.80), yields an inequality of the form

tpnC1C ˛nd2nC1 � C0tpn Cm.'�1
p .˛n//

p CM˛ndnC1�
 

t2nC1
d2nC1

!

(7.111)
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for all n � n� � 1, where we use the abbreviations

dn D Dx0
q .x

ı
n; x


/1=2 ;

tn D
�

�

�

T .xın � x
/
�

�

�

;

C0 D 2p.1C 2p�1/2p�1 C 2p�1=2
Qc Kp ; (7.112)

C1 D .1C 2p�1/2p�1
�p Qc ;

C2 D q

Qc ; (7.113)

Qc D min
²

1

2p�1 �
2p�1Kp

2
; q

³

;

where C0, C1 can be made small by making K small and � large.
Now we prove by induction that, for all n � n�, respectively, if ı D 0, for all

k 2 N,

dn � C3�.‚�1.'�1
p .˛n/// ; (7.114)

tn � C4'�1
p .˛n/ ; (7.115)

where C4 is sufficiently large, so that

OC' � .2.C0 Cm=Cp4 //�1=p ; QC' � C4

2C2
; (7.116)

cf. (7.108), and C3 WD
r

C
p
4

min¹1; OC º so that

C 23
OC � Cp4 ; C 23 � Cp4 : (7.117)

For this purpose, observe that (7.111), together with the induction hypothesis, im-
plies

tpnC1 C ˛nd2nC1 � .C0Cp4 C C1/.'�1
p .˛n//

p C C2˛ndnC1�
 

t2nC1
d2nC1

!

: (7.118)

We distinguish between two cases:

If .C0C
p
4 C C1/.'�1

p .˛n//
p � C2˛ndnC1�

�

t2
nC1

d2
nC1

�

, then we get from (7.118)

tpnC1 C ˛nd2nC1 � 2C2˛ndnC1�
 

t2nC1
d2nC1

!

: (7.119)
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Since, for dnC1 D 0 and thus tnC1 D 0, and for tnC1 D 0 and thus dnC1 D 0,

by d2nC1 � 2C2dnC1�.
t2
nC1

d2
nC1

/, the assertions (7.114), (7.115) hold trivially, for k

replaced with k C 1, we may assume, without loss of generality, that dnC1 6D 0 and
tnC1 6D 0. Multiplying (7.119) by tnC1 and dividing by d2nC1 we get

t2nC1
d2nC1

tp�1
nC1 C ˛ntnC1 � 2C2˛n‚

 

t2nC1
d2nC1

!

;

which implies

ˆ

 

t2nC1
d2nC1

!

tp�1
nC1 � 2C2˛n;

with the monotonically increasing function (cf. (7.102))

ˆ W u 7!
p
u

�.u/
D u

‚.u/

and

tnC1 � 2C2‚
 

t2nC1
d2nC1

!

; i.e. ‚�1.tnC1
2C2

/ � t2nC1
d2nC1

; (7.120)

leading to

ˆ

�

‚�1.tnC1
2C2

/

�

tp�1
nC1 � 2C2˛n :

Since ˆ.‚�1. t
C
//tp�1 D C‚�1. t

C
/tp�2 D 'p. tC /Cp�1, this implies

tnC1 � 2C2'�1
p ..2C2/

2�p˛n/ (7.121)

from which, by (7.120), we get

d2nC1 �
t2nC1

‚�1. tnC1

2C2
/
D .2C2/2

�

�.‚�1.tnC1
2C2

/

�2

� .2C2/2
�

�.‚�1.'�1
p ..2C2/

2�p˛n//
�2
: (7.122)

Otherwise, if .C0C
p
4 C C1/.'

�1
p .˛n//

p � C2˛ndnC1�
�

t2
nC1

d2
nC1

�

, we get,

from (7.118),

tpnC1 C ˛nd2nC1 � 2.C0Cp4 C C1/.'�1
p .˛n//

p : (7.123)

From (7.121), (7.122) and (7.123), using the identity

�.‚�1.'�1
p .˛/
„ ƒ‚ …

DWz
/ D z

p

‚�1.z/
D zp=2 1

p

zp�2‚�1.z/

D 1
p

'p.z/
zp=2 D 1p

˛

�

'�1
p .˛/

�p=2
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and (7.78), we see that, in order to complete the induction proof of (7.114) and (7.115),
it suffices to show

'�1
p .˛/ � OC''�1

p .˛= OC/ 80 < ˛ � ˛0 ; (7.124)

'�1
p .˛/ � QC''�1

p .˛= QC/ 80 < ˛ � .2C2/p�2˛0 ; (7.125)

and use (7.116), (7.117). By the definition of 'p , (7.124) can be concluded

from (7.106) as follows: With OC' D
q

OCp OC	 , OCp D OC OC 2�p
' , cf. (7.108), � D

OC''�1
p .˛= OC/, t D ‚�1.�/= OCp , we have for any ˛ 2 .0; ˛0	:

�. OCpt / � OC	�.t/
, ‚. OCpt /
„ ƒ‚ …

�

�
q

OCp OC	
„ ƒ‚ …

D OC'

‚.t/

, ‚�1.�= OC'/ � t D 1

OCp
‚�1.�/

, .�= OC'/p�2‚�1.�= OC'/ � 1

OCp OCp�2
'

�p�2‚�1.�/

, OCp OCp�2
'

„ ƒ‚ …

D OC

'p.�= OC'/
„ ƒ‚ …

D˛= OC

� 'p.�/

, '�1
p .˛/ � � D OC''�1

p .˛= OC/ ;
where we have used the fact that the functions 'p, ‚, as well as their inverses, are
strictly monotonically increasing. Analogously, (7.125) follows from (7.107). With
this, the induction proof of (7.114), (7.115) is finished.

The estimates (7.114), (7.115) immediately yield (7.105).
Inserting (7.80) into (7.114) for n D n�, with (7.109), directly yields

dn�
� C3�.‚�1.'�1

p .˛n�
// � C3�.‚�1.�ı// � C3max¹p�; 1º �.‚�1.ı//

D C3 max¹p� ; 1º ‚.‚
�1.ı//

p

‚�1.ı/
D C3 max¹p�; 1º ı

p

‚�1.ı/
:

This provides us with the convergence rate assertion (7.104) and completes the proof
of 7.11.

7.3.2 Convergence with a posteriori parameter choice

Under the �-condition
�

�F.x/ � F. Nx/� F 0.x/.x � Nx/�� � � kF.x/ � F. Nx/k 8x; Nx 2 B (7.126)
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for some 0 < � < 1, cf. (3.42), we can prove convergence and convergence rates,
with a posteriori choices of the regularization parameters ˛n

�
�

�

�

F.xın/� yı
�

�

�

�
�

�

�

An.x
ı
nC1.˛n/ � xın/C F.xın/ � yı

�

�

�

� �
�

�

�

F.xın/ � yı
�

�

�

;
(7.127)

cf. [87], and of the stopping index n�, by the discrepancy principle:

n�.ı/ D min
°

n 2 N W
�

�

�

F.xın/ � yı
�

�

�

� �ı
±

: (7.128)

A sufficient condition for ˛n being well-defined by (7.127) is
�

�

�

An.x0 � xın/C F.xın/� yı
�

�

�

� �
�

�

�

F.xın/ � yı
�

�

�

; (7.129)

see the first part of the proof of the following theorem.

Theorem 7.13. Assume that X is smooth and uniformly convex, and that F satis-
fies (7.126), with � sufficiently small, as well as (7.12) or (7.13), and (7.74) or (7.75).
Let

� < � < � < 1 ;

and let � be chosen sufficiently large, so that

�C 1C �
�
� � and � <

1� �
2

: (7.130)

Moreover, assume that

ı <
kF.x0/� yık

�
:

Then, for all n � n�.ı/ � 1, with n�.ı/ according to (7.29), the iterates

xınC1 WD
²

xınC1 D xınC1.˛n/; ˛n as in (7.127); if (7.129) holds
x0 else

are well-defined.
Moreover, there exists a weakly convergent subsequence of

´

xı
n�.ı/

; if (7.12) holds

JXq .x
ı
n�.ı/

� x0/ ; if (7.13) holds

and along every such weakly convergent subsequence xı
n�.ı/

converges strongly to a

solution of (7.1) as ı ! 0. If the solution x
 to (7.1) is unique, then xı
n�.ı/

converges

strongly to x
 as ı! 0.
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Proof. Well-definedness of ˛n for (7.129) can be seen as follows: By minimality of
xınC1.˛/ we have, for

 .˛/ D
�

�

�

An.x
ı
nC1.˛/ � xın/C F.xın/� yı

�

�

�

;

that

 .˛/pC˛
�

�

�

xınC1.˛/ � x0
�

�

�

q�
�

�

�

An.x

 � xın/CF.xın/�yı

�

�

�

pC˛
�

�

�

x
 � x0
�

�

�

q
;

hence

lim sup
˛!0

 .˛/ �
�

�

�

An.x

 � xın/C F.xın/ � yı

�

�

�

p � .�C 1C �
�

/
�

�

�

F.xın/ � yı
�

�

�

;

by (7.2), (7.29), (7.126). On the other hand, minimality of xınC1.˛/ again yields

 .˛/p C ˛
�

�

�

xınC1.˛/ � x0
�

�

�

q �
�

�

�

An.x0 � xın/C F.xın/ � yı
�

�

�

p

;

so that
�

�

�

xınC1.˛/ � x0
�

�

�

q � 1

˛

�

�

�

An.x0 � xın/C F.xın/ � yı
�

�

�

p ! 0 as ˛ !1
so, by continuity of An and the norms, there exists an N̨ > 0 such that

 . N̨ /> �
�

lim
˛!1 .˛/ D �

�

�

�

�

An.x0 � xın/C F.xın/ � yı
�

�

�

��
�

�

�

F.xın/�yı
�

�

�

:

To conclude existence of an ˛n satisfying (7.127), it remains to show continuity
of  , which we do by using the fact that the uniformly convex Banach space X is
reflexive and strictly convex, and by setting Ax D An.x � xın/C F.xın/ � yı , D D
D.F / in Lemma 7.9.

In case ˛n can be chosen according to (7.127), we see that, by (7.70), (7.89) holds
which, together with (7.2), (7.127), (7.29) and (7.126) yields

�p
�

�

�

F.xın/ � yı
�

�

�

p C ˛n
�

�

�

xınC1 � x0
�

�

�

q

� .�C 1C �
�

/p
�

�

�

F.xın/ � yı
�

�

�

p C ˛n
�

�

�

x
 � x0
�

�

�

q
(7.131)

for all n � n�.ı/ � 1 provided xın 2 B�.x0/. By (7.130) this implies
�

�

�

xınC1 � x0
�

�

�

�
�

�

�

x
 � x0
�

�

�

; (7.132)

which holds trivially in the alternative case
�

�

�

An.x0 � xın/C F.xın/� yı
�

�

�

< �
�

�

�

F.xın/ � yı
�

�

�

;

in which we set xınC1 D x0.
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Estimate (7.132) allows us to conclude, by an inductive argument, that xın2B�.x0/,
for all n � n�.ı/.

According to (7.29), the stopping index n�.ı/ is finite since, on the one hand, the
situation where kAn.x0�xın/CF.xın/�yık < �kF.xın/�yık, and hence xınC1 WD
x0, can happen at most every second step:

xınC1 D x0 ) kAnC1.x0 � xınC1/C RnC1k D kRnC1k � �kRnC1k ;
so ˛nC1 can be chosen as in (7.127), with n replaced by n C 1. On the other hand,
in steps where ˛n is chosen as in (7.127), the residual norm decreases by a factor of

C�
1�� , which is smaller than 1 by (7.130):

kRnC1k
D
�

�

�

An.x
ı
nC1 � xın/C F.xın/ � yı C F.xınC1/ � F.xın/ � An.xınC1 � xın/

�

�

�

� �
�

�

�

F.xın/� yı
�

�

�

C �
�

�

�

F.xınC1/ � F.xın/
�

�

�

� .� C �/
�

�

�

F.xın/� yı
�

�

�

C � kRnC1k

Hence,
�

�

�

F.xın/ � yı
�

�

�

�
�

� C �
1 � �

�Œn=2�

� �ı

for n sufficiently large.
Setting n D n�.ı/ � 1 in (7.132), we arrive at

�

�

�

xın�.ı/
� x0

�

�

�

�
�

�

�

x
 � x0
�

�

�

: (7.133)

Hence, there exist weakly convergent subsequences ¹xlºl2N WD ¹xıl

n�.ıl /
ºl2N and

¹JXq .xl � x0/ºl2N WD ¹JXq .xıl

n�.ıl /
� x0/ºl2N . The weak limit Nx of any weakly

convergent subsequence ¹xl ºl2N (or Nx WD JX
�

q� . Nx�/C x0 with the weak limit Nx� of

¹JXq .xl � x0/ºl2N), by

�

�

�

F.xl / � y
�

�

�

� .� C 1/ıl ! 0 as l !1

and the (weak) sequential closedness of F (7.12) (or (7.13)), defines a solution Nx
of (7.1). Hence, we can insert Nx in place of x
 in (7.133) to obtain, in case of (7.12),

k Nx � x0k � lim inf
l!1

�

�

�

xl � x0
�

�

�

� lim sup
l!1

�

�

�

xl � x0
�

�

�

� k Nx � x0k

due to the weak lower semicontinuity of the norm, i.e., convergence of kxl � x0k to
k Nx � x0k. Since X is uniformly convex and xl weakly converges to Nx, this yields
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norm convergence of xl to Nx. In case of ¹JXq .xl � x0/ºl2N weakly converging to Nx�
and (7.13), convergence in the Bregman distance can be established by the argument

0 � Djq
. Nx � x0; xl � x0/

D 1

q

�

�

�

�

xl � x0
�

�

�

q

„ ƒ‚ …

�k Nx�x0kq

� k Nx � x0kq
�

C hx� � JXq .xl � x0/; Nx � x0iX��X
„ ƒ‚ …

!0 as l!1
;

which, by Theorem 2.60 (e), implies strong convergence.
In case of uniqueness of x
, a subsequence-subsequence argument yields overall

convergence.

The proof of convergence rates under Hölder type and general variational inequal-
ities is much shorter and less technical than with a priori parameter choice, so we
provide both rates results within one theorem:

Theorem 7.14. Let the assumptions of Theorem 7.13 be satisfied.

(a) Under a variational inequality (7.76), we obtain optimal convergence rates

Dx0
q .xn�

; x
/ D O.ı 2�
�C1 / ; as ı ! 0 : (7.134)

(b) Under a variational inequality (7.77), we obtain optimal convergence rates

Dx0
q .xn�

; x
/ D O ��2.‚�1.ı//
� D O

�

ı2

‚�1.ı/

�

as ı ! 0 (7.135)

with ‚ as in (7.81).

Proof. In the proof of Theorem 7.13, we have seen that estimates (7.87), (7.89) to-
gether with (7.126), (7.2), (7.127) and (7.29), yield (7.131), for all n � n�.ı/ � 1,
provided xın 2 B�.x0/.

Inserting (7.87) into (7.131) and taking into account (7.130) and (7.126), we get

.1 � ˇ�/Dx0
q .x

ı
nC1; x
/

� ˇC
�

�;
� C 1
2

�

�

.1C �/
�

�

�

F.xınC1/ � F.x
/
�

�

�

�2�=.�C1/ (7.136)

in case ˛n is chosen according to (7.127). Hence, with � < ˇ�1, for n D n� � 1, the
discrepancy principle (7.29) yields the optimal rate

Dx0
q .x

ı
n�
; x
/ � ˇC.�; �C1

2 /

1 � ˇ�
�

.1C �/.1C �/
�2�=.�C1/

ı2�=.�C1/ ;

since, due to the signal to noise ratio assumption ı < kF.x0/ � yık=� , we can ex-
clude the case xın�

D x0, i.e., the case where ˛n��1 is not chosen according to (7.127).
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In the general case (7.77) we get, in place of (7.87) and (7.136), the esti-
mates (7.110) and

Dx0
q .x

ı
nC1; x
/1=2 � �

0

B

@

.1C �/2
�

�

�

F.xınC1/ � F.x
/
�

�

�

2

D
x0
q .x

ı
nC1; x
/

1

C

A

;

respectively. Hence, with n D n� � 1, using (7.126) and (7.29), we get

Cı D Cı

D
x0
q .x

ı
n�
; x
/1=2

Dx0
q .x

ı
n�
; x
/1=2

� Cı

D
x0
q .x

ı
n�
; x
/1=2

�

 

C 2ı2

D
x0
q .x

ı
n�
; x
/

!

D ‚

 

.Cı/2

D
x0
q .x

ı
n�
; x
/

!

with C WD .1C �/.1C �/ so, taking the inverse of ‚ on both sides, we get

Dx0
q .x

ı
n�
; x
/ � C 2ı2

‚�1.Cı/ � C
2 ı2

‚�1.ı/ ;

since C > 1 and ‚�1 is strictly monotonically increasing.

7.3.3 Numerical illustration

To illustrate performance of the iteratively regularized Gauss–Newton method in a
Banach space setting, we return to the parameter identification example from Sec-
tion 1.3, where we recovered c from measurements of u, with

��uC c u D 0 in �:

As a first test case we consider � D .0; 1/2 � R2 and a smooth exact parameter

c.x; y/ D 10 exp
�

� .x � 0:3/
2 C .y � 0:3/2
0:04

�

; (7.137)

see Figure 7.1 for the exact parameter c and state u.
Computations were carried out on a 30 � 30 grid, using finite differences, where-

as synthetic data was generated on a different grid, in order to avoid an inverse crime.
Figure 7.2 shows the reconstructions from noisy data with 1 percent L1-noise in
a Hilbert space setting, as well as in a Banach space setting. The latter takes into
account the fact that the noise bound is given, not only with respect to the L2-norm
but – as often relevant in practice – with respect to the L1-norm, by using an LP -
norm with large P (P D 10) as data space. While the reconstruction with Y D L2

is overdamped, in spite of an optimal choice of the stopping index, the height of the
parameter values is better resolved in the reconstruction with Y D L10. An additional
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Figure 7.1. Exact parameter c (left) and state u (right) for the test example (7.137).
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Figure 7.2. Reconstruction for example (7.137) from data with 1 percent L1-noise with
X D Y D L2 (left), X D L2, Y D L10 (middle), X D 1:5, Y D L10 (right).

improvement appears, due to the decrease of the norm in preimage space to L1:5.
Recall that a combination X D L1:5, Y D L10 yields a reduction of the ill-posedness
of the parameter identification problem, compared to the Hilbert space combination
X D Y D L2. These effects are also visible for higher noise levels, see Figure 7.3.

In our second test case, we consider again� D .0; 1/2 � R2, but this time refer to
a “sparse” exact parameter

c.x; y/ D 40�Œ0:19;0:24�2.x; y/ ; (7.138)

see Figure 7.4 for the exact parameter c and state u. Note that the similarity of the
states in Figures 7.1 and 7.4 also illustrates the ill-posedness of the inverse problem of
identifying c. Also for this test example, the use of an LP -norm with large P in data
space obviously yields an improvement, compared to the L2 setting. As an additional
effect, we see the considerably better reconstruction of the sparse solution by using
an LQ-norm, with Q close to one in preimage space, instead of L2, see Figure 7.5.
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Figure 7.3. Reconstruction for example (7.137) from data with 10 percent L1-noise with
X D Y D L2 (left), X D L2, Y D L10 (middle), X D 1:5, Y D L10 (right).
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Figure 7.4. Exact parameter c (left) and state u (right) for the test example (7.138).
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Figure 7.5. Reconstruction for example (7.138) from data with 1 percent L1-noise with
X D Y D L2 (left), X D L2, Y D L10 (middle), X D L1:1, Y D L10 (right).
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This part is devoted to the solution of linear operator equations of the first kind

Af D g ; g 2 R.A/

by the method of approximate inverse which, in contrast to the methods considered in
the previous part, is non-iterative. In Chapters 8 and 9, we consider linear, bounded
mappings A, acting on Banach spaces that are function spaces. This is why we prefer
to use the notations g 2 Y for the given data and f 2 X for the searched solution, in
order to avoid confusion with the points x and y the functions are evaluated at.

The method of approximate inverse is a mollification method for stably solving in-
verse problems. In its original form, it has been developed to solve operator equations
in L2-spaces and general Hilbert spaces. We describe its extension to linear, ill-posed
problems in Banach spaces. The method itself consists of evaluations of dual pairings
of the given data with reconstruction kernels, which are associated with so-called mol-
lifiers and the adjoint of the operator. This technique offers several features, compared
to other regularization methods: The reconstruction kernel can be precomputed before
the measurement starts and the computation is done independently of any noise, since
the mollifer is given analytically. Furthermore, invariance properties of the underly-
ing operator A might be used, in order to improve the numerical efficiency. At last,
evaluation of dual pairings is very stable with respect to noisy data gı . Chapter 8
provides all necessary definitions and notations to state the method. The method is
then analyzed in Chapter 9, which follows along the lines of [223]. There, we inves-
tigate two settings more exactly: the case of Lp-spaces and the case of the Banach
space of continuous functions on a compact set. For both settings, we present cri-
teria that turn the method of approximate inverse into a regularization method and
prove convergence with rates. It will be shown that the absolute error has the order
O.ı1��/, for any 0 < � < 1, provided that f satisfies specific smoothness assump-
tions. As an application, we refer to X-ray diffractometry, as it was introduced in
Section 1.1. Since we know that the stress tensor is smooth, X-ray diffractometry can
be appropriately modeled by a Banach space setting, using continuous functions. Ac-
tually, X-ray diffractometry is described by a semi-discrete operator equation, since
the stress tensor is to be computed from finitely many observations. Consequently,
Chapter 10 gives an outlook on how the method of approximate inverse can be used
in general to tackle semi-discrete operator equations, that means operator equations
where the range of the forward operator has a finite dimension. Such equations are
especially important in practical applications, since there only a finite number of data
is available; a fact we will take into account when applying a so-called observation
operator ‰n to A. This observation operator may be seen as the mathematical model
of the measurement process, which intrinsically boils the infinite dimensional setting
down to a finite dimensional one. We give criteria to get strong convergence in general
Banach spaces.



Chapter 8

Setting of the method

The method of approximate inverse was originally developed by Louis [151], in order
to solve ill-posed operator equations of first kind. It consists of the evaluation of the
given and maybe noisy data with precomputed reconstruction kernels. These recon-
struction kernels are solutions of a dual equation, associated with a so-called mollifier
that implies the regularization property. The method is well established in Hilbert
space settings and was successfully applied to different problems, such as computer-
ized tomography [155], inverse scattering [1], Doppler tomography [217, 218, 224],
X-ray diffractometry [221], thermoacoustic tomography [86], sonar [188, 222] and
even image processing [153]. A recent publication [154] shows how an appropri-
ate choice of the mollifier can be used to extract features from the reconstruction.
In [152], an interesting unification concept is presented, for general regularization
methods, by means of the approximate inverse. A concise monograph on the method
is [220].

Let X;Y be Banach spaces with norms k � kX , k � kY and A W X ! Y a linear,
bounded and injective operator. Our aim is to solve the equation

Af D gı (8.1)

with given noisy data gı , satisfying

kg � gıkY < ı ; g 2 R.A/ :

In this and the following chapter, we only consider Banach spaces X;Y consisting of
functions on a domain � 
 Rq . As typical examples, we refer to Lp-spaces with
1 � p � 1 or the Banach space of functions continuous on a compact set. As a
first step towards constructing the method of approximate inverse, we introduce the
concept of mollifiers, which is essential for the method.

Definition 8.1 (mollifier). Let X be a Banach space consisting of functions with do-
main � 
 Rq . We call a family ¹e� º�>0 of mappings e� W � ! X� a mollifier for
X (or X-mollifier), if the two following conditions hold:

(a) For each function f 2 X , the family ¹f� º�>0 of mappings

f� .x/ WD he� .x/; f iX��X (8.2)

belongs to X .
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(b) The functions f� converge to f in X , that is

lim
�!0
kf� � f kX D 0 ; f 2 X : (8.3)

We will show specific criteria for such a family ¹e� º to be Lp.�/- and C.K/-
mollifiers. Once we have chosen a mollifier ¹e� º, we associate a reconstruction kernel
with it. A reconstruction kernel is a family ¹v� º�>0 of mappings v� W � ! Y �
solving the dual equation

A�Œv� .x/	 D e� .x/ ; x 2 �: (8.4)

In the following, we assume that e� .x/ is in the range of A�. If we have the re-
construction kernel v� at hand, we are able to formulate the method of approximate
inverse in Banach spaces.

Definition 8.2 (approximate inverse). Let A 2 L.X; Y /, ¹e� W � ! X�º be a
mollifier and ¹v� W � ! Y �º the corresponding reconstruction kernel, according to
(8.4). The family of mappings ¹A� º, defined by

ŒA�g	.x/ WD hv� .x/; giY ��Y ; g 2 Y ; x 2 �
is called the approximate inverse of A associated with the mollifier ¹e� º.

In shortened form, we say that A� is the approximate inverse of A, if it is clear
which mollifier we have chosen. Obviously, A� is a linear mapping from Y into
the vector space of real-valued functions on � and weak convergence of a sequence
¹gnº 
 Y implies pointwise convergence of ¹A�gnºn. Moreover, if Af D g, we
may deduce from (8.4) that

ŒA�g	.x/ D hv� .x/; giY ��Y D he� .x/; f iX��X

and (8.3) tells us that
lim
�!0

A�g D f (8.5)

with respect to the strong (norm-) topology in X . In this sense, A� is, in fact, an ap-
proximate inverse to A. Under specific assumptions, it turns out to be a regularization
method.

Theorem 8.3. Let the assumptions of Definiton 8.2 hold. Assume that A is injective,
that the mappings A� map Y into X and are bounded with estimates

kA�kY!X � l� for all � > 0 : (8.6)

Let f 2 X be the solution of Af D g for g 2 R.A/ and gı 2 Y be noisy data, with
kgı � gkY < ı.
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If the a priori parameter choice rule � D �.ı/ is chosen such that �.ı/ ! 0 for
ı ! 0 and

l�.ı/ D o.ı�1/ as ı ! 0 (8.7)

then
lim
ı!0
kf ı�.ı/ � f kX D 0 ;

where f ı
�.ı/
D A�.ı/g

ı . This means, that the approximate inverse ¹A� º represents a
regularization method.

Proof. To prove the regularization property, we estimate

kf ı� � f kX � kA�g � f kX C kA� .g
ı � g/kX

� kA�g � f kX C l�ı :
The first summand tends to 0 as � ! 0, due to (8.5), the second summand tends to
zero, because of (8.7).

From the proof of Theorem 8.3, we can easily deduce convergence rates.

Corollary 8.4. Let the assumptions of Theorem 8.3 hold and let f� D A�g be the
approximate inverse, applied to exact data. If the parameter choice rule � D �.ı/ is
chosen according to

lim
ı!0

�.ı/ D 0 ; l�.ı/ D O.ı��/ ; 0 < � < 1

and
kf�.ı/ � f kX � cı1�� as ı ! 0

for a constant c > 0, it follows that

kf ı�.ı/ � f kX D O.ı1��/ as ı ! 0 :

As in Hilbert spaces, see [151], operator invariances can help to decrease the com-
putational costs.

Lemma 8.5. If to each x 2 � there exist mappings T x1 2 L.X�/, T x2 2 L.Y �/ and
x0 2 � such that

e� .x/ D T x1 e� .x0/ and T x1 A
� D A�T x2 x 2 �; (8.8)

then
v� .x/ D T x2 v� .x0/ : (8.9)

Proof. Assertion (8.9) becomes obvious from (8.4) and (8.8).

Hence, it suffices to compute one single reconstruction kernel v� .x0/, in order to
generate all reconstruction kernels, by applying T x2 , if only (8.8) is satisfied.



Chapter 9

Convergence analysis in Lp.�/ and C.K/

In the following, we consider two specific choices for X in detail, namely X D
Lp.�/, for 1 � p < 1 and X D C.K/, for a compact set K 
 Rq , and inves-
tigate under which conditions the assertions of Theorem 8.3 and Corollary 8.4 are
valid.

9.1 The case X D Lp.�/

We set X D Lp.�/, with 1 � p < 1 and an open subset � 
 Rq . We recall that
we denote by p� the dual exponent to p, meaning 1 � p� � 1, with

1

p
C 1

p� D 1 :

For p D 1 we set p� D 1. Then, X� D Lp�

.�/ and the dual pairing is given by

hf �; f iLp��Lp D
Z

�

f �.x/f .x/dx :

We want to present a recipe for constructing mollifiers in this situation. Furthermore,
we prove that, under certain conditions,

kf� � f kLp.�/ � C�mkf kCm.�/ for all � > 0 ;

where � is bounded. This estimate is sufficient to achieve the convergence rate
O.ı1��/, see Corollary 8.4.

We first present a general recipe to generate mollifiers in bounded domains �.

Theorem 9.1. Let � 
 Rq be a bounded domain, Ne 2 Lp�

.Rq/ be a function with
ess supp. Ne/ D B�.0/ 
 �, for some � > 0, and

Z

�

Ne.x/dx D
Z

B�.0/

Ne.x/dx D 1 : (9.1)

Define

e� .x; y/ WD ��q Ne
�

x � y
�

�

a:e: : (9.2)

Then, ¹e�º is a mollifier for Lp.�/.
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Proof. Since � is bounded, we may estimate for k� .x/ WD ke� .x; �/kLp�

kk�kpLp D
Z

�

jk� .x/jp dx D
Z

�

ke� .x; �/kp
Lp� dx

�
Z

�

 

Z

Rq

ˇ

ˇ

ˇ

ˇ

��q Ne
�

x � y
�

�

ˇ

ˇ

ˇ

ˇ

p�

dy

!p=p�

dx (9.3)

D ��q
Z

�

�

Z

Rq

j Ne.z/jp�

dz
�p=p�

dx D ��qj�jk Nekp
Lp�

.Rq/
;

where we applied the substitution z  .x � y/=� . Hence, k� 2 Lp implying f� 2
Lp .

It remains to show the convergence f� ! f in Lp. To this end, we first assume
that f 2 C0.�/ is a continuous function, with compact support in �, and then use a
density argument. Hence, let f 2 C0.�/. We have

kf� � f kpLp D
Z

�

ˇ

ˇ

ˇ

ˇ

f .x/ �
Z

�

��qf .y/ Ne
�

x � y
�

�

dy
ˇ

ˇ

ˇ

ˇ

p

dx :

We first investigate the integrand and estimate

I� .x/ WD
ˇ

ˇ

ˇ

ˇ

f .x/ �
Z

�

��qf .y/ Ne
�

x � y
�

�

dy
ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

ˇ

f .x/ �
Z

B��.x/

��qf .y/ Ne
�

x � y
�

�

dy

ˇ

ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

ˇ

f .x/ �
Z

B�.0/

f .x � �z/ Ne.z/dz
ˇ

ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

ˇ

Z

B�.0/

.f .x/ � f .x � �z// Ne.z/dz
ˇ

ˇ

ˇ

ˇ

ˇ

�
 

Z

B�.0/

jf .x/ � f .x � �z/jp dz

!1=p  
Z

B�.0/

j Ne.z/jp�

dz

!1=p�

D kNekLp�

 

Z

B�.0/

jf .x/ � f .x � �z/jp dz

!1=p

using Hölders inequality and the substitution z  .x � y/=� . Since ja C bjp �
2p.jajp C jbjp/ for real values a; b, we have that

jf .x/ � f .x � �z/jp � 2p�jf .x/jp C jf .x � �z/jp� :
Furthermore, the function

Qf .x/ WD sup
z2B�.0/

jf .x � �z/j
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is a continuous function with compact support, satisfying

Qf .x/ � jf .x � �z/j :
As a summary of our results, we obtain

(i) I� .x/
p ! 0 pointwise as � ! 0

(ii) I� .x/
p � kNekp

Lp� jB�.0/j2p.jf .x/jp C Qf .x/p/ and the right-hand side of that

estimate is in L1.�/.

Finally, Lebesgue’s theorem of dominated convergence implies

lim
�!0

Z

�

I� .x/
p dx D 0 :

A standard argument, using the density of C0.�/ in Lp.�/, completes the proof. For
a detailed outline, we refer the interested reader to [223].

Another criterion for f� to be a Lp-function is the boundedness of k� .

Lemma 9.2. Let ¹e� W �! Lp
�º be a family of mappings such that the function

k� .x/ WD ke� .x/kLp� 2 Lp.�/ : (9.4)

Then,
f� .x/ D he� .x/; f iLp� �Lp 2 Lp.�/ : (9.5)

Condition (9.4) is satisfied, if k� 2 L1.�/, where, if � is unbounded, we have to
postulate in addition

k� .x/ � cjxjs for x 2 ¹x 2 Rq W jxj > Rº \� (9.6)

for constants c;R > 0 and s < �q=p.

Proof. Let f 2 Lp . The estimate
Z

�

jf� .x/jp dx D
Z

�

ˇ

ˇhe� .x/; f iLp� �Lp

ˇ

ˇ

p dx

� kf kpLp

Z

�

ke� .x/kp
Lp� dx D kf kpLpkk�kpLp

and (9.4) imply f� 2 Lp.
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If � is bounded and k� 2 L1.�/, then obviously (9.4) holds. Now, let � be
unbounded. We have

Z

�

jk� .x/jp dx D
Z

�\BR.0/

jk� .x/jp dx C
Z

�\¹x2Rq Wjxj>Rº
jk� .x/jp dx

�
Z

�\BR.0/

jk� .x/jp dx C cp
Z

�\¹x2Rq Wjxj>Rº
jxjsp dx :

The first integral is bounded, since k� 2 L1.�/. The second integral can be esti-
mated by using spherical coordinates x D r!, r > 0, ! 2 Sq�1 and

Z

�\¹x2Rq Wjxj>Rº
jxjsp dx �

Z

¹x2Rq Wjxj>Rº
jxjsp dx

D jSq�1j
Z 1

R

rq�1rsp dr <1 ;

since sp C q � 1 < �1, s < �q=p. Here, jSq�1j denotes the surface measure of
the unit sphere in Rq .

We finish this section by proving rates for the convergence f� ! f , when � is
bounded and the mollifier ¹e� º is generated by (9.2). These rates are important to get
the stability rates in Corollary 8.4. To obtain these convergence rates, a momentum
condition on Ne is required.

Definition 9.3 (order of mollifier, Lp-case). Let Ne 2 Lp�

.Rq/ \ L1.Rq/. We say
that Ne has order m, if the following three conditions are true

(a)
Z

Rq

Ne.z/dz D 1 ;

(b)
Z

Rq

Ne.z/z˛ dz D 0
for all multiindices ˛ 2 Nq

0 with 1 � j˛j < m,

(c) �˛ WD
Z

Rq

Ne.z/z˛ dz=˛Š 6D 0
for all multiindices ˛ 2 Nq

0 with j˛j D m.

Now, we have all ingredients together to prove convergence rates for f� , if we apply
mollifiers constructed in accordance with Theorem 9.1.

Theorem 9.4. Adopt the assumptions of Theorem 9.1 where, additionally, Ne has order
m 2 N and ess supp. Ne/ � B�.0/ 
 �. Furthermore, let f 2 Cm0 .�/. Then, there
exists a constant C > 0, such that

kf� � f kLp � C�mkf kCm.�/ for all � > 0 : (9.7)
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Proof. We show (9.7) for q D 1 only, since this assertion does not depend on the
dimension. Then, B�.0/ D .��; �/ and we have

kf� � f kpLp D
Z

�

I� .x/
p dx

with I� .x/ as in the proof of Theorem 9.1. Using the momentum conditions for Ne and
the Taylor approximation

f .x � �z/ D
m�1
X

jD0

f .j /.x/

j Š
.��z/j C f .m/.x�;z/

mŠ
.��z/m ;

where x�;z denotes an intermediate value between x and x � �z, we compute

I� .x/ D
ˇ

ˇ

ˇ

ˇ

Z �

��
	

f .x/ � f .x � �z/
 Ne.z/dz
ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

Z �

��
.��z/m
mŠ

f .m/.x�;z/ Ne.z/dz
ˇ

ˇ

ˇ

ˇ

� �mKmkf .m/k1 ;

where

Km WD
Z �

��
j Ne.z/zmjdz :

From this, we get

kf� � f kpLp D
Z

�

I� .x/
p dx � �mpKpmj�jkf kpCm.�/

for all � > 0. Hence, (9.7) is satisfied with C WD j�j1=pKm.

With the help of Theorem 9.4, we are able to formulate conditions for Ne and f ,
necessary to obtain the convergence rate O.ı1��/ of the approximate inverse f ı� D
A�g

ı in Lp-spaces.

Theorem 9.5. Let the assumptions of Theorems 8.3 and 9.4 hold and � be given with
0 < � < 1. Furthermore, assume that

l� � ��k as � ! 0; k > 0 :

If the parameter choice rule � D �.ı/ is chosen such that

�.ı/ D O.ı�=k/ as ı ! 0 ; (9.8)

f 2 Cm0 .�/ and Ne has order m, wherem 2 N satisfies

m � k 1 � �
�

; (9.9)
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then
kf ı�.ı/ � f kLp � cı1��kf kCm.�/ as ı ! 0 :

Proof. Because of (9.8), we have that l�.ı/ D O.ı��/. From Corollary 8.4 and (9.7),
we deduce that

kf ı�.ı/ � f kLp � kf�.ı/ � f kLp C l�.ı/ı
� C

�

ı
m�
k kf kCm.�/ C ı1��� :

Balancing the terms, we arrive at

kf ı�.ı/ � f kLp � cı1��kf kCm.�/ as ı! 0 ;

if m�=k � 1� �, which gives (9.9).

Remark 9.6. Condition (9.9) shows that high convergence rates correspond to strong
assumptions on Ne and f . It is remarkable that the smoothness condition on f coin-
cides with the required order of Ne.

9.2 The case X D C .K/

Let K 
 Rq be a nonempty, compact set, with int .K/ 6D ; and let C.K/ be the
Banach space of continuous functions, defined on K, equipped with the sup-Norm

kf k1 D kf k1;K D sup
x2K
jf .x/j :

We want to describe mollifiers and derive convergence rates for this situation. As an
analogue to (9.7), we prove the estimate

kf� � f k1 � C�mkf kCm.K/ ;

which is again sufficient to show convergence with rates in case of noisy data gı .
According to the Riesz Representation Theorem, see e.g. [206, Theorem 2.14],

the dual space C.K/� of C.K/ can be identified with the space of all regular and
countable additive Borel measures on K

rca.K/ WD ¹� W � is a regular and countable additive Borel measure on B.K/º
equipped with the total variation

k�kB D sup

8

<

:

k
X

iD1
j�.Ki/j W k 2 N ; Ki 2 B.K/ ; Ki pairwise disjoint

9

=

;
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as norm, where B.K/ denotes the � -algebra of all Borel sets of K, that is, the
� -algebra generated by the closed subsets of K. We have

�.E/ D
Z

E

d�.x/ for all E 2 B.K/ :

There exists an isometric isomorphism C.K/� Š rca.K/ in the sense that any linear,
bounded functional ' 2 C.K/� is represented by a unique measure �' 2 B.K/ such
that

�'.f / D
Z

K

f .x/d�.x/ for all f 2 C.K/

and sup¹j'.f /j W kf k1 D 1º D k�'kB . With respect to this isomorphism, the dual
pairing on X is given by

h�; f irca.K/�C.K/ D
Z

K

f .x/d�.x/ :

Note that any function f � 2 L1.K/ generates a measure �f � 2 rca.K/ through

�f �.E/ WD
Z

E

f �.x/dx ; E 2 B.K/ :

We present a concept to generate C.K/-mollifiers, similar to (9.2).

Theorem 9.7. Let N� 2 rca.K/ be non-negative and suppose that

N�.K/ D
Z

K

d N�.x/ D 1 : (9.10)

We define a family of mappings ¹�� W K ! rca.K/º by

Z

K

f .x/dŒ�� .y/	.x/ WD
Z

K

f .�x C y/d N�.x/ f 2 C.K/ : (9.11)

Then, the family ¹��º represents a mollifier for C.K/.

Note that, in (9.11), we silently set f .z/ WD 0 for all z 2 RqnK. We assume this
throughout this section, without always mentioning it explicitly. Definition (9.11) is
then well-defined, since the translated function f .�x C y/ is N�-measurable for all
y 2 K.

Proof. At first we show that �� .y/ 2 rca.K/, for each y 2 K. Let f 2 C.K/. For
� > 0 and y 2 K fixed we have

sup
x2K
jf .�x C y/j � kf k1 :
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Defining Tf WD RK f .x/dŒ�� .y/	.x/, we see that T W C.K/! R is linear. Since

jTf j D
ˇ

ˇ

ˇ

ˇ

Z

K

f .x/dŒ�� .y/	.x/
ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

Z

K

f .�x C y/d N�.x/
ˇ

ˇ

ˇ

ˇ

� kN�kBkf k1

we see that T is also bounded. Hence, T 2 C.K/� and thus �� .y/ 2 rca.K/.
Next, we show that f� .y/ D h�� .y/; f irca.K/�C.K/ is in C.K/ for f 2 C.K/.

Let " > 0 be given. Since K is compact, f is even uniformly continuous. Hence,
there exists a � D �."/ > 0 such that jf .y/�f .y0/j < ", whenever ky �y0k < � for
y; y0 2 K. This implies

jf� .y/ � f� .y0/j �
Z

K

ˇ

ˇf .�x C y/ � f .�x C y0/
ˇ

ˇ d N�.x/

<

Z

K

"d N�.x/ D " for all y; y0 2 K

proving the (uniform) continuity of f� . In the latter estimate, we used the fact that N�
is non-negative.

It remains for us to show the convergence f� ! f in C.K/, as � ! 0. Again, let
" > 0 and � D �."/ as above. We set M WD supx2K jxj and choose a �0 > 0 such
that �0M < �. Such a �0 exists, since M < 1 because of the compactness of K.
Taking into account that N�.K/ D 1, we may estimate for � < �0

kf� � f k1 D sup
y2K

ˇ

ˇ

ˇ

ˇ

Z

K

�

f .�x C y/ � f .y/� d N�.x/
ˇ

ˇ

ˇ

ˇ

� sup
y2K

Z

K

ˇ

ˇf .�x C y/ � f .y/ˇˇ d N�.x/

< sup
y2K

Z

K

"d N�.x/ D " ;

since j�x C y � yj D �kxk � �M < � for � < �0. This proves that f� ! f in
C.K/, as � ! 0.

Remark 9.8. As mentioned before, any function f � 2 L1.K/ generates a measure
N�f � 2 rca.K/ through

N�f �.E/ D
Z

E

f �.x/dx ; E 2 B.K/ :

In this case, (9.10) means that
R

K f
�.x/dx D 1 and (9.11) reads as

f �
� .x; y/ D ��qf �

�

x � y
�

�

;

which is the same construction as in Theorem 9.1.



Section 9.2 The case X D C.K/ 247

A further criterion for general measures ¹��º 
 rca.K/, leading to continuous
functions f� , is the continuity of the mappings y 7! �� .y/.

Lemma 9.9. If the mappings �� W K ! rca.K/ are continuous as functions from
K to rca.K/, then f� 2 C.K/ for each f 2 C.K/. The functions f� are then even
uniformly continuous.

Proof. The assertions become clear from

jf� .x/ � f� .y/j D jh�� .x/ � �� .y/; f irca.K/�C.K/j
� k�� .x/ � �� .y/kB.K/kf k1 :

BecauseK is compact, the functions f� are even uniformly continuous.

To show convergence with rates for f� ! f we again have to define what we mean
by the order of a measure � 2 rca.K/.

Definition 9.10 (order of mollifier, C.K/-case). Let N� 2 rca.K/, K 
 Rq compact
and m > 0 an integer. We say that N� has order m, if the three following conditions
hold true:

(a) N�.K/ D 1 ;

(b)
Z

K

x˛ d N�.x/ D 0
for all multiindices ˛ 2 Nq

0 with 1 � j˛j < m,

(c) �˛ WD
Z

K

x˛d N�.x/=˛Š 6D 0
for all multiindices ˛ 2 Nq

0 with j˛j D m.

Note that this definition coincides with Definition 9.3, if N� is represented by an
integrable function f � 2 L1.K/.

Theorem 9.11. Adopt the assumptions of Theorem 9.7 where additionally N� has order
m 2 N. Furthermore assume that K D � for an open and bounded subset � 
 Rq

and f 2 Cm0 .�/. Then there exists a constant C > 0 satisfying

kf� � f k1 � C�mkf kCm.K/ for all � > 0 : (9.12)

Proof. As in the proof of Theorem 9.4 we restrict the verification of (9.12) to q D 1

and may assume that K D Œa; b	 is a closed interval. Again we use a Taylor series
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expansion up to the order m to prove the estimate

kf� � f k1 D sup
y2K

ˇ

ˇ

ˇ

ˇ

ˇ

Z b

a

�

f .�x C y/ � f .y/� d N�.x/
ˇ

ˇ

ˇ

ˇ

ˇ

D sup
y2K

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Z b

a

m�1
X

jD1

f .j /.y/

j Š
.��x/j C f .m/.y�;x/

mŠ
.��x/m d N�.x/

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

� �mKmkf kCm.K/ ;

where

Km WD
Z b

a

jxmjd N�.x/ ;

y�;x 2 Œa; b	 lies between y and �x C y and we used the fact that N� has order m.
Hence we showed (9.12) with C WD Km.

The following lemma stating convergence with rates in case of noisy data gı is the
C.K/-analogue of Theorem 9.5.

Theorem 9.12. Let the assumptions of Theorems 8.3 and 9.11 hold true and � be
given with 0 < � < 1. Furthermore assume that

l� � ��k as � ! 0; k > 0 :

If the parameter choice rule � D �.ı/ is chosen such that

�.ı/ D O.ı�=k/ as ı ! 0 ;

f 2 Cm.K/ and N� has order m, where m 2 N satisfies

m � k 1 � �
�

; (9.13)

then
kf ı�.ı/ � f k1 � cı1��kf kCm.K/ as ı ! 0 : (9.14)

Proof. The proof is done as for Theorem 9.5 only by changing the norms accordingly.

9.3 An application to X-ray diffractometry

We describe briefly the application of the concepts developed in the previous section
to the problem of X-ray diffractometry as it was introduced in Section 1.1.
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As we have seen, X-ray diffractometry means inverting the Laplace transform

Lf .�/ D Lf .�/ D
Z 1

0

f .z/e��z dz

for a finite number of penetration depths � D �j , j D 1; : : : ;m. We assume the
stresses �ij to be at least continuous and close to surface, and hence consider L as
a mapping between the Banach spaces C.Œ!1; !2	/ and C.Œ�min; �max	/. Because
exp.��z/ 2 C.Œ!1; !2	 � Œ�min; �max	/ we have that

L W C.Œ!1; !2	/! C.Œ�min; �max	/

is linear and bounded and that we thus are in the situation of Section 9.2. Moreover
we may assume that !1 > 0 since the translation property of the Laplace transform

Lf .�/ D er�L¹f .� � r/º.�/
allows us to shift the support of f to any closed interval Œ!1 C r; !2 C r	, r > 0.

In [219] the author defines

Ne.z/ WD
m
X

jD1
wjvj e��j z (9.15)

as a mollifier, where

wj D
8

<

:

h1=2 ; j D 1
.hj�1 C hj /=2 ; 1 < j < m

hm�1=2 ; j D m
with hj D �jC1 � �j and v D .v1; : : : ; vm/t 2 Rm is chosen such that

Z !2

!1

Ne.z/dz D 1 :

One possibility to define vj is

vj D 1

m

�

wj

Z !2

!1

e��j z dz
��1

:

The weights wj are defined such that
Pm
jD1wjvj exp.��j z/ is the trapezoidal sum

corresponding to the nodes ¹�j º applied to the integral

L�v.z/ D
Z �max

�min

v.�/e�z� d�



250 Chapter 9 Convergence analysis in Lp.�/ and C.K/

which is the adjoint of the Laplace transform applied to a continuous function v 2
C.Œ�min; �max	/ and vj D v.�j /. Via

N� Ne.E/ D
Z

E

Ne.z/dz ; E 2 B.Œ!1; !2	/

the mollifier Ne induces a regular and countable additive measure on the Borel sets of
Œ!1; !2	.

In the following we pursue a semi-discrete setting for the solution of Lf D g that
takes into account that we measure the data Lf only at the scanning points � D �j al-
though we want to recover f in the infinitely dimensional Banach space C.Œ!1; !2	/.
The connection between the discrete data Lf .�j /, j D 1; : : : ;m is then established
by appropriate interpolation operators mapping Rm to the Banach space of continuous
functions.

We deduce that Ne has (at least) order 1 and by Theorem 9.7 generates a mollifier
¹e� W Œ!1; !2	 ! rca.Œ!1; !2	/º for C.Œ!1; !2	/. The associated reconstruction ker-
nels ¹v� W Œ!1; !2	 ! rca.Œ�min; �max	/º are computed in [219] with the help of a
collocation method postulating that

L�Œv� .y/	.z/ D Œe� .y/	.z/
is satisfied only for finitely many points z D zk , k D 1; : : : ;m. Together with a
numerical integration this leads to the system of linear equations

m
X

jD1
wj Œ Qv� .y/	j e�zk�j D Œe� .y/	.zk/ ; 1 � k; j � m: (9.16)

Article [219] presents a condition under which system (9.16) is solvable. Having the
solution Qv� .y/ 2 Rm at hand we set

v� .y/ WD Im Qv� .y/ 2 C.�min; �max/ (9.17)

which denotes the piecewise linear interpolating function and hence is continuous.
The following lemma is an immediate consequence of Lemma 4.1 from [219].

Lemma 9.13. Let the reconstruction kernel ¹v� º for the Laplace transform be deter-
mined by (9.16) and (9.17). Then there exists a constant Cm > 0 depending on m
such that

kv� .y/k1 � Cm��1y�1 for all y 2 Œ!1; !2	 : (9.18)

Proof. Lemma 4.1 from [219] states that

k Qv� .y/k2 � QCm��1y�1

for a certain constant QCm > 0. Since the norms on Rm are equivalent this implies

k Qv� .y/k1 � Cm��1y�1
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with another constant Cm > 0. Together with

kv� .y/k1 D kIm Qv� .y/k1 � kQv� .y/k1
this proves (9.18).

Of course as a continuous function v� .y/ induces a measure in
rca.Œ�min; �max	/ whose total variation can be estimated by the sup-norm.

Lemma 9.14. We have that

kv� .y/kB � .�max � �min/Cm�
�1y�1 for all y 2 Œ!1; !2	 : (9.19)

Proof. Estimate (9.19) follows immediately from (9.18) and

kv� .y/kB D sup
kf k1�1

ˇ

ˇ

ˇ

ˇ

Z �max

�min

f .x/Œv� .y/	.x/dx
ˇ

ˇ

ˇ

ˇ

� .�max � �min/kv� .y/k1
Finally we are able to estimate l� , the sup-norm of kv� .y/k1.

Lemma 9.15. From (9.19) we deduce

l� � cm��1 for all � > 0 ; (9.20)

that is l� D O.��1/.

Proof. The proof is a simple consequence of (9.19) and y�1 � !�1
1 . We have that

cm D .�max � �min/Cm.

We are now able to prove convergence rates for the method of approximate inverse
applied to the Laplace transform. To this end we denote the approximate inverse of
Lf by

f ı� .y/ WD hv� .y/; gı irca.Œ�min;�max�/�C.Œ�min;�max�/;

where gı 2 C.Œ�min; �max	/ represents noise-contaminated measure data. Indeed
applying piecewise linear interpolation to the noise-contaminated, discrete data gım
results in a continuous function gı . We note that in this case the mapping y ! v� .y/

is continuous what follows from (9.16) and the continuity of y 7! e� .y/ and Im.
From Lemma 9.9 we deduce then that f ı� 2 C.Œ!1; !2	/ and the approximate inverse
is a bounded operator, since

sup
y2Œ!1;!2�

kv� .y/kB <1 :
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Theorem 9.16. Let g D Lf for f 2 C.Œ!1; !2	/ the exact measure data, which are
given only at m 2 N points

g.�j / D .gm/j ; j D 1; : : : ;m
and assume that only noise-contaminated data gım 2 Rm are available satisfying
kg � Imgımk1 < ı, where Im W Rm ! C.Œ�min; �max	/ denotes the piecewise linear
interpolation operator. Furthermore assume that the mollifier Ne is given by (9.15) and
that the associated reconstruction kernel is calculated via (9.16), (9.17).

If the parameter choice rule � D �.ı/ is chosen such that

�.ı/ � ı1=2 as ı ! 0 ;

then there exists a c > 0 with

kf ı�.ı/ � f k1 � cı
1
2 kf kC1.Œ!1;!2�/

as ı ! 0 (9.21)

provided that f 2 C1..Œ!1; !2	//.

Proof. We apply Theorem 9.12 to prove the convergence statements. From (9.20) we
see that k D 1 in Theorem 9.12. For given � with 0 < � < 1 we have that due to
(9.13) and m D 1

1 � 1 � �
�

:

Hence, the highest possible convergence order is achieved when 1 D .1 � �/=� ,
� D 1=2. But for � D 1=2 we immediately get (9.21) from (9.14).

Remark 9.17. Provided that in (9.15) we could v D .v1; : : : ; vm/t define such that Ne
has the largest possible orderm, then following the lines in the proof of Theorem 9.16
we would get a convergence rate O.ı

m
mC1 /. In that case the number of scanning

points would determine the optimal convergence rate in X-ray diffractometry, but also
the smoothness requirements to the exact solution f . That fits to the results of Plato
and Vainikko [184], where they investigated the discretization of some regularization
methods applied to general operator equations and proved that the optimal conver-
gence rates are affected by the discetization step size.



Chapter 10

A glimpse of semi-discrete operator equations

This chapter addresses the situation where only a finite number of measurement data
is available. This case is of large practical relevance since in any real world applica-
tion only a finite set of data is acquired. For simplicity we assume A to be injective
throughout this chapter. Further let X , Y be arbitrary Banach spaces if not indicated
otherwise. With k � k2, h�; �i2 we denote the Euclidean norm and scalar product in Rn.

The idea is to model the data acquisition by the so-called observation operator
‰n W Y ! Rn. The map ‰n is assumed to be generated by n linear and continuous
functionals  n;k 2 Y �, that is

.‰nv/k D h n;k ; viY ��Y D  n;k.v/ ; v 2 Y ; k D 1; : : : ; n
and thus is linear and continuous, too. If e.g. Y is a function space such functionals
‰n;k are often given as evaluations at the data scanning points or as moments of
order k. Concrete examples for  n;k are e.g. given in [201, 202]. Hence we have to
investigate the semi-discrete equation

Anfn D gn; fn 2 X (10.1)

with An D ‰nA, gn D ‰ng rather than Af D g. Equation (10.1) in general is not
solvable for arbitrary gn 2 Rn and thus we rather consider the equation

Anfn D PR.An/gn (10.2)

which has a solution but is highly underdetermined. LetX be uniformly convex. Then
we can search for the minimum norm solution f 
n of (10.2) which exists and is unique
due to Lemma 3.3. Note that equation (10.2) is equivalent to

A�
nAnfn D A�

ngn

and solvable for any gn 2 Rn because of dim .R.An// < 1 and any solution of it
minimizes the defect kAnfn�gnk2. Our aim is to extend the concept of approximate
inverse to the given situation following the lines in Rieder, Schuster [201, 202] and
thus to present a concept to approximate f 
n in a stable way (see Theorem 10.12).

The key idea is to compute moments

hf 
n ; ei iX�X� D ei .f 
n / ; i D 1; : : : ; d (10.3)
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of f 
n with mollifiers ei 2 X�, i D 1; : : : ; d , and then approximate f 
n by

Edf


n WD

d
X

iD1
hf 
n ; ei iX�X� bi :

Here, ¹biºdiD1 
 X is a family of elements in X which are associated with the molli-
fier ¹ei ºdiD1 and form a system in X which allows for an estimate as

�

�

�

�

�

�

d
X

iD1
˛i bi

�

�

�

�

�

�

2

X

� �.d/
d
X

iD1
j˛i j2 ; ˛ 2 Rd (10.4)

for a positive function � W N ! RC.

Example 10.1. For X D .C.Œ0; 1	/; k � k1/ a family ¹biºdiD0 is given by linear
B-splines. Let

b.x/ WD
²

1 � jxj ; jxj � 1
0 ; jxj > 1 :

Then we define bi.x/ WD b.dx � i / for i D 1; : : : ; d � 1 and

b0.x/ WD �Œ0;1=d�.x/b.dx/ ; bd .x/ WD �Œ1�1=d;1�.x/b.dx � d/ :
Obviously bi 2 X , i D 0; : : : ; d , and we have for ˛ 2 RdC1

�

�

�

�

�

�

d
X

iD0
˛i bi

�

�

�

�

�

�

2

1
� sup
x2Œ0;1�

0

@

d
X

iD0
j˛i jjbi.x/j

1

A

2

�
0

@

d
X

iD0
j˛i j

1

A

2

� .d C 1/
d
X

iD0
j˛i j2 :

Thus (10.4) holds true with �.d/ D d C 1.

By now it is not clear what we understand by mollifiers ei in a general Banach
space X . The sequence ¹ei ºdiD1 and thus the associated sequence ¹biºdiD1 have to be
chosen such that Ed satisfies the mollifier property

lim
d!1

kEdw � wkX D 0 ; w 2 X ; (10.5)

which guarantees that Edw in fact approximates w for any w 2 X . Thus, once we
calculated hf 
n ; ei iX�X� we can evaluate the approximation Edf



n . But f 
n is not

known and thus the moments (10.3) neither. Hence, we go one step farther and search
for solutions of the dual equations

A�
nv
n
i D ei ; i D 1; : : : ; d ; (10.6)
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where the adjoint operator A�
n W Rn ! X� is given by

A�
n˛ D

n
X

kD1
˛k A

� n;k ; ˛ 2 Rn : (10.7)

Assume for the moment that (10.6) has a solution. We deduce

hf 
n ; ei iX�X� D hAnf 
n ; vni i2
and defining

eAn;d W Rn ! X ; eAn;d˛ WD
d
X

iD1
h˛; vni i2 bi (10.8)

we obtain
lim
d!1

eAn;d Anf


n D lim

d!1
Edf



n D f 
n :

This motivates to call eAn;d the (semi-discrete) approximate inverse of An, a solution
vni of (10.6) is again called reconstruction kernel.

Remark 10.2. IfX is a Hilbert space and thus uniformly convex, the minimum norm
solution f 
n of equation (10.2) exists and we have the interesting connection

hf 
n ; ei iX�X� D hgn; vni i2; i D 1; : : : ; d;
if only gn 2 R.An/ or vni 2 N .A�

n/
?. And this identity holds true even in the case

where vni only solves the normal equation AnA�
nv
n
i D Anei , see [202, Lemma 2.1].

In Banach spaces this identity is valid only if A�
nv
n
i D ei is solvable which can not be

expected.

The image R.A�
n/ consists of the span of ¹A� n;k W k D 1; : : : ; nº and we can

not expect ei to be an element of it. We outline two different ways to calculate recon-
struction kernels vni . The first one is an iterative method where the iterates converge
to a minimizer of kA�

nv
n
i � eikX� ; the second one uses an approximate solution of

A�vi D ei to construct vni . The latter one is the strategy that was also pursued
in [201, 202] and for which we give criteria to obtain convergence and stability with
respect to noisy data gın.

Let, for the moment, X be uniformly convex and smooth and thus reflexive. With
JX WD JX2 , JX

� WD JX
�

2 we denote the single-valued (normalized) duality map-
pings on X , X�, respectively. Any minimizer of kA�

nv
n
i � eikX� is then characterized

by the optimality condition

AnJ
X�

.A�
nv
n
i � ei / D @¹kA�

nv
n
i � eik2X�=2º D 0 (10.9)

and this equation has a solution since R.A�
n/ is closed and hence

R.A�
n/C JX .N .An// D X� : (10.10)
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One possibility to approximately compute vni is to adopt the Landweber method from
Chapter 6.1 to this situation. We consider the following iteration scheme, where we
drop the indices of vni and ei for a moment.

Algorithm 10.3.

(1) v0 D 0,

(2) For k D 0; 1; : : : iterate

vkC1 D vk � �kAnJX�

.A�
nvk � e/ (10.11)

with appropriately chosen �k .

Using the results from Chapter 6.1 we indeed can show convergence.

Theorem 10.4. Let X be uniformly convex and smooth and e 2 X�. Then there is a
choice of�k such that the iterates ¹vkºk 
 Rn from Algorithm 10.3 converge strongly
to the unique minimizer v 2 Rn of kA�

nv � ekX� having minimum k � k2-norm.

Proof. Applying A�
n to the iteration (10.11) and subtracting e yield

A�
nvkC1 � e D A�

nvk � e � �kA�
nAnJ

X�

.A�
nvk � e/

which corresponds to the Landweber iteration

x�
kC1 D x�

k � �kA�
nAnxk (10.12a)

xkC1 D JX�

.x�
kC1/; k D 0; 1; : : : (10.12b)

with the settings x�
0 WD�e, x0D�JX

�
.e/, x�

k
WDA�

nvk�e, xk WD JX�
.A�
nvk�e/.

Proposition 6.14 says that the step sizes �k can be chosen such that xk tends strongly
to �…2

N .A/
JX

�
.e/ as k ! 1. Note that here Y D Rn is finite-dimensional and

that the Landweber method is included in the general framework of Algorithm 6.13.
Since X is uniformly convex and smooth, the duality mapping JX is norm-to-weak
continuous, see Theorem 2.53, leading to

x�
k D JX .xk/ * �JX…N .A/J

X�

.e/ DW x� as k !1
with respect to the weak topology. Hence x�

k
C e * x� C e weakly, too. But

x�
k
C e 2 R.A�

n/ and since dim.R.A�
n// < 1 this yields strong convergence of

x�
k
! x� as k !1. Because of x�

k
D A�

nvk � e we finally obtain

A�
nvk ! e � JX…2N .A/J

X�

.e/ D PR.A�
n/
.e/ as k !1 : (10.13)

Here we used the fact that

e D PR.A�
n/
.e/C JX…2N .A/J

X�

.e/
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which is a consequence of (6.50) and (10.10). Furthermore by (10.11) all iterates
vk are in R.An/ D

�

N .A�
n/
�?

. Since the restriction of A�
n to A�

n W
�

N .A�
n/
�? !

R.A�
n/ is bijective between finite-dimensional spaces, we have convergence of the

sequence ¹vkº to some v 2 �N .A�
n/
�?

. But from (10.13) it is clear that

A�
nv D PR.A�

n/
.e/ :

Hence v minimizes kA�
nv � ekX� . Finally we show that v has minimal k � k2-norm

among all minimizers. Let z 2 Rn be an arbitrary minimizer of kA�
nz � ekX� . Since

the metric projection PR.A�
n/
.e/ is unique, we must have A�

nz D A�
nv and thus z D

v C u with some u 2 N .A�
n/. Hence we have hv; ui2 D 0 and get

kzk22 D kvk22 C 2 hv; ui2 C kuk22 D kvk22 C kuk22 � kvk22 ;
where the last inequality is strict for u 6D 0.

Remark 10.5.

(a) The proof of Theorem 10.4 shows that iteration (10.11) approximates a recon-
struction kernel v that minimizes kA�

nv � ekX� and that because of
limk!1 A�

nvk D PR.A�
n/
.e/ we easily get an approximation of the metric pro-

jection PR.A�
n/
.e/ by A�

nvk . Note that this proof strongly relies on the facts that
X is uniformly convex and smooth and thus reflexive and that the range of A�

n is
of finite dimension.

(b) The iteration can be made more efficient by using the sequential subspace meth-
ods outlined in Section 6.2. Acceleration was there achieved by using more
search directions A�

nwl than just A�
nAnxk in iteration (10.12). The assertion

of Theorem 10.4 still holds if one assures that wl 2 R.An/, which is always
fulfilled for the canonical search directions suggested in Section 6.2.

Although the calculation of the reconstruction kernels vni can be done by Algo-
rithm 10.3, this method has some drawbacks. Besides the conditions on X and An
that have to be required in Theorem 10.4 to get convergence, the iteration (10.11)
(numerically) converges very slowly and an approximate reconstruction kernel might
cause heavy artifacts. Furthermore A�

n in general does not fulfill invariance properties
as in Lemma 10.9 and thus we had to perform the iteration for each mollifier ei which
is very time consuming.

To cure this dilemma we seek a replacement for the kernel vni that relies on a
(maybe even exact) kernel vi for A. For the remainder of this chapter let X and
Y be arbitrary Banach spaces. We recall that A is injective and thus R.A�/ is weak�-
dense in X�. This implies that for given numbers "i > 0 and mollifiers ei 2 X we
find some elements vi 2 Y � such that

jhA�vi � ei ; f iX��X j D j.A�vi � ei /.f /j < "i kf kX ; i D 1; : : : ; d : (10.14)
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Here, f 2 X denotes the (unique) solution of Af D g. This solution exists since A
is injective and we assumed that g 2 R.A/. Note, that (10.14) does not mean that
kA�vi � eikX� < "i since each vi in (10.14) depends on f and we have no uniform
boundedness.

Remark 10.6. Note that in case that X is reflexive R.A�/ is dense even with respect
to the strong (norm-) topology of X and that there exist vi satisfying

kA�vi � eikX� < "i

which is a stronger condition than (10.14).

Having elements vi satisfying (10.14) at our disposal we define

vni D Gn‰0
n vi ; i D 1; : : : ; d ; (10.15)

where ‰0
n D . 0

n;1;  
0
n;2; : : : ;  

0
n;n/

> W Y � ! Rn,  0
n;k
2 Y ��, k D 1; : : : ; n, is

linear and continuous and Gn 2 Rn�n is a matrix to be specified in the following.
Note, that because of Y 
 Y ��, the  0

n;k
may even be elements of Y . Both, ‰0

n as
well as Gn will be defined such that we gain the convergence

lim
n!1
d!1

keAn;d Anf � f kX D 0:

First we relate with ‰n a family ¹'kºnkD1 
 Y and the operator Pn W Y ! Y given
by

Pny WD
n
X

kD1
h n;k ; yiY ��Y 'k ; y 2 Y :

The map Pn is supposed to fulfill the boundedness condition

kPnykY � Cb kykY for n!1 ; y 2 Y (10.16)

and the approximation condition

kPny � ykY � �n kykY for n!1 ; y 2 Y ; (10.17)

where Cb > 0 is a constant and �n is a non-negative sequence converging to zero.
Note that the conditions (10.16) and (10.17) implicitly are conditions on the space
Y , too. In the same way we relate with ‰0

n a family ¹'0
k
º 
 Y � and the operator

P 0
n W Y � ! Y � by

P 0
ny

� WD
n
X

kD1
h 0
n;k ; y

�iY ���Y � '0
k ; y� 2 Y � :
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And analogously we postulate the existence of a constant C 0
b
> 0 and a sequence

�0
n � 0 tending to zero such that

kP 0
ny

�kY � � C 0
b ky�kY � for n!1 ; y� 2 Y � (10.18)

and
kP 0

ny
� � y�kY � � �0

n ky�kY � for n!1 ; y� 2 Y � (10.19)

are fulfilled. Finally the matrix Gn is to be defined as

.Gn/j;k WD h'0
j ; 'kiY ��Y ; j; k D 1; : : : ; n :

This yields the important relation

h‰nw;Gn‰0
nvi2 D hPnw;P 0

nviY�Y � ; w 2 Y ; v 2 Y � : (10.20)

We have nothing said about ‰0
n by now. The functionals  0

n;k
are to be chosen such

that conditions (10.18) and (10.19) are fulfilled. We will present a particular choice in
Remark 10.10.

We have now all ingredients together to formulate an estimate of the approximation
error which comes from applying the approximate inverse eAn;d .

Theorem 10.7 (Noise-free case). Let A, Ed , ‰n, Pn and P 0
n be as stated in this

chapter. Further assume that the family ¹biºdiD1 
 X satisfies (10.4) and that the
triplets ¹.ei ; vi ; bi /ºdiD1 
 X� � Y � � X fulfill the conditions (10.5) and (10.14) for
"i > 0. Finally the discrete kernels in (10.8) are to be defined as in (10.15).

Then there exists a C > 0 validating the estimate

keAn;d Anf � f kX

� k.Ed � I /f kX C C
�

�.d/
�

.C 0
b �n/

2 C .�0
n/
2
�

d
X

iD1
kvik2Y � C "2i

�1=2

kf kX :

Provided that

�.d/..C 0
b �n/

2 C .�0
n/
2/

d
X

iD1
kvik2Y � ! 0 as n; d !1

and

�.d/

d
X

iD1
"2i ! 0 as d !1 (10.21)

we have the convergence

lim
n!1
d!1

keAn;d Anf � f kX D 0:
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Proof. An application of the triangle inequality gives

keAn;d Anf � f kX � k.Ed � I /f kX C keAn;d Anf �Edf kX :
and thus we need only to estimate the second part. Property (10.4) of the system
¹bi ºdiD1 yields

keAn;d Anf �Edf k2X � �.d/
d
X

iD1

ˇ

ˇhAnf;Gn‰0
nvi i2 � hf; ei iX�X�

ˇ

ˇ

2
:

Using (10.14) and the identity (10.20) we may estimate

jhAnf;Gn‰0
nvi i2 � hf; ei iX�X� j

� jhf;A�vi � ei iX�X� j
C jhPnAf;P 0

nvi iY�Y � � hAf; vi iY�Y � j
� kPnAf � Af kY kP 0

nvikY � C kP 0
nvi � vikY � kAf kY C "i kf kX :

We further apply the conditions (10.17), (10.18) and (10.19) and finally obtain

jhAnf;Gn‰0
nvii2 � hf; ei iX�X� j

� .�n C 0
b kAkX!Y kvikY � C �0

n kAkX!Y kvikY � C "i / kf kX
completing the proof.

Remark 10.8.

(a) The condition

�.d/
�

.C 0
b �n/

2 C .�0
n/
2
�

d
X

iD1
kvik2Y � ! 0 as d; n!1

implies a coupling of the regularization parameter d and the number of data n; a
fact that is typical for an intertwining of regularization and discretization, com-
pare e.g. with Plato and Vainikko [184]. We further remark that �.d/ actually
might be increasing, cf. Example 10.1. In the situation of Example 10.1 we can
choose "i D exp.�d/ for i D 0; : : : ; d to get

�.d/

d
X

iD0
"2i D .d C 1/2 exp.�2d/! 0 as d !1

and (10.21) is fulfilled.
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(b) The crux is to find a vi 2 Y � satisfying (10.14) since this condition depends on
the solution f which is not known. If there exists a linear mapping B W Y ! X

such that IX D BA, then obviously vi D B�ei solves A�vi D ei . Note that
this does in general not guarantee that vi 2 Y �. This depends on the specific
setting for A, B , X and Y . An alternative would be an operator B W Y ! X

with the property that ƒ D BA is a pseudodifferential operator on X and X
a Banach space of functions. Then vi D B�ei is a reconstruction kernel with
A�vi D ƒ�ei which can be used to compute the moments hƒf; ei iX�X� D
hy; vi iY�Y � . This technique e.g. is applied in local tomography [200], sonar
[188] or feature reconstruction [154]. Of course then ei has to be substituted by
ƒ�ei in (10.14). If this is not possible at least any a priori information such as
e.g. f 2 Br.f�/ D ¹x 2 X W kx � f�kX < rº might be helpful.

Another problem is that in general we have to compute d kernels vi what might be
time consuming. But there is a remedy. Provided that A� obeys a certain invariance
property, then it is possible to solve (10.14) only once. Lemma 10.9 can be seen as a
generalization of Lemma 2.3 in [202] to Banach spaces.

Lemma 10.9. Assume that operators Ti 2 L.X�/, Si 2 L.Y �/ are given with
Ti A

� D A� Si , i D 1; : : : ; d . Define ei D Tie, i D 1; : : : ; d for e 2 X�. Provided
that

jhA�v � e; T �
i f iX��X j � " kT �

i f kX ; i D 1; : : : ; d (10.22)

for v 2 Y �, then

jhA�vi � ei ; f iX��X j � "i kf kX ; i D 1; : : : ; d ; (10.23)

where vi D Siv and "i D " kTikX�!X� .

Proof. First we remark, that the existence of a v 2 Y � fulfilling (10.22) is guaranteed
since the set ¹T �

i f ºdiD1 is finite and thus generates a neighborhood of zero inX� with
respect to the weak�-topology.

A simple calculation shows

jhA� Siv � Tie; f iX��X j D jh.A�v � e/; T �
i f iX��X j � " kT �

i f kX
which implies assertion (10.23) because of kT �

i kX!X D kTikX�!X� , see, e.g.,
Rudin [205, Theorem 4.10].

Remark 10.10. A particular choice of P 0
n is the adjoint P 0

n D P �
n W Y � ! Y � of Pn

which is given by

P �
n y

� D
n
X

kD1
hy�; 'kiY ��Y  n;k ; y� 2 Y � :
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We have then  0
n;k
.y�/ D hy�; 'kiY ��Y and

kP �
n � IkY �!Y � D kPn � IkY!Y � �n

and hence �0
n D �n. The matrix Gn has then the entries .Gn/j;k D  n;j .'k/.

Although this is the canonical way to generate ‰0
n and P 0

n another choice might
be more convenient since the approximation power of P 0

n has influence to the error
estimate in Theorem 10.7.

Next we investigate the regularization property of the approximate inverse eAn;d ,
that means the stability of the approximate solution with respect to noise in the given
data. As in [201, 202] we interprete noise contaminated data as a perturbation of our
observation operator ‰n. More explicitly, we define

.‰ıny/k D .‰ny/k C ık kykY ; jıkj � ı ; y 2 Y (10.24)

for a positive number ı representing the noise level. We can show that an appropriate
coupling of the parameters n and d to the noise level ı gives convergence when ı goes
to zero.

Theorem 10.11 (Regularization property). Adopt the hypotheses of Theorem 10.7.
Assume further that the triplets ¹.ei ; vi ; bi /ºdiD1 
 X� � Y � � X imply the conver-
gences

lim
n!1�2n �.dn/

dn
X

iD1
kvik2Y � D 0 D lim

n!1.�
0
n/
2 �.dn/

dn
X

iD1
kvik2Y �

and

lim
n!1�.dn/

dn
X

iD1
"2i D 0

with d D dn such that dn !1 whenever n!1.
If we couple n D nı with the noise level ı such that nı ! 1 when ı ! 0,

ı=�nı
D O.1/ D ı=�0

nı
as well as

�.dnı
/ ı2 nıkGnı

‰0
nı
kY �!Rn

dnı
X

iD1
kvik22 ! 0 as ı ! 0 ;

then
lim
ı!0

sup¹keAnı ;dnı
‰ını

Af � f kX W ‰ını
fulfills .10:24/º D 0:
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Proof. We denote by gn D Anf the exact data and by gın D ‰ınAf the noise
contaminated data. Using again property (10.4) of the family ¹biº we find that

keAn;d .gn � gın/k2X � �.d/
d
X

iD1

ˇ

ˇ

ˇ

h.‰n �‰ın/Af;Gn‰0
nvi i2

ˇ

ˇ

ˇ

2

� �.d/ ı2 n kAf kY
d
X

iD1
kGn‰0

nvik22

� �.d/ ı2 n kAkX!Y kf kXkGn‰0
nk2Y �!Rn

d
X

iD1
kvik2Y �

yielding

keAn;d gın � f kX � kEdf � f kX C C�.d/

�
0

@.ı2 n kGn‰0
nk2Y �!RnC�2nC.�0

n/
2/

d
X

iD1
kvik2Y �C"2i

1

A

1=2

kf kX ;

where C > 0 again denotes a properly chosen constant. Replacing n by nı and d by
dnı

leads to the claimed convergence under the assumed coupling conditions.

At the end of this chapter we come back to our promise that the approximate inverse
eAn;dgn approximates the minimum norm solution f 
n of (10.2). At first we realize
that the assertions of Theorem 10.7 and Theorem 10.11 remain valid even if we set

vni WD PR.An/Gn‰
0
nvi ; i D 1; : : : ; d

instead of (10.15), since we always evaluate the kernels vni with Anf which is in
R.An/. With this setting we are able to prove that the approximate inverse converges
to f 
n as d !1 in case of a uniformly convex X .

Theorem 10.12. Let X be uniformly convex and f 
n 2 X be the minimum norm
solution of (10.2). Furthermore set

vni WD PR.An/Gn‰
0
nvi ; i D 1; : : : ; d (10.25)

where the vi 2 Y � fulfill kA�vi � eikX� < "i for given real numbers "i > 0,
i D 1; : : : ; d . Then

lim
d!1

keAn;dgn � f 
n kX D 0 (10.26)

for arbitrary data gn 2 Rn provided that �.d/
Pd
iD1 "2i ! 0 as d !1.
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Proof. Using the triangle inequality yields

keAn;dgn � f 
n kX � keAn;dgn �Edf 
n kX C kEdf 
n � f 
n kX ;
where the latter summand tends to zero as d ! 1 due to the mollifier property
(10.5). Since

gn D PR.An/gn C PR.An/?
gn

and Anf


n D PR.An/gn we have

hvni ; gni2 D hA�
nv
n
i ; f



n iX��X C hvni ; PR.An/?

gni2 D hA�
nv
n
i ; f



n iX��X :

The last equation follows by (10.25). Taking this relation into account we may esti-
mate

keAn;dgn �Edf 
n kX D
�

�

�

�

�

�

d
X

iD1
hA�
nv
n
i � ei ; f 
n iX��Xbi

�

�

�

�

�

�

X

� �.d/
d
X

iD1
kA�

nv
n
i � eik2X�kf 
n k2X

� �.d/kf 
n k2X
d
X

iD1
"2i ;

where we made use of property (10.4) and the particular setting (10.25). This finally
proves (10.26).

The orthogonal projection onto R.An/ in (10.25) can be omitted if gn D Anf .

Remark 10.13. As the proofs in this section show things get easier if X is uniformly
smooth. But throughout this section Y is arbitrary. The only condition to Y is that it
allows for an approximation as (10.17). Condition (10.17) can be generalized to

kPny � ykY � �n kykY1
for n!1 ; y 2 Y1 ;

where Y1 
 Y is dense and continousely embedded in Y .
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